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Euler polynomials by using the extended Zeilberger’s algorithm given by Chen, Hou and
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1. Introduction

In this paper, we present a computer algebra approach to proving identities on Bernoulli
polynomials and Euler polynomials. These polynomials play fundamental roles in various
branches of mathematics including combinatorics, number theory, special functions and anal-
ysis, see for example [3, 11, 15]. At first glance, the Bernoulli numbers, Euler numbers, and
the corresponding polynomials do not seem to fall in the framework of hypergeometric iden-
tities. The powerful algorithm of Zeilberger [18] does not look like the right mechanism to
handle the Bernoulli and Euler numbers or polynomials.

But, it will be seen, the Cauchy contour integral representations of the Bernoulli numbers
and Euler numbers make it possible to transform identities on these numbers and polynomials
into identities on hypergeometric sums. In order to avoid the computation of the contour
integrals, it is desirable to derive recurrence relations of the hypergeometric summands with
certain parameter free properties. At the first trial, one finds it quite disappointing that the
recurrence relations given by Zeilberger’s algorithm seldom have the desired parameter free
properties. Nevertheless, this drawback can be overcome by using an extended version of
Zeilberger’s algorithm as recently given by Chen, Hou and Mu [2]. Roughly speaking, the
extended Zeilberger’s algorithm is devised to derive multiple recurrence relations for a hyper-



geometric term F(n,mq,ma,...,m,, k), where r > 1 and my, ma,...,m, are parameters. In
fact, the extended Zeilberger’s algorithm works in the same way as the original Zeilberger’s
algorithm. In this paradigm, many identities on Bernoulli and Fuler numbers and polyno-
mials can be verified. Moreover, some new identities can be discovered from the recurrences
generated by the original Zeilgeber’s algorithm without the consideration of the parameter
free properties.

2. Background

Let us recall the background on Bernoulli and Euler numbers and polynomials. Let N =
{0,1,2,---} and ZT = {1,2,3---}. The well-known Bernoulli numbers and Euler numbers
are defined by the generating functions
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By the Cauchy integral formula, we have the contour integral definitions of the Bernoulli
numbers and the Euler numbers

n! z dz

B, = 907 P or et (2.1)
n! 2e*  dz
By = 7{ e (2.2)

where the contour encloses the origin, has radius less than 27 (to avoid the poles at £27i),
and is traversed in a counterclockwise direction. Actually, as will be seen, there will be no
need to compute the contour integrals, and one can formally treat the contour integral as a
linear operator. The integral representation plays a crucial role in connecting the Bernoulli
numbers and Euler numbers to hypergeometric terms.

The Bernoulli numbers are also given by the following recursion
n
1
Z(”Z )Bkzo, n >0, (2.3)
k=0

with By = 1. The Bernoulli numbers are rational and it is well-known that Bg,4+1 = 0 for
n > 1. The first few values of the Bernoulli numbers are as follows
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For the Euler numbers, Fa,.1 = 0 for n > 0.

The Bernoulli polynomials and Euler polynomials can be defined by the generating func-
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Clearly B, = B,(0) and E,, = 2"E,(3). The polynomials B, (z) and E,(z) obey the following
relations

Ba(z) = zn: <Z> 2"k By, (2.4)

k=0
En(x) = kzn::o <Z> (a: - %)H% (2.5)

We will need the following basic properties of By, (x) and E,(z). Lehmer [10] showed that
the Bernoulli polynomials satisfy the relations B, (1) = (—1)"B,(0) and

Bu(1 - 2) = (~1)" Ba(a). (2.6)
Similarly, the Euler polynomials satisfy the relation
E,(1—z)=(-1)"E,(z). (2.7)

It is well known that the Bernoulli and Euler polynomials have the following binomial ex-
pansions

n

Bolz +y) = Zn: <Z> Bi(x)y" ™" and Enx+y)=3. <Z> Ex(x)y™ % (2.8)

k=0 k=0

These basic properties will be needed for the computation of initial values for the recur-
rence relations derived by our algorithm.

3. The Algorithm

In this section, we present an approach to proving Bernoulli number identities by using the
extended Zeilberger’s algorithm, and we will use an example to describe the four steps of our
algorithm. The original Zeilberger’s algorithm is devised to find recurrence relations of the
summation ), F'(n, k) by solving the equation

ap(n)F(n, k) +ar(n)F(n+1,k)+---+ay(n)F(n+ J, k) =G(n,k+1) — G(n,k),

where F'(n,k) is a hypergeometric term in n and k, a;(n) are polynomials in n and are k-
free, G(n,k)/F(n,k) is a rational function in n and k. Recently, Chen, Hou and Mu [2]
have found an extension of Zeilbergers’ algorithm to summations of hypergeometric terms
Yo F(n,mi,ma, ... ,my, k), where r > 1 and my,ma,...,m, are parameters. Although
Zeilberger’s algorithm can be applied to summands with parameters, it has been neglected
that these parameters may also play a role in establishing multiple index recurrence relations.
In fact, there are cases when the extended Zeilberger’s algorithm becomes more efficient than
the original form, see [2]. We will not give a rigorous description of the extended Zeilberger’s
algorithm, since it will become apparent when it is being used.

For example, let us consider an identity of Gessel [6, Lemma 7.2].



Theorem 3.1. We have
" /m " /n
Z <k>Bn+k = (_1)m+n <k‘> Btk (3'1)
k=0 k=0
where m and n are nonnegative integers.
To justify the above identity, we aim to find the recurrence relations for both sides. If
they agree with each other, then the equality is established by considering the initial values.

There are three steps to compute the recurrence relations for the above summations. We will
give detailed steps for the left hand side of (3.1).

Step 1. Extract the hypergeometric sum from the Cauchy integral formula.

Denote left hand side of (3.1) by L(n,m). By the contour integral formula for B, we

have
(n+k)!
L(n,m) = 27”}{62_ ( > e dz.

Denote the summand in the above integral by

C(n,m, k) = (k

and let .
ZC (m,n, k).
k=0

Step 2. Construct an extended telescoping equation with a shift on the parameter m of the
summand C(m,n, k), and solve this equation by the extended Zeilberger’s algorithm.

Set the hypergeometric term
F(n,m,k) = byC(n,m,k)+b1C(n,m+1,k)+bC(n+1,m,k)+bsC(n+1,m+1,k), (3.2)

where b;’s are k-free rational functions of n and m, namely, k does not appear in b;’s. More-
over, we require that the rational functions b;’s are independent of the variable z.

By Gosper’s algorithm, it is easy to check that C'(n,m, k) = zp11 — 2z has no hypergeo-
metric solution z;. Moreover, since the Bernoulli numbers are not P-recursive, one sees that
Zeilberger’s algorithm does not work in this case. Instead, we will try to solve the equation

F(n,m,k) =G(n,m,k+1) — G(n,m, k) (3.3)
where G(n, m, k) is a hypergeometric term. By Gosper’s algorithm, we get

_ F(n,m,k+1)  a(k)c(k+1)
") = —Fmk bk ) (34)




where

alk)=(m—-k+1)(n+k+1),

b(k) = z(k + 1),

c(k) = bak? + (ban — baym + boz — bym — b3)k — boz(m + 1)
—biz(m+1) —ba(n+1)(m+1) —bs(n+1)(m+1).

Assume that G(n,m, k) = y(k)F(n,m, k), where y(k) is an unknown rational function of
k. Substituting y(k)F(n,m, k) for G(n,m, k) in (3.3) reveals that y(k) satisfies

PRk + 1) — y(k) = 1.
Substituting the factorization (3.4) into the above equation, and setting

_ y(k)c(k)
z(k) = ma

then Zeilberger’s algorithm reduces the problem further to that of finding polynomial solu-
tions (see [13, Theorem 5.2.1]) of the following equation

a(k)x(k+1) — bk — Dx(k) = c(k). (3.5)

Notice that the coefficients a(k) and b(k) are independent of the unknowns b;’s, and c(k) is a
linear combination of b;’s. One can estimate the degree of the polynomial z(k), as in Gosper’s
algorithm. In this case, x(k) is of degree 0. Assume that z(k) = ag. Then the equation (3.5)
becomes

(—ap — b2)k? + (mba — nby + mbs — boz — (n — m)ag — apz + b3 )k
+ ((n + 1)(m + 1)ag + boz + nbs + bgnm + bozm + banm + nbe
+ bizm + b1z + by + mby + mbs + bg) =0.

By setting the coefficient of each power of k to zero, we get a system of linear equations in
ao and b;’s. Note that in the solution of this system, ag and b;’s may contain the variable
z. To prevent z from appearing in b;’s, we should go one step further to impose that the
coefficient of any positive power of z in b;’s is zero. This may also lead to addition equations.
Combining all these equations, if we can find a nonzero solution, then take this solution to
the next step. Otherwise, we may try recurrences of higher order. In this case, we get a
nonzero solution ag = —1,bg = 1,b1 = —1,by = 1,b3 = 0. Note that in general the b;’s are
polynomials in n and m.

Step 3. Compute the recurrence for L(n,m).

By Step 2, the solution of ag, by, ..., bs leads to the following telescoping equation
C(n,m,k) —C(n,m+1,k)+C(n+1,m, k) = G(n,m,k+ 1) — G(n,m, k), (3.6)

where
m!(n + k)!

Glnm k) = i — ko D

(3.7)



Summing the above recurrence over k from 0 to m + 1, we obtain
S(n,m)—S(n,m+1)+Sn+1,m)=0.

Substituting the above recurrence relation to the contour integral definition of B,, we find
that L(n,m) satisfies

L(n,m)— L(n,m+1)+ L(n+1,m) =0.

By the same procedure, we see that the right hand side of (3.1), denoted by R(n,m),
satisfies the same recurrence relation as L(n, m), namely,

R(n,m) — R(n,m+ 1)+ R(n+1,m) =0.

Step 4. Verify initial values.

By considering the parity of B,,, we see that (—1)""B,, = B,, unless m = 1. Therefore
L(0,1) = R(0,1) = 1/2 and L(0,m) = R(0,m) = By, for m # 1. This completes the proof. i

It is known that the Bernoulli numbers and Euler numbers are not P-recursive, see [4].
Roughly speaking, this fact implies that the original Zeilberger’s algorithm is not applicable
to derive a recurrence relation of any order for summations involving Bernoulli numbers. For
this reason, the extended Zeilberger’s algorithm becomes necessary, and it also suggests that
in the study of P-recursiveness of a polynomial sequence with parameters it is likely that
one can get a recurrence relation with polynomial coefficients even for the sequence is not
P-recursive, as long as one allows shifts on the parameters.

4. The Bernoulli Number Identities

In this section, we give several examples of proving identities on Bernoulli numbers by using
the extended Zeilberger’s algorithm.

The first example is the extension of Kaneko’s identity given by Momiyama [12]. It was
proved by using a p-adic integral over Z,. The Kaneko identity is stated as follows [9]

n+1
+1) =
Z(”k )Bn+k=o, (4.1)

k=0
where B, = (n + 1)B,,.
While our approach does not directly apply to Kaneko’s identity because it has no param-

eters, we can deal with Momiyama’s identity which reduces the Kaneko’s identity by setting
m=n.

Theorem 4.1 (Momiyama’s identity).
e (m 1 - (1
D)™y ( . >(n +k+1)Byyy = —(-1) ( ) )(m 4kt 1)Boss,  (42)
k=0 k=0

where m and n are integers and m + n > 0.



Proof. Denote the left hand side and the right hand side of (4.2) by L(n,m) and R(n,m),
respectively. By the contour integral definition of the Bernoulli numbers, we have

m

o f (o o222

k=0

Denote the summand in the above summation by F(n,m, k), that is,

F(n,m,k) = (~1)™ (ij 1> (n+k+ 1)%

Applying the extended Zeilberger’s algorithm to F'(n,m, k) and assuming that the output is
independent of z, we obtain

F(n,m,k)+ F(n,m+1,k)+ F(n+1,m,k) = G(n,m,k+ 1) — G(n,m, k), (4.3)

where
(=D)™(m+ D!(n+ k+1)!
(k— Dl (m + 2 — k)lzntk -~
Summing the telescoping equation (4.3) over k from 0 to m, we are led to the following
recurrence relation for L(n,m)

G(n,m,k) =

Ln,m)+ Ln,m+ 1)+ Ln+1,m)=—(—1)"(n+m+2)Bpim+1-
Similarly, we find that R(n,m) also satisfies
R(n,m)+ R(n,m+ 1)+ R(n+1,m) = (—1)"(n +m + 2)Bptm+1.
Considering the parity of B, it is easy to see that
(=)™ + (=1)")(n + m + 2) Bygms1 = 0.

Therefore, both sides of Momiyama’s identity (4.2) L(n,m) and R(n,m) satisfy the same
recurrence relation.

To compute the initial values, setting m = 0 we get L(n,0) = (n + 1)B,,. It follows from
the recursion (2.3) that

" /n+1 " /n & n
Z< k‘ >Bk_z<k>Bk+Z<k_1>Bk_0'
k=0 k=0 k=0
On the other hand, for n # 1, we have

R(n,0) = —(-1)" Y (" . 1> (k + 1) By
k=0
_ _(_1)"<§ ("Zl>k3k +kz"::0 <"Z 1>Bk)

= —(-1)"(n +1) Zn: (k " 1>Bk

k=0
= (=1)"(n+1)By = (n +1)B,.



It is easily checked that L(1,0) = R(1,0) = —1. So we deduce that L(n,0) = R(n,0) for all
n > 0. This completes the proof. |

The following identity is due to Gessel and Viennot [7].
Theorem 4.2 (Gessel-Viennot).

[(k=1)/2] .
1 2k — 27\ (2n+1 2n+1 2k —2n+1
Bopg; = — 11 cn<k (44
L k- <k+1><2j+1> 2-2j 2/<;—2n—i—1< k41 >”< (44)

Proof. Denote the left hand side and the right hand side of the above identity by L(n, k)
and R(n, k), respectively. So we get

L) = 1}{ 1 “kim L (2k—2j) (2n+1) @n—2))
" Comi J et -1 = E—7\ k+1 27 +1 »2n—2j z

Fln k) = 1 2k —25\ [2n+ 1)\ (2n — 2j5)!

n, —
D5 k1 J\ojr1) 22

Applying the extended Zeilberger’s algorithm, we get the following recurrence

2(n+1)(2n+ 3)F(n,k,j) + 2(k +2)(2k+ 3)F(n+ 1,k + 1,5)
—(k+2)(k+3)F(n+1,k+2,j) =G(n,k,j+ 1) — G(n,k,j),

where
45(2n +3)!1(2k — 25 + 1)!
(k — 25 + D12 (k + 1)122n—2+2°

By summing the above telescoping equation over j, we obtain the following recurrence relation
for L(n, k)

G(n,k,j) =

2(n+1)(2n+3)L(n, k) +2(k+2)(2k+3)L(n+1, k+1)— (k+2) (k+3)L(n+1,k+2) = 0. (4.5)

It is easy to check that R(n,k) also satisfies the above recurrence relation. Since n < k, we
can define L(n,n) = R(n,n) =0 for n # 0. It is also easy to verify the initial conditions

1 [2k+1
L(0, k) = R(0, k) = 2k+1<k+1>'

This completes the proof. |

It should be noted that the recurrence relation (4.5) for L(n, k) was derived by Jacobi [§]
in 1834, see Gessel and Viennot [7].

The next identity is due to Gelfand [5].
Theorem 4.3. We have

" 12( )nfl]z " 12( >mnrllj:_(mf7!zn4!—1)!’ (46)

provided that the integers m,n > 0 are not both zero.




Proof. Denote the left and right hand sides of the above identity (4.6) by L(n,m) =
S(n,m) + T(n,m) and R(n,m), respectively, where S(n,m) and T'(n,m) are the first and
second sums of L(n,m). Note that

Denote the summand in S(n,m) by F(n,m, k), and by the extended Zeilberger’s algorithm,
we obtain

F(n,m,k) — F(n,m+1)— F(n+1,m)=G(n,m,k+1) — G(n,m,k),

where
ml(n+k—1)!
(k —2)!(m + 2 — k)lanthk’

Summing the above telescoping equation over k from 1 to m, we get a recurrence for S(n,m)

G(n,m, k) = (—1)"!

S(n,m)—Sn,m+1)—-Sn+1,m)= (_1)n%'

By the same procedure, or by the symmetric property T'(n,m) = S(m,n), we find that

Bm+n+1

T(n,m)—T(n,m+1)—T(n+1,m) = (—1)mm.

With the aid of the property Ba,11 = 0 for n > 1, we have

L(n,m) — L(n,m+1) — L(n+1,m) = ((-1)"™ + (_Dn)% _

It is easy to verify that R(n,m) also satisfies the above recurrence relation. To check the
initial values, we have

"/ n \By 1 &K (n+1 1
(n,0) =0 Z<k—1> k n+1z< k > b=y - Rn0)

k=1 k=1

This completes the proof. |

Agoh and Dilcher [1, Theorem 2.1] obtained an explicit expressions for (By + Bp,)". By
the extended Zeilberger’s algorithm and Woodcock’s identity (4.10), we can give a direct
proof of this result which is restated in the following equivalent form.

Theorem 4.4. Let m,n,k > 0 be integers, with m and k not both zero. Then

n

n k!m!
Z <j>Bk+ij+n—j T T mtkt)! (n+8(m, k)(m +k + 1)) Bigntk

= m+k+1)

plady B k+1\ k+1—r  rm

_qyr_Dmaktlor o gk ( . >B ~
+§( [y sy el A W k+1 ' k1)
m—+k

Boiki1— m+1\/m+1—r rk

1y DPmiktlor o ym ( _ )B ~

+;( )m—l—k‘+1—7‘( ) r m+1  m+1)omh

(4.7)



where 6(m, k) =0 when m =0 or k=0, and 6(m, k) = 1 otherwise.

Proof. Let L(n,m,k) and R(n,m,k) denote the left hand side and the right hand side of
the above identity (4.7), respectively. Our approach leads to the recurrence relation

S(n,m+1,k) —S(n+1,m,k)+ S(n,m,k+1) =0, (4.8)

where m # 0 and k # 0. Considering the parity of the Bernoulli numbers, we have (—1)* By, =
By, for k # 1. The known convolution identity on Bernoulli numbers

3 (Z) BiBny = —nBp_1— (n—1)Bn, n>1 (4.9)
k=0

yields that

1
L(0,m,1) =B1B,, = —§Bm,

m+1 9 rm
1 ———Bm yr B2 _ Mg,
R(07m7 ) +1+Z m—|—2—7“( )<7">( 2 ) 1

m—+1
Bm+2—r m+1 r
_qyr2mA2er  qym - B,_
+TZ:0( )m+2—r( ) < r >( m+1) !

1 m (—1)™ & m+ 1
=— — Bpui1— ———Bmy1 + BB —1) Bmt1-rBr
my1om T ot 1+m+1z( )< r ) i

(—1)™ (T fm+1
= - Bm+1 + BmBl + ) Z Bm—l—l—rBr - 2(m + 1)BmBl - Bm+1
m —0 r
)

= - Bm+1 + BBy — (_1 mBm+1

1
=—=-B,.
2

This gives the proof for (4.7) when m # 0 and k # 0.

Moreover, if m = 0 or k = 0, we can simplify the identity to an equivalent form of a
known identity discovered by Woodcock [16]

%é <7Z> (=1 By Bp_115 = %Zn: (Z) (—=1)* By Bi—1+k- (4.10)

k=1

This completes the proof. |

5. The Bernoulli Polynomial Identities

In this section, we show that our approach is also valid to prove identities on Bernoulli
polynomials. We will explain how this method works by considering an identity due to Sun
[14].

10



Theorem 5.1. We have

ki( > 2 By IZI:< ) 2! Bry;(2), (5.1)

Jj=0 Jj=0

provided that x +y + z = 1.

Proof. Denote both sides of the above equation by L(k,l) and R(k,l), respectively. We have

Lik,1) = 2;27§eu_1<§k:§ < ><l;«7> heayphah 2 )du

§=0 h=0

Let F(k,l,h,j) denote the summand in the above integral, that is,

. EN (1+ 7\ i jaiop B!
—(_1\k k—j. l4+j—h

Applying the extended Zeilberger’s algorithm to F'(k,l, h,j) with the assumption that the
output is independent of the variables u and h, we arrive at the relation

F(k,l,h,j) + F(k+1,1,h,5) + F(k,l+1,h,j) = G(k,l,h,j+ 1) — G(k,l,h,j), (5.2)
where )
z)

G(k,l,h, j) = [y

F(k, 1 h, j).

Summing both sides of (5.2) over h and j gives the recurrence relation
xL(k,l)+ L(k+1,1) + L(k,l + 1) =0.

Similarly, it can be shown that R(k,[) also satisfies the same recurrence relation. It remains
to check the initial values

L(07 l) = Bl(y)a

Lo/l . Lo/l . .
R(0,1) = (—1)! 2! Bi(2) = (1)} 2B+ 2)
>(5) > ()
= (=)' (B+z+2) = (-1)'Blz +2) = (-1)'Bi(1 —y) = Bi(y),
as desired. |

It is worth noting that the extended Zeilberger’s algorithm is indeed efficient in deriving
a recurrence relation for a multiple sum. The next identity is given by Wu, Sun and Pan [17].

Theorem 5.2. We have
m " (m+1
Y (7 ok DB e)
k=0

+ (=" (" Z 1) (m +k + 1) Boi(—)
k=0

= (=D)™(n+m+1)(n+m+2)z"t™. (5.3)

11



Proof. Denote the two sums on the left hand side of (5.3) by S(n,m) and T'(n,m) respec-
tively. Let L(n,m) = S(n,m) + T(n,m), and R(n,m) denote the right hand side of (5.3).
Write

S(n,m) = %7{621_1 (i%(—l)m<mz1>(n+k+1)<n;k>x"+’“‘j%>dz.

k=0 j=0

Denote the summand in the above expression by F'(n,m,k,j). Applying the extended Zeil-
berger’s algorithm with assumption that the output is independent of the parameters z and
7, we obtain that

F(n7m7k7j) +F(n+ 17m7 k’j) +F(n7m+ 17k?j) = G(n7m7k + 17]) - G(n7m7k7j)7

where

k
m—k+1
By summing the above telescoping equation over j from 0 to n + k and k from 0 to m + 1,
we deduce that

G(n,m, k,j) = F(n,m,k,j).

S(n,m) +S(n+1,m)+Sn,m+1) = (=) (n +m + 2) By ymi1(z). (5.4)

From the symmetry property it follows that T'(n,m)(x) = S(m,n)(—z). This leads to the
following recurrence relation for 7'(n,m)

T(n,m)+T(n,m+1)+T(n+1,m) = (=1)""(n+m+2)Bpimi1(—2z). (5.5)
Adding (5.4) to (5.5), we reach a recurrence relation satisfied by L(n,m)
L(n,m)+ L(n+1,m) + L(n,m + 1)
= (=)™ (n+m+2)Byyme1(2) + (=1)" T (n 4+ m +2)Byymi1 ()

m+1 " n +m+1\ ik k+1
= ()™ n+m+2) > L x Bl 1+ (=1)
k=0

n+m+1
+m+1
— 9(—1)m+! P "

(D)™ n+m+2) > < L

k=0
k,odd

=2(=1)"" (n+m+2)(n +m+1)z"t" By

) x"+m+1_kBk

=(-1D)"(n+m+1)(n+m+2)z"t".

It is easy to see that R(n,m) also satisfies the same recurrence relation as L(n,m). Based
on the well-known identity for Bernoulli polynomials

=3 (1) Bsto) = > (1) Buto)

k=1 k=0

it is straightforward to verify that



o (D

k=0
= (=D"(n+ Dn(—2)"' = —n(n+ 12" = R(n, —1).
This completes the proof. |

Note that the above identity (5.3) reduces to Momiyama’s identity (4.2) by setting x = 0.
We also note that integrating the identity (5.3) over x and using the Bernoulli number identity
(3.1), one can derive the following identity of Wu, Sun and Pan [17]

<—1>mi§:; (7 ) Buite) - <_1)"§ (%) Bss (). (5.6)

The following identity is derived by Sun [14].
Theorem 5.3. We have

k k B 1 ! By, ; 1(2) (_ )k—i—l—i—l
“*ﬁ§:<ﬂ kjlij+1 l§:<> jki;+1:(k+l+nﬁﬂ) 51)

J=0 J=0

provided that x +y + z = 1.

Proof. Let L(k,l) and R(k,l) denote the left hand side and the right hand side of (5.7),
respectively. It can be shown that

aL(k,1) + L(k +1,1) + L(k,1 + 1) = 0.

It can also be shown that R(k,[) satisfies the same recurrence relation. To check the initial
conditions, we have

l
By 1) i Bj+1(2)
L(0,1) = l+1 ;:<> j+1
l
Bua(y) | (1) ~( 141\,
— By
(+1 TTr & \i—j+1)" =3+1(2)

Q

l
= +

!
Bri1(y) (l 1) (l ‘; 1> P (B + )it

[+1 +1 =

Bi(y) | (—1) w1 (D
- B _ =

1 P Breta) I+1°
_ Bialy) | (=) (=1 11
=1 T By s
_ Bi(y) 1 (D' 1
=1 l+1Bl+1(y) l—|—1x (by (2.6))
_ (_x)l—l—l _

13



as desired. |

We remark that the above identity (5.7) reduces to (5.1) by viewing z =1 —z —y as a
function of y and by taking partial derivative with respect to y. It also specializes to (5.6)
when setting y — x and z = —y — —z. Moreover, differentiating both sides of the above
identity (5.7) with respect to y twice, we obtain the following identity derived by Sun [14],
which can be verified by our approach. The proof is omitted.

Theorem 5.4. Suppose that x +y + z = 1, then

k
(—1)k Z <k ;r 1> aF I+ j + 1) By (y)

l
l

M

(l B 1) Ik + j + 1) Biy (2)
j=
= (D (k +1+2)(Brrsa (@ + y) — Brrs1(v))- (5.8)

In [15, Theorem 1.1], Sun and Pan find a symmetric relation between the products of the
Bernoulli polynomials.

Theorem 5.5. Letn € ZT andx +y+z=1. Ifr+ s+t =n, then

rf:(—l)’f <Z> <n i k:> By, i(x) By (y)

k=0

v ski:O(—l)’f ()(," ) mswBee
+t§(—1)’f (;) (n ° k> Bo—x(2)By(z) = 0. (5.9)

Proof. Denote the three sums on the left hand side of the above identity by S(n,r,s),
T(n,r,s), R(n,r,s) respectively. Since n =r + s+t, S(n,r,s) can be expressed as

1 \2 1 1 w8\ (n—r—s\[(n—Fk\/[k\j A e
— -1 L gy dud
<2m'> %e“—l%e”—l(Z( )<k>< n—k >< J ><h>u3vhrx uav-
k.j,h
Our approach yields the following recurrence relation

(s+1)S(n,r+1,8)+ (r+1)Sn,r,s+1)+(n—r—s—1)Sn,r+1,s+1)=0.

Similarly, it can be shown that T'(n,r, s) and R(n,r,s) satisfy the same recurrence relation.
Since 0 < r,s <n and n € Z*, we obtain that

S(n,0,5) + T(n,0,s) + R(n,0,s) = (—1)"s <" N 3) Bu(z) + (n — s) (Z) Bu(z) =0,

n

and
S(n,r,0) + T(n,r,0) + R(n,7,0) = r <” N 7") Bp(z) + (n —r)(—1)" <;> By(z) = 0.

It follows that S(n,r,s)+T(n,r,s)+ R(n,r,s) is identically zero. This completes the proof.
|
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6. The Euler Number and Polynomial Identities

In this section, we show how to prove identities on Euler numbers and polynomials by using
our approach. As the first example, we consider the following identity due to Wu, Sun and
Pan [17].

Theorem 6.1. We have

oS (W) e = c0r S (7 s (-3). (6.1

k=0

where m and n are nonnegative integers.

Proof. Denote the left and right hand sides of (6.1) by L(n,m) and R(n,m), respectively.
By the contour integral definition of the Euler numbers (2.2) and the relation (2.5), we have

tioom = f e (oo () bt
R 1 2e® n nfm\ [m+3j mijk k!
(n7m)_%%m<§k§;0(_l) <j>< k >(_1) W)dz.
Denote the summand in the above two integrands by
S(m,n, k) = (—1)™ <7]’:> Stk
Tmnbd) = 0 (1) (" ) come
J k ok Lk+1

Applying the extended Zeilberger’s algorithm, we obtain
S(n,m,k)+ S(n,m+ 1,k) +S(n+1,mk)=G(n,mk+1)—G(n,m,k),
T(n,m,k,75) +T(n,m+1,k,j)+T(n+1,m,k,j) = Hn,m,k,j+1) — H(n,m,k,j),
where

k J

G(n,m, k) = mS(n,m,k), H(n,m,k,j) = mT(n,m, k,j)-

Therefore, L(n,m) and R(n,m) satisfy the same recurrence
L(n,m)+ L(n,m+1)+ L(n+1,m) =0.
Consequently, the identity (6.1) can be verified by computing the initial values

rom = S (7)o = 30 (1) it = (- 5) = RO

k=0

as desired. |

Wu, Sun and Pan [17] also derived an identity by substituting the Bernoulli polynomials
in (5.6) with Euler polynomials. This identity can be verified by our approach. The proof is
omitted.
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Theorem 6.2. We have

n

Y () Breate) = 03 () B0 (6.2

k=0 k=0

Note that differentiating both sides of the identity (6.2) with respect to z leads to the
following identity also due to Wu, Sun and Pan [17]:

3 (M) kDB

k=0
" /n+1
+ (=" (m+k+1)E,k(—2)
%) .
=(—1)"2(n+m+ 2)(x"+m+1 — Entm+1(x)). (6.3)

The following identity is derived by Sun [14].

Theorem 6.3.

AN L /IN B (2 Y
U () T T 0 ()R = <k(+zil>(’“;: 7 O

Jj=0 Jj=0

provided that x +y + z = 1.

Proof. Denote the two sums in the left hand side of the above identity by S(k,l) and T'(k,1)
respectively. Let L(k,l) = S(k,1)+T(k,1), and let R(k,[) denote the right hand side of (6.4).
By computation, we find

wS(k,1) + S(k+1,0) + S(k, 1 +1) = 0.
Since T'(k,1) = S(l, k),
2T (k1) + Tk +1,1) + T(k,l + 1) = 0.

Therefore,
xL(k,l)+ L(k+1,1)+ L(k,l+1)=0.

It is easy to check that R(k,l) satisfies the same recurrence relation. To check the initial
values, we have

l
L0,1) = 2Ly (c Ly <l‘+ 1>xl_jEj+1(z)

1 +1 2 \j+1
I+1
i 1 R A
= 1) — ]E.
w1t )l+1j:1 i) #2)
Erp 1 141
1 TV g Bl ) -



)l

as desired. 1

Our approach can also be applied to identities involving products of the Euler polynomials
and the Bernoulli polynomials. We take the following identity of Sun and Pan [15, Theorem
1.1] as an example.

Theorem 6.4. Letn € Z*, r,5,t >0, 7r+s+t=n—1and x +y+ 2 =1, then

k=0
S () () e
- g:<—1>l (), ) BB, (65)

Proof. Denote the two sums on the left hand side of the above identity (6.5) by S(n,r,s)
and T'(n,r, s) respectively. Let L(n,r,s) = S(n,r,s) — T(n,r,s), and denote the right hand
side of (6.5) by R(n,r,s). Note that

s = (25 f s 2 (3 z <><nik><’;>

e ] n k—h 1
X x —J < > W dudv.

Applying the extended Zeilberger’s algorithm, we have

(s+1)Stn,r+1,s)+(r+1)S(n,r,s+1)+(n—s—r—2)Sn,r+1,s+1)=0.

It can also be shown that T'(n,r, s) and R(n,r, s) satisfy the same recurrence relation. Since
0<s<n-—1land 0 <r <n-—1,it follows that

L(n,0,5) = <Z> E(2) — (1) <” _:L - S) En(2) =0 = R(n,0, 5),

L(n,r,0) = (~1)" (;) By () — "0(_1)n+k <]:> <” ;i . 7’> Bi(y)En_p(2) = 0 = R(n,r,0).

k=
This completes the proof. |

7. Deriving New Identities

Applying the original Zeilberger’s algorithm to a Bernoulli number summation, we may obtain
a recurrence relation for the summand which contains the integral variable z. Although such

17



recurrence can not used to prove the Bernoulli number identity itself, it may lead to a new
identity. For example, let us consider Kaneko’s identity (4.1)

n+1
1\ -~
3 <”+ )Bm 0,
k
k=0

where B, = (n +1)B,,. From the recurrence obtained by Zeilberger’s algorithm, we can get
the following generalization of this identity.

Theorem 7.1. We have

n+3
> <nz3>(n+k+3)(n+k+2)f>’n+k:0. (7.1)
k=0

Proof. Denote the left hand side of Kaneko’s identity by L(n). By the contour integral
definition of the Bernoulli numbers, we have

n+1
L) =" (” ;f 1) (n+k+ 1) By

k=0
n+1
1 1 n+1 (n+ k)!
= — k+1)——— |dz.
omi ez—1<];)< k >("+ DT |4

Denote the summation in the above integral by S(n). Obviously,

o f et —1

1 1
L(n) = —jQ{ S(n)dz =0
for all n > 0. Applying Zeilberger’s algorithm, we get
228(n+2) =2(n+3)(2n+5)S(n+ 1) + (n + 2)(n + 3)S(n).

By integrating over z on both sides of the above recurrence, it follows that

1 1
27 er —1

n+3
1 1 n+3 (n+k+2)!
=5 eZ—1<Z< N )(n+k+3)7zn+k dz

k=0

22S(n + 2)dz

n+3 n+3
:Z< N )(n—|—k7+3)(n+k‘+2)(n—|—k:—|—1)Bn+k
k=0
n+3
3 N
:Z<”Z >(n+k‘+3)(n+k+2)Bn+k
k=0

1
e —1

S(n)dz = 0.

_ 2(%3)(2%5)%%62 L 15(n+1)dz+(n+2)(n+3)i]§

211

This completes the proof. |
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Gessel [6, Theorem 7.3] extended Kaneko’s identity (4.1) to the following form

n+1 m—1
- _11_ T Z mnHi=k (n Z 1> Bpir = Z ((Zn + 1k — (n+ 1)m> k™ (k —m)" L. (7.2)
k=0 k=1

Note that when m = 1, the above identity becomes Kaneko’s identity. From the above
identity, we can deduce the following theorem by applying Zeilberger’s algorithm.

Theorem 7.2. We have

n+3 m—1

1 -

(1 3) Z mnt3k <n ::_ 3> (n+k+3)n+k+2)Byyr = E p(n,m, k)™ (k—m)"~", (7.3)
k=0 k=1

in which

p(n,m, k) =2(n + 2)(2n + 3)(2n + 5)k> — 2m(n + 2)(2n + 5)(3n + 5)k*
+3m?(n +2)(2n? + Tn+ Tk —m3*(n +1)*(n + 2).

Proof. Denote the left hand side and the right hand side of (7.2) by L(n,m) and R(n,m),
respectively. Then we have

1 &R n+1
_ +1-k
L(n,m) = i kE_O m" < i )(n +k+1)Bp 4k

n+1
1 1 ik (n+ 1\ (n+E+1)(n+k)
= o e2—1<kzzom ( k ) e e

Denote the summation in the above integral by S(n,m). By Zeilberger’s algorithm, we find
that
22S(n+2,m) = 2(n +2)(2n +5)S(n + 1,m) +m2(n + 1)(n + 2)S(n, m). (7.4)

Integrating the left hand side of the above recurrence over z, we get
1 1

omi | er — 1

1 1 <’§mn+3_k<n+3>(n+k+3)(n+2+k)!)dz

o f et —1 P k n+3 Zntk

(z2S(n +2,m))dz

= %m"+3_k<n+3>(n+k+3)(n+k‘+2)l§
= n+k-
(n+3) = k

On the other hand, integrating the right hand side of (7.4) over z and substituting L(n,m)
by R(n,m), we obtain
1

21 ) e —1

=2(n+2)(2n 4 5)L(n + 1,m) + m*(n+ 1)(n + 2)L(n, m)

(2(71 +2)(2n +5)S(n+ 1,m) + m?(n+ 1)(n + 2)S(n, m)> dz
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m—1

=2(n+2)(2n +5) Z<2n+3 (n+2)m>k"+1(k—m)"
=1

1
+m2(n+1)(n+2) Z(Qn—l—l (n—l—1)m>k‘"(l’<:—m)”_1
k=1

-1
= p(n,m, k)k™(k — m)"_l7
1

3

e
I

as desired. 1

Obviously, the above identity (7.3) reduces to the generalization of Kaneko’s identity (7.1)
by setting m = 1.

8. Concluding Remarks

To conclude this paper, we remark that our approach is not restricted to identities on Bernoulli
and Euler polynomials. It also applies to sequences ag, a1, as, ... whose generating functions
f(2) lead to contour integral representations of a,, with hypergeometric integrands. For exam-
ple, the Genocchi numbers fall into this framework. We can apply the extended Zeilberger’s
algorithm to prove the following identity on Genocchi numbers

an::O (Z) (—) Gk = go <7Z’> (—1)F g(—l)ﬂ‘aj,

where m,n € ZT. Recall that the Genocchi numbers can be defined by the generating
function .
Zn
Z_: "l e + 1'
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