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0. Introduction

In his last letter to Hardy ([R1, pp. 354-355] and [R 2, pp. 127-131]), Ramanu-
jan gave a list of 17 functions which he called “mock O-functions”. These are
functions of a complex variable g, defined by g-series convergent for |g|<1.
He stated that they have certain asymptotic properties as q approaches a root
of unity, similar to the properties of §-functions, but he conjectured that they
are not, in fact, O-functions. He also stated some identities relating some of
the functions to each other.

Ramanujan’s list was divided into four groups of functions, which were
described as being of orders 3, 5, 5, and 7. In [W1], Watson studied the 3rd
order functions, and introduced three new ones. He began by proving some
identities which give simpler formulas for the functions. For example, one of
Ramanujan’s functions is

n2

q
= —5 0.0
/4 E‘o (1+g*(1+¢)*...(1+q"
Watson gave the following identity for f(q):
n _l)n n(3n+1)/2
f@Ia—g=1+ay ST 01)
nz1 n>1 q

Using such identities, he proved not only that the 3rd order functions have
the asymptotic properties asserted by Ramanujan, but also that they are not
f-functions.

In [W2], Watson proved the asymptotic formulas for the 5th order functions.
In [S], Selberg did the same for the 7th order functions. Neither author found
formulas similar to (0.1), nor did they prove that the functions are not expressible
as O-functions.

In 1976, Andrews discovered Ramanujan’s “Lost” Notebook (see [A2] and
[R2]). It contained many identities involving g-series, including one for each
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of the ten 5th order functions. In [A-G], Andrews and Garvan discuss these
identities, showing that they lead to formulas analogous to (0.1). Presumably
these can be used to prove that the Sth order functions are not 0-functions,
though this has not yet been done. Andrews and Garvan show that the identities
for the functions in Ramanujan’s first group of 5th order functions are equivalent
to each other; they call these the “First Mock Theta Conjecture™. Similarly,
the identities for the second group are equivalent; they call these the “Second
Mock Theta Conjecture”. They also present combinatorial interpretations of
the conjectures, in terms of the ranks of partitions.

To state the mock theta conjectures, we need some notation: If ¢ and x
are complex numbers with |q| <1 and n is an integer, let

() =0x; Q=[] (1—4'x) (0.2)
and =
(= =02 03
(¢"X)s
In particular, for n=0,
(Jp=(1—x)(1—gx)...(01—q" "' x). 0.4)

Two of the 5th order functions are

n2

q
= (0.5)
Jo(q) EO (—a,
and
qn2+n (0 6)
q)= . .
fi( n§0 (_ q)n
We also define
an2
P(g)=—1+ (0.7)
,Eo (@ @ m+1@*; 4
and
anZ
@ Eo @%; 4°)as1(@; 4°),
Then the mock theta conjectures state that
(0% 9°)(q°: 4" ) 2
q)= —20(q%) 0.9)
o= ) s 0.
and 5 5 5 10 2

@*9)0@ ) 4

In this paper, we prove these conjectures.
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The proof relies on a pair of Hecke type identities discovered by Andrews
(Egs. (3.2) and (3.3) below); these express (q), fo(q) and (q), fi(g) as double
sums of powers of ¢ in which the exponents are given by indefinite quadratic
forms. In [A5] (and see also [A3]), Andrews showed how such identities could
be used to express the 5th order functions as constant terms of 8-functions.
In this paper, we use a modification of this technique.

Section 1 presents some preliminary results concerning §-functions and func-
tional equations. In Sect. 2 we define a function g(x, g) which generalizes ®(q)
and ¥(g), express it as the constant term of a #-function A(z, x, q), and obtain
an identity relating A(z, x, q), g(x, g), and two generalized Lambert series. By
similar methods, Sect.3 derives an identity relating a 0-function B{(z, g), the
functions f,(q) and fi(g), and generalized Lambert series. In Sect. 4, we state
a B-function identity which decomposes B(z,g) into a sum of nine other 6-
functions and use it, along with the results of Sects. 2 and 3, to prove the mock
theta conjectures. Section 5 proves the decomposition of B(z, g).

In a subsequent paper we will prove analogous formulas for the 7th order
functions.

I wish to thank Dr. Andrews for several helpful suggestions.

1. Preliminaries

We will use the following notations for §-functions:

Definition 1.0. If |g| <1 and x =0, then

Jx @)= (X)0 (4/%) 0 (@)oo - (1.0)

If m is a positive integer and a is an integer, then

Jo.m=1q" 47, 1.1
‘Ta.m:‘_j(_qa, qm)7 (12)

and
Ju=j@" ™M =q"; 4. O (1.3)

By Jacobi’s triple product identity [H-W, p. 282], we have
Joe @)=Y (=1 g X, (1.4)

(Here and throughout the paper, summation indices are to run through all
integers, or through all integers satisfying the conditions listed under the summa-
tion sign.)

Definition 1.1. For r =0, a f-product of the variables g, x,, ..., X, is an expression
of the form

Cqex{t.. x{"I& .. I%, (1.5)
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where C is a complex number, sz0, e, f;, and g; are integers, and each L,
has the form

JDG x5 .. xr, +q7) (1.6)

for some complex number D and integers h, k;, and m=1. (In this paper, D
will always be + 1.) A O-function is a sum of finitely many 8-products. []

The representation of a 8-product in the form (1.5) is not unique. For exam-
ple, the following identities follow easily from the definitions:

ja/x, 9=j(x, 9), (L.7)
@ x, @=(—1"g """ D2 x""j(x, q) ifnisaninteger, (1.8)
(2 2
Jj(—x, q)=J1—’2.j£Lq—) if x is not an integral power of ¢, (1.9
J(x, q)
. 2J3
i(=Lg=%, (1.10)
1
. .x’ 2 -_ x, 2
joo —q=eLZAR D), (L.1)
1,4
. Jl . n n srom—1 n :
Jx == j(x.q%j4x,q" ... j(¢" " xq") ifnzl. (1.12)

Jn

Many other 8-product identities can be derived from these and the defini-
tions. We will often use such identities without proof; they can be verified by
the following method: First apply (1.9), (1.10), and (1.11) to eliminate any minus
signs from factors of the form (1.6). Then use (1.8) to ensure that 0<h<m
in each such factor. Rewrite each factor using Definition 1.0. What results is
an identity involving factors of the form (X; ¢™),, for various values of m. Let
M be the least common multiple of the m’s and rewrite each factor using

M/m—1

X;qMw= [] @™ X;q"w; (1.13)

k=0

the resulting identity will be obvious. (Usually this process can be shortened
by judicious use of (1.7) and (1.12).)
For example, in Theorem 1.0 below we need the identity

(=% jax% ) _jx%q) (1.14)
Jy j(x,q)

By (1.9), this is equivalent to

Ji2i(x% g2 jlgx?, g% =J, J, j(x?, q).
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By (1.12) with n=2 and x replaced by x2, this becomes

Jz J1.2:J12;
that is,

@*; 4%)w (a5 4% @ 49) = (45 9%,
which follows from (1.13) with m=1, M =2, and X =q.
In addition to such rearrangements of 6-products, we will also need three

identities which allow us to replace certain sums of two 0-products by single
#-products.

Theorem 1.0. If 0 <|q| <1 and x is neither O nor an integral power of q, then

Jyj(x?, q).

1.15
jx, q) (1.13)

Jax® @)+ xjlg* x>, q¥)=

Proof. The quintuple product identity [Al, Thm. 3.9] states that, for |g|<1
and x=+0,

Z (_ 1)" qn(3n—1)/2 X3"(1 +qn X)

=(—X)eo (= /%) (Do (4%%; %) (4/%*5 §°)os- (1.16)

But the left-hand side of this equals

Z (___ l)n qn(3n-1)/’2 X3"+XZ(— l)n qn(3n+1)/2 x3n

=j(qgx> ¢*)+xj(q* x*, 4°),
while the right-hand side equals

.](q x2’ q2) — Jlj(xza q)
¥ j(x, q)

J(=x,9)
by (1.14). O
Theorem 1.1. For 0<|g| <1, x+0, and y=+0,
i @i =j(—xy,¢)i(—gx "'y ) —xj(—axy,¢)ji(-=x""y,q).  (L17)
Proof. By (1.4), the left-hand side equals
) C

—Z( )m+,, (m2—m+n2— n)/2_)C y'l. (118)
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Break this double sum into two parts, depending on whether m+n is even
or odd. In the ‘even’ part, write m=r—s and n=r+s. In the ‘odd’ part, write
m=r—s+1 and n=r+s. Then (1.18) equals

r2+s2—r r—s r+s r2+s2—s r—s+1 ,r+s
24 X0y —Zq Xy

=qu2—r ryzq x~ y xzqrzxryrzqsz-‘sx—sys
=j(=xy.q)j(—qax7 'y, ") —xj(—axy,q")j(—x""'y,4°),
as required. []

Theorem 1.2, For 0<|q| <1, x+0, and y=+0,

1

=%y 9 —ix,@j(—y, @=2xjx""y,q») jlax y, 4. (1.19)

Proof. Apply Theorem 1.1 twice, once with x replaced by —x and once with
y replaced by —y, and subtract. []

We will need to know the residues of various O-functions at their poles.
The following result enables us to compute these.
Theorem 1.3. Let q be fixed, O0<|q|<1. Let a, b, and m be fixed integers with
b=+0 and m= 1. Define
1

F 1.20
=)= i@ gy (1.20)

Then F is meromorphic for z+0, with simple poles at all points z, such that
28 =¢*™ "7 for some integer k. The residue of F(z) at such a point z, is

(__ 1)k+1 qu(k—l)/Z Zo

bJ}

(1.21)

Proof. That F has only simple poles is clear. To compute the residue, write
z=zyx and let x— 1. Then

1

kmb )

F
)= ilq

_ 1

( )k —mk(k— 1)/2 ~bk (

x%, g™’
by (1.8). But as x —> 1,
JOP am=1—=x) (@7 x"; 4™ (@™ X% 0 (@™ ™)
~(1—=x")(q"; g™ =J (1 —x").
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Hence the residue is
(= 1 g2 2 (x— 1)

lim (z—z4) F(z)=lim

z—2zZg x—1 J,?,(l—x”)
_.(__ 1)k+1 qu(k—l)/Z Zo
bJ} ’

as claimed. [J

The next few results show that certain #-products can be written in terms
of generalized Lambert series and some related double sums. We begin with
Ramanujan’s ;¥; summation [A-A]:

¥ (@), X" _ (b/a)y (@) (9/a X)os (3 X) o
© (B, (D) (bax)y (@/a)e (x)e

(1.22)

provided that 0<|g| <1, a=0, |b/a| <|x| <1, and neither b nor g/a has the form
g~ * where k is a nonnegative integer. Setting a=y and b=qy and dividing
by 1 —y gives

r

y_¥__ (@)% (X Y)w (@/X Yo,
r l_qry (x)oo(q/x)co(y)oo(q/y)oo

for 0<|q|<|x|<1 and y neither 0 nor an integral power of q. Rewriting this

in “j” notation, we have:

Theorem 1.4. For 0 <|g|<|x|<1 and y neither O nor an integral power of g,
yoX JPj(xy,9)
Sl=qy jxqjk9

(1.23)

If, in addition, |g|<|y|<1, we can rewrite the left-hand side in a more sym-
metric form, by expanding it in powers of y. We need some notation.
By the formula for the sum of a geometric series, we have

1
= g 1.24
1—z Eoz ( )
for |z] < 1, while for |z|>1 we have
! =— Yz (1.25)
1—z £e0

It will be convenient to have a single formula which works for both cases.

Definition 1.2. For |x{=+ 1, let

1 X<
800"{-1 if Ix|>1. O (1.26)



646 D. Hickerson

Definition 1.3, If s is an integer, let

1 if s>0:
= =Y; 1.
sg(s) {—1 if s<0. [ (1.27)

Using these definitions, Egs. (1.24) and (1.25) can be combined to give

1
1—2z

=e(z) ), <z~ (1.28)

s
sg(s)=¢(2)

Now suppose that |g|<|y|<1 in Theorem 14. Then |¢"y|<1 if and only
if r=0, so &(q” y)=sg(r). Hence the left-hand side of (1.23) equals

xr
c—=)., X" sg(r) q yy
;Pﬂy ; : g @
sg(s) =sg(r)
= 2 sg(g Xy
Sg(r)r’=ssg(S)

Therefore:
Theorem 1.5. For |q|<|x|<1 and |q| <]y| <1,

3.
T sgqe =il

ETREEUTIEG (1.29)
sg(r)=sg(s) J(x,9)j(y,q)

We will also need the corresponding result in which the summation indices
r and s are required to have the same parity.

Theorem 1.6. For |g] <|x|<1 and |q|<|y| <1,

: 2y __ -1 2y ;.2 ,,2 .4
Z Sg(r)qrsxrys=‘]2,4](qu’q )]( qxy 4 )](X Yo, q ) (130)

sg(r) =sg(s) j(xz, qz)j(yz’ qz)

r=s(mod2)
Proof. Break up the sum on the left into two parts, depending on whether

r and s are even or odd. In the ‘even’ part replace r and s by 2r and 2s;
in the ‘odd’ part replace them by 2r+1 and 2s+1:

Y, sg(qxy

sg(r) =sg(s)
r=s(mod 2)
— Z sg(r) q4rsx2ry25+ Z sg(r) q4rs+2r+2s+1x2r+1y2s+1
sg(r) =sg(s) sg(r) =sg(s)

= Y sgM@ & +gaxy Y sg) (@)@ x*) (¢* YY)

sg(r) =sg(s) sg(r) = sg(s)
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By Theorem L.5, this equals

J3j(x*y% g% J2 j(q® x* y?, q%)

. . +qxy-
J&x% M0 g% J(@*x*, 9% (g y2.q*)
_ J2,4J(x* ¥%, q%)

=% )i %)

Li@*x% g% j(@® ¥, gy —ax""y 7 j(x%, g% i g%, (1.31)

by product rearrangements. The quantity in brackets can be simplified by using
Theorem .1 with g, x, and y replaced by ¢, gx~'y~!, and —gxy~!; (1.31)
becomes
J2,4j(x2 y%,q%)
j9h)j% 4%

1

Jlgxy,¢)ji(—qxy~ ' g%,

which equals the right-hand side of (1.30). O

Although we will not need it, it is interesting to note that there is a similar
result for sums in which r and s are required to have opposite parity:

J'x’Z'_x—1,2~2x22’4
T sg()qtx = VJ2,ajx 9, ) (=xy" 47 j(@" x*y%, 1)

- - (1.32)
se(r) =s(s) Jx2 4% q%)
r#s(mod2)
Finally, we consider the functional equation
F(gz)=Cz "F(z2). (1.33)

Our first result follows immediately from Lemma 2 of [A-S].

Theorem 1.7. Let g and C be complex numbers with 0<|g|<1 and C+0, and
let n be a nonnegative integer. Suppose that F(z) is analytic for z+0 and satisfies
(1.33). Then either F(z) has exactly n zeros in the annulus |q| <|z|=1 or F(2)=0
forallz. [

Such a function F(z) must have a Laurent expansion valid for all z=0.
The next result expresses F(z) in terms of a finite number of its coefficients.

Theorem 1.8. Suppose that
F(z)=Y Fz (1.34)

for all z+0 and that F(z) satisfies (1.33) where 0<|q| <1 and C+0.
(a) Then
n—1
F(2)=Y FEZj(—C7'q 2" q"). (1.35)

r=0
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(b) If, in addition, n is odd, C= + 1, and F(z) satisfies

F(z™Y=—Cz "F(2), (1.36)
then

n—1

F(2)= Y E[Zj(—=Cq 2" q")—Cz" 7" j(—=Cq" ™" " ¢")]. (1.37)

r=1
Proof. (a) Substituting (1.34) in (1.33) and equating coefficients of z" gives
E,,=C"!
An inductive argument then yields
A e Y

for all integers r and k. Consequently,
F(z)= Z PIY AT
— Z C—quk+nk(k‘1)/2F Zr+kn
k

— E- Zr z an(k—l)/z (C—l qr Zn)k

=Y BEZj(=C g 2" q"),
r=0
proving (1.35).

(b) Similarly, substituting (1.34) in (1.36) and equating coefficients of z
gives

-F

FE=—CE,_,. (1.38)

Hence Fy= —CF,= —CC~'¢° F,= — F,; that is, F,=0. Substituting this in (1.35)
and using (1.38) for r>n/2 implies (1.37). O

2. Generalization of @ and ¥

In this section we will define a function g(x, g) which generalizes ®(q) and ¥(q),
and prove an identity relating g(x, ), a f-function, and two generalized Lambert
series.

Definition 2.0. If |q| < 1 and x is neither 0 nor an integral power of g, let

—x (-1 a 20
g(x’ q) x ( * ngo x)n +1 (q/x)n) D ( )
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Obviously
2(@)=9g(9,9°) 2.1

Y(9)=4q%g(qa* 4°). (22)

and

Note. g(x, q) can be defined more simply: It is not hard to show that

nn—1)

_ q
8 D= L (T

(2.3)
However, (2.0) is more closely related to the mock theta conjectures, so we
will not use (2.3).

Lemma (7.9) of [G] implies that, for {q|<|x|<|q] ™' and x =1,

1 qn2 3n(n+1)/2

oy -1yl

—1+ - = )
1—x 5o (x@a(x ' (@5 1—xq"

(2.4

Analytic continuation then shows that this is true whenever 0 <|g|<1 and x
is neither 0 nor an integral power of g. The left-hand side is x g(x, g), so we
obtain:

Theorem 2.0. For 0 <|g]| <1 and x not O or an integral power of g,
(_1 n an(nJrl)/Z
Lﬂ%®=z——L—*——

n

25
1—q"x 3)

We will use this result to express g(x, ) as the constant term of a f-function.

Definition 2.1. If |g|<1 and neither x nor z is 0 or an integral power of g,
let

A@)=A( x, 9)= j(x,9)j(z.9)

O (2.6)

Theorem 2.1. Let q and x be fixed with 0<|q| <1 and x neither O nor an integral
power of q. Then g(x,q) is the coefficient of z° in the Laurent series expansion
of A(z) in the annulus |gq| <|z| <1.

Proof. By Theorems 2.0 and 1.4,

J — -1 3n(n+1)/2
18(x,9) §1~q"x( )'q
=coefficient of z%in ) Zq"x Y (—1)pgserzgs
. JRjxzq) .
= coefficient of z° in M](z, q%).
Jx, )iz 9)

Dividing by J, gives the theorem. []
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For fixed ¢ and x, A(z) is meromorphic for z =0 with simple poles at z=g3**!
for integers k. (Because of the factor j(z, ¢°) in (2.6), the singularities at z=g>*
are removable.) Using (1.8), it is easy to show that A(z) satisfies the functional
equation

A(g®2)= —x"3z71 A(2). 2.7

Since A(z) has singularities, we cannot apply the results of Sect. 1 directly. How-
ever, by adding two generalized Lambert series to A(z), we will obtain a function
to which Theorem 1.8 applies.

Theorem 2.2. If O0<|q|<1 and neither x nor z is O or an integral power of q,
then
A(z,x, 9)=j(x*z,4°) g(x, q)
(_ l)r q3r(r+1)/2 x3r+1zr+1

- 1_q3r+12
(_l)r q3r(r+3)/2+1 x-—3r*1 Z*r*l
_Z 1—g>¥iz 1 . (2.8)
r

Proof. Let g and x be fixed. Define

(_ l)r q3r(r+1)/2 x3r+1 Zr+1
L<Z>=§ L (2.9)
(_l)r q3r(r+3)/2+1 x*3r—l ZAr~1
M(Z)=Zr: [—g¥r¥i ’ (2.10)
and
F(z)=A(z)+ L(z)+ M(z). (2.11)
It is easy to verify that
F@*2)=—x"3z"'F(2), (2.12)

since each of A, L, and M satisfies this functional equation.

We next show that F(z) is analytic for all z40. Clearly L and M are mero-
morphic for z+0, L has simple poles at z=¢>**"! and M has simple poles
at z=¢3**!, Hence F(z) is meromorphic for z+0 with, at most, simple poles
at z=g3k*1,

By Theorem 1.3 with a=0, b=m=k=1, and z,=¢q, the residue of A(z) at
z=q1is

x99 4) a _qixaqa)_ -
jx.9) 7R jxa)

The residue of M(z) at z=gq is found by considering the =0 term in (2.10).
As z—q,
-1 ,-1 -1
M(Z)=u:1—+o(1)=qx
1—qz z—q

+0(1),
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so the residue is gx~'. By (2.11), the residue of F(z) at z=¢q is (—gx " 1)+0
+qx"1=0;ie. F(z)is analytic at z=q.

In the same way we find that the residues of A(z) and L(z) at z=q ' are
g *xand —q~%x,so F(z) is analytic at z=g "',

Since F satisfies (2.12), it follows that F(z) is analytic at all points of the
form z=g**! and hence for all z+0. Now apply Theorem 1.8(a) with n=1,
C=—x"3, and g replaced by g*:

F(2)=F,j(x*z q%), (2.13)

where F, is the coefficient of z° in the Laurent expansion of F(z) for z+0.
For |q|<|z| <1, the coefficient of z° in A(z) is g(x, q), by Theorem 2.1. For
such z, [g>"*'z|< 1 if and only if r 20; i.e. £(g*" "1 z)=sg(r). By (1.28),

1 r S -8
g T

S
sg(r) =sg(s)

L(Z)Z Z Sg(r) (__l)rq3r(r+1)/2+(3r+1)sx3r+lZr+s+1'
sg(r) =sg(s)

SO

But if sg(r)=sg(s) then r+s+1 is either =1 or = —1, so the coefficient of
2% in L(z) is 0. Similarly, the coefficient of z° in M(z) is 0. Hence the coefficient
of z% in F(z) is g{x, ). By (2.13), we have

F(z)=g(x,q)j(x*z,¢%),

which implies the theorem. []

3. A relation between f, f;, and a theta function

We now do for f,(q) and f,(g) what we just did for g(x, ). We begin by rewriting
two Hecke type identities due to Andrews.

Theorem 3.0.
Lfo@= Y sgi)(—1) 7 g e (3.0)
sg(r) =sg(s)
r=s(mod 2)
and I8 s+ +30r+9)
Lfi@= Y se(=17q - (3.1)
sg(r) =sg(s)
r=s(mod2)
Proof. By Eq. (6.1) of [A4],
Lfol@= ¥ (— 1Y g R (1—g* )
nz0
lilsn
_ Z (_1)jq"(5n+1)/2_j2_ Z (__l)jq(n+1)(5n+4)/2*jz‘ (32)
nz0 nz0

lilsn [l =n
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Writing n=(r+5)/2 and j=(r — s)/2 in the first sum on the right and n=
—(r+s+2)/2 and j=(r—s)/2 in the second, this becomes

Z (_l)r—;iqrs+§(r+s)z+i(r+s)_ z (_l)i—sqrs+%(r+s)2+%(r+s)

b

rz0 rs—1
s=0 s —1
r=s(mod 2) r=s(mod 2)

which equals the right-hand side of (3.0).
Similarly, Eq. (6.5) of [A4] gives

Jlfl(q Z ( 1); n(Sn+3)/2 —j2 (1 2n+1)' (33)

nz0
il=n

Rearranging this in the same way yields (3.1). O

Definition 3.0. For |q| <1 and z not an integral power of g2, let

220, j(—z2,9)j(z, ¢°)
J(z,q ) '

B(z)=B(z,q9)= O (3.4

Note that B(z) is meromorphic for z+0, with simple poles at z=qg%**2,

(The singularities at z=q%* are removable.) Further, B(z) satisfies the functional
equations

B(q®z)=—2z"3B(z) and B(z Y)=z"°B(2). (3.9

Theorem 3.1. Let g be fixed, 0<|q|<1. Then, in the annulus |q|* <|z| <1, the
coefficient of z' in the Laurent series expansion of B(z) is q f,(q) and the coefficient

of 2% is fi(g).
Proof. By Theorem 1.6 with x= —z'/? and y=2'/2 we have

Z sg(r)(— 1)y g2 +912 = Jy,4j(—qz, a)jlq, ¢»j(z% g%
0= i a?y
r=s(mod 2)

S Jrj(—z,9)
=— 3.6
iz g% 36)
Hence
2 hdj(—2z9)
iz, q )

=z2 Z (r)( )r rsZ(r+S)/ZZ( l)t 3t-1)/2 4t (37)

sg(r) =sg(s)
r=s(mod 2)

J, B(z)=22 iz 4%

The coefficient of z! in (3.7) is obtained by setting t= —(r + s+ 2)/2; it equals

Y. sgn(— 1) K
sg(r) =sg(s)
r=s(mod 2)

T rs-ﬁ—%(r+s)2 +3(r+s)+3
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Replacing r and s by —1—r and —1—s and noting that sg(—1—r)= —sg(r),
this becomes

T3 st r+5P +10+9) 1
Y osg)(—1)7 ¢TI g ful@),

sg(r}=sg(s)
r=s(mod 2)

by (3.0). Dividing by J, shows that the coefficient of z' in B(z) is q fo(q).
Similarly, the coefficient of z2 in (3.7) equals

I rst 3+ 97+ +9)
Y osg)(~=1)7 g TR f),

sg{r) =sgls)
r=s(mod 2)

so the coefficient of z2 in B(z) is fi(q). [

Theorem 3.2. If 0<|q| <1 and z is neither O nor an integral power of q*, then

B(2)=q folq) [zj(g® 2%, ¢*°)+z* j(¢** 2°, ¢°°)]
+f1(q)[z J(q12 %> +2%j(q"% 2%, ¢*%)]

)r 15r24+15r+3 57+5

z
+22 q6r+22
_lr 15r2+15r+3z—‘5r
+2Z( )1 q6r+2 ~1 : (38)
Proof. Let
—1y 15r2+15r+325r+5
L(z)=22( fa ; (3.9)
; 1-q
lr 15r2+15r+3z—5r
M(z)= Z( ) s (3.10)
and
F(z)=B(z)— L(z)— M(2). 3.11)
It is easy to verify that
F(g®z)=—z"%F(z), (3.12)

since each of the functions B, L, and M satisfies this functional equation. Further,
L(z"Y)=z"3M(z) and M(z"')=z"%L(z), so F also satisfies

F(z Y)=z"%F(2). (3.13)

F(z) is meromorphic for z+0 with, at most, simple poles at z=g°**2. The
residue of B(z) at z=¢? is

2
0* 1, j(— 4% D i @) %= 245, (3.14)
2



654 D. Hickerson

The residue of M(z) at z=g? is given by the r=0 term in (3.10): As z— ¢,

2¢°

2¢3z 5
M(Z)=W+ (1)—

2
~+o()=-"1_+oq),
—q* z—q

so the residue is 2¢°. Hence the residue of F(z) at z=¢g? is 0; i.e. F is analytic
at z=q>2 By (3.12) and (3.13), F is analytic at all points z=g%*2, and hence
for all z+0. By Theorem 1.8 (b) with g replaced by g%, n=5, and C= —1,

F(&)=F,[2j(4° 2%, 4%°)+2* j(a** %, 4°)]
+ R [22j(g"2 2%, %) +2° (9" 2%, 4%°)] (3.15)

where F, and F, are the coefficients of z! and z2 in the Laurent series of F(z).
Now restrict z to the annulus |g|®><|z|<1. Then |¢®"*?z|<1 if and only
if r=0; i.e. (g *?z)=sg(r). Hence

L(Z)=2Z(_l)rq15r2+15r+325r+5Sg(r) Z (q6r+22)s
' sg(r)ng(S)

=2 Z Sg(r)(__l)rq15r2+15r+3+(6r+2)525r+s+5‘
sg(r) =sg(s)

But if sg(r)=sg(s) then 5r+s+5 is either =5 or £ —1, so the coefficients of
z' and z? in L(z) equal 0. Similarly, the coefficients of z! and z2 in M(z) equal
0. Hence F, and F, equal the coefficients of z! and z* in B(z); by Theorem
3.1 these are q f,(g) and f,(q), respectively. Substituting these values in (3.15)
gives the theorem. [

4. The mock theta conjectures

Theorem 3.2 gives an identity involving both f, and f;. To obtain the mock
theta conjectures from it, we will decompose both sides of (3.8) in order to
separate f, from f;. We write

B(z)= i 7' By(z%), 4.0)

i=0

where each B; is a single-valued function. This decomposition is clearly unique.
We begin by finding B, and B, from the right-hand side of (3.8). (The other
B;’s will not be needed.)

We have
1 1
— (6r+2)i
r - r Zz q
1_q6 +2, 1_ qso +10 5l A
and
1 z73 3

{ (6r+2)(5~i)
30r+10 ,=5 2.7'q .
—4q Z "=t
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By substituting these equations into the right-hand side of (3.8), we can read
off the values of B, and B,:

B (z°)=4q fo(9)j(q° 2°, 4°°)

2
_l)r 1572+21r+5 ,5r+5

z
+2Z 30r+1025
(_l)r 15r2+39r+llz—5r 5
N M v @1

and
Bz(25)=f1(q)J(q‘225 q>°

_ )r 1512+27r+725r+5
+2
; 1— q30r+10 5
(_l)r 15r2+33r+92v5r—5
2L o, (42)

To obtain B and B, from the left-hand side of (3.8), we use the following 8-
function identity, which will be proved in the next section:

Theorem 4.0. Let |q| < 1. For 1 Sr<4, let

(r—2)2 6r 5 30
G,(z)= q z"Js 10, sila ) 4.3)
Ji
and
H,(2)=—-2¢2 A(z, 4", ¢"°)
2 JZ 2r 5 10 : 5’ 30
_ 2¢°Z il 13)1(2 ) (4.4)
Let er,1OJ(Z ,q°)
e
2 J30j2'% ¢ )
Hy(z)="4 ; (ZJ v @.5)
Then .
B(2)=G,(2)+ G,(2)— G3(2)— G, (2)+ ), H,(2), (4.6)

r=0

provided that z+0 and z is not of the form wq** where »w*=1 and k is an
integer. [

Assuming this identity, we find that
B,(2%)=z"'[G(2)+ H,(2)]

6.5 30
:qusz,sJJ(q Z207) 503 45, ¢ q10) 4.7
1
B,(z%) =z 2[G,(2)+ Hy(2)]

:J5,10J4,5j(q1225,430)
Ji

and

—24°Az°, 4% q*°). (4.8)
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By Theorem 2.2,

A(2% 4%, 4" =j(q° 2%, 4*%) g(q* q'°)
(__ l)rq15r2+21r+2 5r+5

-3 . z

307710 5
r —q z

2 -
_l)r 15r +39r+SZ 5r—5

_Z( 7307+ 10,75 4.9

z

and
A%, g% 4" =jq"? 2% ¢*%) g(¢*, ¢*°)

(_l)rq15r2+27r+425r+5
_; 1_q30r+1ozs
(_I)r 15r2+33r+6z—5r—5
‘Z o053 - (4.10)
Combining (4.1), (4.7), and (4.9) yields
Js 10
folg="218"22 242 (¢ q"). (4.11)

Ji

By (2.1), this is equivalent to the first mock theta conjecture (0.9). Similarly,
combining (4.2), (4.8), and (4.10) gives

JS, 10 J4, 5

-24°g(q* q4'%), 4.12)
J;

filg)=

which is equivalent to the second mock theta conjecture (0.10).

5. Proof of Theorem 4.0
Let

V(2)=B(2)— G,(2)— G2(2) + G3(2)+ G4(2)— ). H,(2). (5.0

r=0

We wish to prove that V(z) is identically 0. Each of the functions B, G,, and
H, satisfies the functional equation

fg°2)=—z"°f(2).
In addition, B and H,, satisfy

f)=2z"°1(2),

and, for 1<r=<4, we have G,(z7 Y)=—z"°G5_,(z) and H,(z"Y)=z">H;_,(2).
Therefore,
V(@®z)=—2z"3V(z) and V(z YH)=z"3V(2). (5.1)
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V(z) 1s meromorphic for z+0 with, at most, simple poles at the points z
=wq%*?, where @°=1. We will show that V(z) is, in fact, analytic for z+0,
by finding its residue at the points z=w g°.

By (3.14), the residue of B(z) at z=q? is 2¢°; B(z) is analytic at z—a)q
for o+ 1. G,(z) is analytic for z+0. For 1 <r=<4, the residue of H,(z) at z=wq?
is
2r+10 IO)j(qIO, q30) qu 2wr+1 s

_2¢%(wq?) Jhilg ]

J2r,10 5-]130_ 5

This formula also applies when r=0, but the derivation is different: The residue
of Hy(z) is
2¢° 3@ 4 0g 2o .
5J% 5

Hence the residue of V(z) at z=¢g? is

the residue at z=wq” forw + 1 is

2 r+1

So V(z) is analytic at z=wgq? w’=1. By (5.1), V(2) is analytic at all points
z=wq%*? and hence for all z+0.

According to Theorem 1.7 with C= —1, n=5, and ¢ replaced by ¢°, if V(2)
is not identically O, then it has exactly 5 zeros in |q|6<iz|<1 But we will
show that V(z)=0 at the 6 points z= —q, —g°, t4°, —g% and —g°, which
will imply the theorem.

By (5.1), V(g®z Y)=-z"V(z™")=—V(z). In particular, V(+4%)=0,
V(—q*=—V(—g?, and V(—q°)=—V(—q). Hence it suffices to show that
V(—-q)=V(—q°)=0.

By (4.4), we have, for 1=r<4,

Hs_r(z)_ZS—er(qio ZrZS qlo)—ZS—Zr](q2r2~5’q10)
HG ¢4 i@ 2% 4"

If z= — g* where k is an integer, then (1.8) implies

](qu 5 10)=j(q10k_q2rz—5’q10)
z(_l)kq—Sk(k-l)q-Zrk Sk](q ’qIO)
=q(5—2r)kj(q2rz—5’ qIO)

5-2r

=—z25"¥j(g*z7%q"%;
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hence Hs_,(—q*)= — H,(—q*) and

4
Y H,(—q"=

r=1

Also, it is clear from (3.4) that B(—g*)=0; therefore

V(=¢)=—Gi(— ¢ —Go(— ")+ G3(— ")+ Ga(—g")— Ho(— 4"
J - -
=_“5:I”'1~9(qk+lJ2.5J5k+6,30_q2k‘]4,5']5k+ 12,30
1
—@*** s s Tspins,30 4 Js, s skt 24, 30)
_ 2‘13J_120 Jiok, 30
Isk, 10

=J5,10[

‘1“1-]2,5(-75“6.30‘“
Ji

3k T
4" Jsk+24,30)

-qzk-]1 5(-75k+12 30—'qk'75k+18,30)]
2‘1 J10J10k 30

J5k 10

In particular,

q*J T T 7 7
V(—q)= ~~751—0[-]2,5(-]11,30_‘13-]29,30)—-]1,5(-]17,30—Q-]23,30):|

2q¢3 J3
—%ﬂ. (5.2)
5,10
By Theorem 1.0 with g and x replaced by ¢q'° and —¢3,
_ - - JioJ,
J11,30'“‘13J29,30=J19,30 q ng 307 13 810,
3,10
Similarly, replacing g and x by ¢q'° and —gq gives
- - - Jio
Ji17.30—9J23,30=J13,30— qJ2s, 30—%
1,10

So the bracketed quantity in (5.2) equals

Jy 510, Ji.sJiod J -
2,5710Y6,10 _ Y1,5%1072,10 _ J1 4(J1,10J3,10—J1,10J3’10)
20

J3,10 Jl 10

J, 2qJ, JZ
;24 2qJ3,2014, 20—$s
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by Theorem 1.2 with g, x, and y replaced by ¢'°, g, and ¢°. Hence

2¢%Js, 10930 _ 2¢%Jio
Jio s, 10

V(—q)= =0.

Similarly, we find
1% 9 Js, 10 *Js. 10 7 67T - g
(— ‘1) 7 [J2,5(J16,30—49° J34,30) — 4 J1,5(J22,30 — 9" J28,30)]
1
2431130
-710,10 '

(5.3)

By Theorem 1.0,

- - - JioJ.
6 _ J1074,10
J16.30—9° J34,30=J16,30— 4 J26 307 7
2,10
and
7 27 T Jiods, 10
J22.30— 49" J28,30=Y22,30— 4 Jsz 30= ——“—J
4,10

so the bracketed quantity in (5.3) equals

J2.5J10J4,10 __qJI,S‘}lOJB,IO

J2.10 J4,10

JJ - -
=—5’2;4—(J6,10J3,10“CIJ1, 1048, 10)-

JlO '}1 0,20

By Theorem 1.1 with g, x, and y replaced by —¢°, g, and —¢?, this equals

Jshra . 5y : 2 5

——*%—j(q, — ) i(—q", —q°)

J10J10,20

—_ J5J2,4 J1.10‘7;5,10 '72,10J7,10:J1J120,20.
J10J10.20 J5,20 J5,20 J5,10
Hence
2q JE
V(- qz) q JlO 20 10 =0,

10,10

and the proof is complete. []
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