Families of Sets with Intersecting Clusters

William Y.C. Chen!
Center for Combinatorics, LPMC-TJKLC
Nankai University, Tianjin 300071, P. R. China

Jiugiang Liu?
Department of Mathematics
Eastern Michigan University

Ypsilanti, MI 48197, USA

Larry X.W. Wang?
Center for Combinatorics, LPMC-TJKLC
Nankai University, Tianjin 300071, P. R. China

lchen@nankai.edu.cn, 2jliu@emich.edu, 3wxw@cfc.nankai.edu.cn
In Memory of Professor Chao Ko

Abstract

A collection of k-subsets Ay, Ag, ..., Agon [n] ={1,2,...,n}, not nec-
essarily distinct, is called a (d, ¢)-cluster if the union A; U Ap U --- U Ay
contains at most ck elements with ¢ < d. Let F be a family of k-subsets
of an n-element set. We show that for £ > 2 and n > k + 2, if every
(k,2)-cluster of F is intersecting, then F contains no (k — 1)-dimensional
simplices. This leads to an affirmative answer to Mubayi’s conjecture for
d = k based on Chvatal’s simplex theorem. We also show that for any d
satisfying 3 < d < k and n > %, if every (d, d‘gl)—cluster is intersecting,
then |F| < (Zj) with equality only when F is a complete star. This result
contains both Frankl’s theorem and Mubayi’s theorem as special cases.
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1 Introduction

This paper is concerned with the study of families of subsets with intersecting
clusters. The first result is a proof of an important case of a conjecture recently
proposed by Mubayi [7] on intersecting families with the aid of Chvatal’s simplex
theorem. The second result is a theorem that is an extension of both Frankl’s
theorem and Mubayi’s theorem.



Let us review some notation and terminology. The set {1,2,...,n} is usually
denoted by [n] and the family of all k-subsets of a finite set X is denoted by X*
or ()k{) A family F of sets is intersecting if every pair of two sets in F has a
nonempty intersection. A family F of sets in X* is called a complete star if F
consists of all k-subsets containing x for some z € X.

In 1961, Erdos, Ko, and Rado [3] published the following classical result.

Theorem 1.1 (The EKR Theorem) Let n > 2k and let F C ([Z]) be an in-
tersecting family. Then |F| < (Zj) with equality only when F is a complete star
when n > 2k.

In 1976, Frankl [4] obtained a generalization of the EKR Theorem.

Theorem 1.2 (Frankl) Let k > 2, d > 2, and n > dk/(d — 1). Suppose that
F C [n]* such that every d sets of F have a nonempty intersection, then |F| <

(Zj) with equality only when F is a complete star.

In fact, the following two conjectures due to Erdos and Chvatal imply Frankl’s
Theorem for d > 3. Recall that a d-dimensional simplex or a d-simplex for short,
is defined as a collection of d 4+ 1 sets Ay, As, ..., Agr1 such that every d of them
have a nonempty intersection, but Ay N Ay N --- N Agyr = 0. A 2-dimensional
simplex is called a triangle.

The Erdés conjecture [2] is stated as follows:

Conjecture 1.3 (Erdés) For n > %, if F C [n]* contains no triangle, then

|F| < (Zj) with equality only when F is a complete star.

Chvatal [1] proposed a generalization of the Erdds conjecture.

Conjecture 1.4 (Chvatal’s Simplex Conjecture) Let k > d+1 > 3, n >
k(d+1)/d, and F C [n]*. If F contains no d-dimensional simplez, then |F| <

(Zj) with equality only when F is a complete star.

Chvatal’s simplex conjecture remains open. Chvatal has shown that it is true
for d = k — 1, which we call Chvatal’s simplex theorem [1]. Frankl and Fiiredi [5]
have shown that Chvatal’s conjecture holds for sufficiently large n.

Theorem 1.5 (Chvatal’s Simplex Theorem) Forn > k+2 > 5, if F C [n]k
contains no (k — 1)-dimensional simplices, then |F| < (I~]) with equality only
when F is a complete star.



Theorem 1.6 (Frankl and Fiiredi) For k > d + 2 > 4, there exists ng such
that forn > no, if F C [n]* contains no d-dimensional simplices, then |F| < (7~])
with equality only when F is a complete star.

As we shall see, a recent conjecture proposed by Mubayi [7] is related to
Chvatal’s simplex theorem. Here we introduce the terminology of clusters of
subsets. A collection of k-subsets Ay, Ay, ..., Ay of [n] is called a (d, ¢)-cluster if
|A; U Ay U---U Ay < ck, where ¢ < d is a constant that may depend on d. A
cluster is said to be intersecting if their intersection is nonempty.

Conjecture 1.7 (Mubayi’s Conjecture) Let k > d > 3 and n > dk/(d — 1).
Suppose that F C [n]* such that every (d,2)-cluster of F is intersecting i.e., for
any Ay, Ay, ..., Ag € F, [ATUALU---UAy| < 2k implies AyNAyN---NAg # 0.

Then |F| < (Zj) with equality only when F is a complete star.

Mubayi proved that this conjecture holds for d = 3 (Theorem 1.8) [7]. He also
showed that his conjecture holds for d = 4 when n is sufficiently large [8].

Theorem 1.8 (Mubayi) Let k > 3 and n > 25, Suppose that F C [n]F is a
family such that every (3,2)-cluster Ay, Ay, A3 € F is intersecting, then |F| <

(Zj) with equality only when F is a complete star.

In this paper, we study the case d = k of Mubayi’s conjecture in connection
with Chvatal’s simplex theorem. We show that for the case d = k, the condi-
tions for Mubayi’s conjecture ensures the nonexistence of any (k — 1)-dimensional
simplex. Therefore, Chvatal’s simplex theorem leads to Mubayi’s conjecture for
d = k. As the main results of this paper, we present a theorem on families of sub-
sets with intersecting clusters which contains both Frankl’s Theorem (Theorem
1.2) and Mubayi’s Theorem (Theorem 1.8).

2 Subset Families with Intersecting Clusters

In this section, we first consider Mubayi’s conjecture in the case £k = d. We
show that this case is related to Chvatal’s simplex theorem (Theorem 1.5). Then
we study families of k-subsets with intersecting (d, %)—clusters and obtain a
theorem that contains Frankl’s theorem (Theorem 1.2) and Mubayi’s theorem
(Theorem 1.8) as special cases.

Theorem 2.1 Let k >3 and n > k+2. Suppose that F C [n]* is a collection of
subsets of [n] such that every (k,2)-cluster is intersecting. Then F contains no
(k — 1)-dimensional simplices.



Proof. Suppose that A, Ay, ..., Ay € F are such that every k — 1 of them have
nonempty intersection. We proceed to show that A; N Ay N---N A, # 0. To
the contrary, assume that A; N Ay N ---N Ay = (. Then every k — 1 sets of
Ay, Ag, ..., Ay intersect at a different element in [n]. For each i, 1 <7 < k, there
are k — 1 collections of k — 1 sets containing A; and so A; has k — 1 elements
which are in the intersections of those & — 1 collections.

Let us construct a bipartite graph G = (X,Y, E), where X = U;A;, and
Y = {4, Ay,..., Ax}. There is an edge between z € X and A; if z € A;.
Clearly the degree of A; equals k, and there total number of edges in G equals
k2. Since every k — 1 sets of A, Ay, ..., A intersect at a different element in
[n], there are k elements xy, 2o, ..., x; whose degrees are k — 1. Hence there are
k(k — 1) edges adjacent to z1,xs,...,x;. Assume that the remaining elements
of X are y1,%s,...,Ym. Therefore, there are k? — k(k — 1) = k edges adjacent
to y1,Y2, .-, Ym. Since the degree of y; is at least one for each y;, we have
m < k. Thus the number of elements in X is at most 2k. This implies that
AiNAyN---NAL, # 0, contradicting the assumption that Ay NA;N---NA, = 0.
Hence F does not contain any (k — 1)-dimensional simplex. ]

The following theorem is the main result of this paper.

Theorem 2.2 Let k > d > 3 and n > ddTl' Suppose that F C [n]* is a fam-

ily of subsets of [n| such that every (d, %)—cluster is intersecting (i.e., for any

Ay Ao, A EF, AU AU - U Ay < %k implies that N%_| A; # 0). Then
|F| < (Zj) with equality only when F is a complete star.

The following lemma gives an upper bound on the number of edges in a graph
with intersecting clusters, and it will be used in the proof of Theorem 3.1.

Lemma 2.3 Let n > d > 3. Suppose that F C [n]? is a family of 2-subsets of
[n] such that every (d, ©1)-cluster is intersecting. Then |F| < n—1 with equality
only when F 1is a complete star.

Proof. Since F is a family of 2-subsets, we may consider it as a graph G with
vertex set [n]. The conditions in the lemma imply that any d edges A;, As, ...,
Ay of G either intersect at a common vertex or cover at least d + 2 vertices.

We now proceed by induction on n. For n = d + 1, since any d edges cover
at most n = d + 1 vertices, any d edges of G must intersect at a common vertex
and thus form a star. This implies that |F| = |E(G)| < d = n — 1 with equality
only when F (or G) is a complete star.

Assume that n > d+2 and that the lemma holds for n —1. We first claim that
GG must contain a vertex of degree one. Otherwise, every vertex of GG has degree
at least two which implies that every connected component C' of G satisfies

V(O < [E(C)]. (2.1)
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Let Cy, Cs, ..., C,, be the connected components of GG ordered by the relation

[E(C] = [E(C)] = -+ = [E(Cn)].

We proceed to find d edges that form a non-intersecting (d, 4*)-cluster to
reach a contradiction. Let us consider two cases.

Case 1: |C4] > d. Since C is not a star, it contains a path P with three edges.
Since d > 3, we can add d — 3 edges to P to obtained a connected subgraph H
of Cy. Let Ay, Ay, ..., Ag be d edges of H. Then we have

|AjUAy. . . UAy|=|V(H)| <|EH)|+1=d+ 1.
Since H is not a star, we obtain A1 N Ay...N Ay = 0.

Case 2: |C1] < d. Let r > 1 be the integer such that

r+1

b_Z]E )| <d and Z|E )| > d.

It is clear that C)., 1 has at least d—b edges. We now take any connected subgraph
H of C,;, with d — b edges. Since H is connected, we have the relation

[E(H)| = [V(H)] - 1. (2.2)

Let Aj, Ay, ..., Aq be the d edges in C1,Cy,...,C., H. From (2.1) and (2.2) it
follows that

|A1 U Ay U A

V(C)|+ [V(C)| + -+ [V(C)| + [V (H)
|E(CY)| +|E(C)|+ -+ |E(C)|+ |E(H)| + 1
= d+1.

IN

Noting that C;,C,...,C, and H are disjoint, we have A; N Ay---NAg = 0.

In summary, we have reached the conclusion that G has a vertex with degree
one. Let v be a vertex of degree one in G and let G’ be the induced graph obtained
from G by deleting the vertex v. Clearly, G’ is a graph with n — 1 vertices in
which every d edges Ay, As, ..., Ay either intersect at a common vertex or cover
at least d+ 2 vertices. By the inductive hypothesis, we have |E(G’)| < n—2 with
equality only if G’ is a complete star. Hence

| F|=|EG)| =|E(C)|+1<n-1
with equality only if F (or () is a complete star. |

The following lemma is an extension of Lemma 3 of Mubayi [7]. While the
proof of Mubayi relies on the EKR theorem, our proof is based on the above
Lemma 2.3 and Frankl’s theorem (Theorem 1.2).
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Lemma 2.4 Letk>d>2,t>2,and2 <[ <k. Let Si, Sy, ..., Sy be pairwise
disjoint k-subsets and X = S; U Sy U ---US;. Suppose that F is a family of
[-subsets of X satisfying the following conditions

1. S; € F foralliif l = k.
2. |Fl <dift=2.

3. For every Ay, Ay, ..., Ag € Fand1 <i<t, AiNAy---NAGNS; =0
implies |Ay U Ay -+ U Ay — S| > 4.

Then we have |F| < ().

Proof. For d = 2, the above lemma reduces to Lemma 3 in [7]. So we may assume
that d > 3. Let n = | X| = tk. We consider the following two cases.

Case 1. Assume [ = 2. We claim that any (d, Z&')-cluster of F is intersecting,
namely, for any A, As, ..., Ay € F, we have either A; N Ay---NA; # 0 or
|Aj U Ay U---U Ayl > d+ 2. To this end, we assume that Ay N Ay---N Ay = 0.
This gives A1 N Ay---NA;NS; = 0 for any S;. Since X = US; is the ground set
of F, there exists S,, such that Ay, NS, #0. As A,NAy---NA;N S, =0 and
I =2, in view of Condition 3 we get

|AyUAy---UAy; — Sp| > d.
Furthermore, the condition A; NS, # 0 yields

Ay UAy---UAy >d+ 1.
So the claim holds.

Since d > 3, by Lemma 3.2, we obtain that |F| < n — 1, where n = tk. So
it remains to show that it is impossible for |F| to reach the upper bound n — 1.
Assume that |F| = n — 1. Again, by Lemma 3.2, F must be a complete star, i.e.,
JF consists of all 2-subsets of X for some x in X. Without loss of generality, we
may assume that x € S;. Let A; be a 2-subset from F such that A; C S;. Since
d—1 < k, we may choose d — 1 2-subsets As, A3, ..., Ay such that A; € F and
A, —2CSyfor2<i<d Then A\NAsy---NA; NSy =0 and

|<A1UA2U"'UAd)—SQ|:2<d,

contradicting Condition 3. Hence we have |F| < n —1 =tk — 1. So the lemma
is proved for [ = 2.

Case 2. Assume [ > 3. Then k > [ > 3. We proceed by induction on ¢.

We first consider the case t = 2, namely, X = S; U S;. We will show that
AiNAy---NAg # 0 for any Ay, As, ..., Ay € F. If this is not true, then there
exist Ay, Ag, ..., Aq € F for which
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Let A=A, UAU---UA,. Itis clear that A contains at most dl elements. Since
Sp and Sy are disjoint, so are A NSy and A NSy, Therefore, either AN S or
AN S, contains at most half of the elements in A. We may assume without loss

of generality that

dl
AN S| < 5

Note that (2.3) yields Aj N Ay---NA3NS; = 0. Since X = 57 U S, we get

dl

contradicting Condition 3. Thus, we shown that A; N Ay---N Ay # 0 for any A,
Ay, ..., Ay € F. By Frankl’s Theorem (Theorem 1.2) we obtain

2k —1
Fl < . 2.4
7= () (2.0
Next we prove that equality in (2.4) can never be reached. Let us assume that

2k —1
— , 2.5
7= () (25)
By Frankl’s theorem and d > 3, F is a complete star, i.e., F consists of all the
l-subsets of [2k]| which contain the element z for some z in [2k]. Without loss of
generality, we may assume that x € S;. Then any subset A; € F is either of the

form B U {x} for B € [S; — x]'"! or of the form C U {z} for C' € [S,)!"1. Since
d<kand 3 <[ <k, we have

a-1sks(F))
[—-1

Now we may choose A; € F with A; C Sy and d—1 sets As, As, ..., Ay € F with
A; —x C S, for each 7 > 2. Since A; NSy =0, we have A;NAy---NAZN Sy = 0.
Moreover, since A; —x C S, for : =2,3,...,d, we have

dl
|(A1UA2U"'UAd)—SQ|=|A1|:l<57

contradicting Condition 3. Thus, we have derived that |F| < (2;:1) and the
lemma is valid for t = 2.

Next suppose ¢t > 3 and the result holds for t — 1. We first show that there
exists at most one set S, such that

N |

|F N [Sm]'| >
Suppose, to the contrary, that there exist two sets, say S; and Sy , such that

d
Faisi =S,



for i = 1,2. Then

|F O[S+ |FN[Sy)] > d.
Hence we are able to choose d sets A1, Ay, ..., Ay from (F N [S)]") U (F N [S9)")
such that A; C 57 and Ay C Sy. Since [(A;UAU---UAy)| < dl and S;NSy = 0,

we have either

dl
y(AluAQUmuAd)mSﬂgE (2.6)

or di
|(A1UA2U---UAd)mSQ|§? (2.7)

Without loss of generality, assuming that (2.6) is valid. Then we have

dl
|(A1UA2U'--UAd)—SQ|:|(A1UA2U-~~UAd)ﬂSl|§5.

However, the choices of Ay, As, ..., Ay ensure that Ay N Ay--- N Ag NSy = 0,
contradicting Condition 3. Thus we have shown that there exists at most one set
S,, such that

|F 0 [S)'] >

|

For convenience, let us assume m = t. Thus we have

-1
Falsti< 5L

fori=1,...,t —1. Set H; = {F € F: |[FNS;| =1—1} and degy, (B) = {F €
HzBCFH

Claim A. There exists at least one set S; (i € {1,...,t}) such that

k d—1
1< < ==
H;| < (l—1> and |FN[S]| < 5

Suppose that Claim A is not true. Then
k
M| > ( ) +1, (2.8)
-1
<

fori=1,---,¢t — 1. Moreover, if | F N [S]|

k
iz ()5)

By (2.8), there exists a (I — 1)-subset B of Sy such that

d—1
5 then

degy,, (B) > 2. (2.9)

Assume that A;, Ay € H; are chosen subject to the conditions B C A; and
B C A,. Since

Hy| > (llj1>+1>d—2,
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we can choose As, ... Ay from H,. Since A; N Ay =B C Sy,
AN NA;NS, =0

and i
‘A1U'-~UAd—SQ‘§(1+1)+(d—2)=l+d—1§5

for d > 4 and [ > 3. So we have reached a contradiction to Condition 3 when
d > 4. Assume d = 3. Let {z;} = A; — B for i = 1,2. Then x; ¢ S; and let
z1 € S;, for some ig > 2. Choose Asz to be either in H;, or F N [S]'. We have

ANAyNA3N S, =10

and i
|A1UAZUA3—S,~O|g(l—1)+1+1:l+1§5

for [ > 3 and d = 3, contradicting Condition 3 again. Thus Claim A holds.

Without loss of generality, we assume that

k d—1
HF e F:|FNS|=1—1} =M< (z—1> and [F N [$)] < ——.

Now consider any F' € F. We may express F' as Fy U F,, where F} = F'N.S; and
Fy, = F — F,. For a fixed F} of size | —r (1 < r <), let F, be the family of all
r-sets Fo C SoUS3U---US; such that £y U Fy € F.

We claim that F, satisfies the conditions of the lemma. For otherwise, we
may assume that there exist Ay, As, ..., Ay € F, and i € {2,--- ,t} such that
AlﬂAgﬂ---ﬂAdﬂSi:Q)and

d

Now, let A? = A; U Fy for 1 <j <d. Then A}, A,..., A € F and
AinAyn---nA,NS; =0. Recalling that [ > r, we get
(AJUASU---UA) = S| =|Fi|+[(AAUAU---UA,) — S

S s S P T

- 2 2 2 2’
contradicting Condition 3. Thus we have shown that F, satisfies the conditions
of the lemma. For r» > 2, by the inductive hypothesis, we see that

Fl < <(t _rl_)k1_ 1)‘

Since [ > 3 and d < k, it is easy to check that

>(F)azo

r=2
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Hence |F| can be bounded as follows:

l
k
A< ()i e Frasi=i-niFals
r=2

! !
k (t—1k—1 k k d—1
< _ -z -
- rl(l—r)( r—1 ) ;(Z—T)+(l—1)+ 2
th—1 Nk th—1
< ()20 = (1)
This completes the proof. |

We are now ready to prove Theorem 3.1.

Proof of Theorem 3.1. For d = 3, the result follows from Theorem 1.8. So
we assume d > 4. Let Sy, Sy, ..., S; be a maximum subfamily of pairwise
disjoint k-subsets from F. We proceed by using induction on ¢. If ¢ = 1, then
F is intersecting and the result follows from Theorem 1.1 when n > 2k. When
% < n < 2k, for any Ay,..., Ay € F, |[A;U---U Ay < n < 2k, it follows
that their intersection is nonempty from the condition of the theorem. Hence the
theorem reduces to Theorem 1.2 in this case. Thus we may assume that ¢t > 2
and the theorem holds for ¢ — 1. Note that ¢ = 1 is the only case when F can be

a complete star. We now proceed to prove that |F| < (Zj)

If n = tk, then we set [ = k. The condition on F in Theorem 3.1 implies the
condition on F in Lemma 3.3 with d replaced by d — 1. In fact, suppose that
there exist Ay, As, ..., Aq_1 € F for which A; N Ay--- N Ag_1 NS; = 0. Since
every (d, ¥1)-cluster of F is intersecting, we see that

2
d—1
|A1UA2U"'UAd_1USZ‘|>—2 k‘,

hence d1 J-1
|A1UA2U---UAd_1—SZ-|>%k—k:%k.

For ¢ = 2, the assumption of the theorem implies that |F| < d — 1. Again, by
Lemma 3.3, we obtain |F| < (7).

We now assume n > tk and let

Given the choices of Sy, Sy, ..., S;, Y does not contain any subset A € F. Put
F'={FeF:|[FNY|=k—-1}

Claim B. If |Y| = n — tk > k, then

1| < (Z:tlk) (2.10)
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Suppose that Claim B is not true, that is,

ik
|fﬂ2(2_1>+12k+1>d

Therefore, there exists a (k — 2)-subset B C Y such that
degr(B) > |Y|—k+3=(n—tk)—k+3. (2.11)
Otherwise, we would have

((n—tk) —k+2)("_) (n—tk
k—1 : —(k—1>

|F'| <

Since the number of (k — 1)-subsets containing B is equal to |Y'| — k + 2, there
exists a (k — 1)-subset C' containing B such that degz(C) > 2. Suppose that
A, Ay € F' such that AiNAy,=CCY. So

ANANS; =0

for each 1 < i < t. Let A3, Ay, ..., Aq_1 be additional subsets in F’ such that
B C A, for each i if |Y| — k+ 3 > d— 1. We deduce that

Alﬂ"'ﬂAd_lﬂSi:(b
for each 1 <7 <t and

(AU~ UAg )| <k —242(d-2)+1=k+2d-5, if|[Y|[-k+3>d—1,

(A U---UAg )| <|Y|+d—1<k+2d—6, if|Y|-k+3<d-1.

Let Sj, be such that S, N A; # 0. Since k > d > 4, it follows that
d+1
[(AfU---UAg 1) US| §k+2d—5+(k—1):2k+2d—6§Tk,

contradicting the assumption of the theorem. So Claim B is justified.

Given any member F'in F, we can always write F' as F1UF5,, where F; = FNY
and Fy = F — F;. Suppose that F} is of size k — [ (1 <[ < k). Let F; be the
family of all l-sets Fy C U!_,S; such that Fy U F;, € F. We claim that F; satisfies
the conditions in Lemma 3.3 with d replaced by d — 1. For [ = k, the intersecting
condition on clusters for the theorem implies that (1) |Fx| < d —1 for ¢t = 2 and
(2) for every Al, AQ, . 7Ad_1 < fk, if A1 N AQ MN---N Ad_1 N Sz = Q), then

d+1
|A1UA2U"'UA[1_1USI'|>%]€

which implies that
d—1
|A1UA2U"'UAd_1—Si| > Tk},

11



thus the claim is justified. Assume that [ < k. If the claim is not true, then there
exist Al, AQ, C ;Ad—l S .;El such that Al N A2 N Ad—l N Sl = @ and

d—1
]A1UA2U~~UAd,1—SZ-|§Tl.

Setting A, = A;UFy fori <d—1, weget A, e F, AAnA,---NnA,_ NS =10,
and
(AJUASU---UA, US| =|F|+[(AAUAU---UA; 1) — S| + ]S4

d—1 d—3 d—3 d+1
<k—Il4+——I+k=2k+——1<2k k= k
< + 5 + + 5 ¢S + 5 5

contradicting the assumption of the theorem. Thus we have verified the claim
which shows that F; satisfies the conditions in Lemma 3.3. For [ > 2, it follows

from Lemma 3.3 that
Al < tk — 1
: I—1)

Note that for |Y| =n — tk < k — 2, we have
HFeF:|[FNY|=k—1}=0.
For |Y| =k — 1, we have
HEeF:|FNY|=k—1} <d—-1<k-1.

Otherwise we can choose d—1 sets Ay, ..., Ay_1 € F together with S in violation
of the assumption of theorem. When |Y| > k, Claim B implies that

HFeF: |FNY|=k—-1} < (Z‘_T)

Consequently, we have

k
{FeF:|FNY|=k-1} <Z("k__tlk).

=1
It follows that

A < lf;(,j{'l)wﬂwef:|me|—k—1}|
< Zk:(m) -(tk_l)—l-+|{F€]—“:|FﬂY]:k;—1}|
2 \k—1)[\1-1) "
_ 2’“:(|Y|) —(tk_l)—l-+|{F€]—":|FﬂY|=k—1}|
k—1) [\i=1) 7"

- i (”k__tl’“) (tlk"__ll) - (”k__tlk) +{FeF:|FNY|=k—1}

=1
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as required. This completes the proof.
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