Congruences for Bipartitions with Odd Parts Distinct
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Abstract. Hirschhorn and Sellers studied arithmetic properties of the number of partitions
with odd parts distinct. In another direction, Hammond and Lewis investigated arithmetic
properties of the number of bipartitions. In this paper, we consider the number of bipartitions
with odd parts distinct. Let this number be denoted by pod_s(n). We obtain two Ramanujan
type identities for pod_s(n), which imply that pod_o(2n + 1) is even and pod_»(3n + 2) is di-

visible by 3. Furthermore, we show that for any o > 1 and n > 0, pod_» (320‘+1n + %M)
is a multiple of 3 and pod_o (5°‘+1n + %ﬂﬂ) is divisible by 5. We also find combinatorial

interpretations for the two congruences modulo 2 and 3.
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1 Introduction

A partition A of a positive integer n is any non-increasing sequence of positive integers whose
sum is n. The weight of A is the sum of its parts, denoted by |\|. A bipartition 7 of n is a
pair of partitions (71, 72) with || + |m2| = n. Let p_2(n) denote the number of bipartitions
of n. The generating function for p_o(n) equals

> 1
> pa(n)g" = s
n=0

(9%

In this paper, we shall employ the standard g-series notation [1]

n—1
(@;9)0 =1, (a;q)n:= H(l — (:qu)7 for n > 1,
k=0
and
m
(a1,a2,...,am;q) Oo_nh Haj, ns gl < 1.

The function p_9(n) has drawn much interest, see, for example, [3,9,11-13,16]. Ra-
manathan [16] established the following congruences:

p_2(5n+2) =p_o(5n+3) = p_2(5n +4) =0 (mod 5), (1.1)
which are analogous to the classical congruences of Ramanujan, namely,

p(5n +4) =0 (mod 5) (1.2)



and
p(Tn+5) =0 (mod 7), (1.3)

where p(n) is the number of partitions of n.
Dyson [10] defined the rank of a partition as the largest part minus the number of parts.

Let N(r,t,n) denote the number of partitions of n whose rank is congruent to » modulo ¢.
Aktin and Swinnerton-Dyer [4] proved the following conjecture of Dyson [10]

N(r,5,5n—|—4):w 0<r<4,
and - .
N(r,7,7n+5):w 0<r<6.

For a bipartition m = (71, m2), Hanmmond and Lewis [13] defined the birank b(7) as
b(m) = n(m) — n(ms), (1.4)

where n()) denotes the number of parts of A. It has been shown that the birank b(7) can be
used to give combinatorial interpretations of the congruences in (1.1). Recently, Garvan [11]
defined two biranks. One can be utilized to explain all the three congruences in (1.1), while
the other is valid for two of the three congruences.

We wish to consider bipartitions with odd parts distinct. Recall that Andrews, Hirschhorn
and Sellers [2] have investigated arithmetic properties of partitions with even parts distinct.
Hirschhorn and Sellers [14] considered arithmetic properties of partitions with odd parts
distinct. To be precise, by a bipartition with odd parts distinct we mean a bipartition
m = (m1,m2) for which the odd parts of 71 are distinct and the odd parts of 7y are also
distinct. Notice that w1 and my are allowed to have an odd part in common. For example,
there are 11 bipartitions of 4:

((4),0) ((3,1),0) ((2,2),0) (3),(1)) ((2,1), (1)) ((2),(2))
(1), (2,1)) (1), (3) @,(2,2)) @,(3,1)) (0, (4))-

Let pod_s(n) denote the number of bipartitions of n with odd parts distinct. It is easy
to derive the generating function for pod_s(n), that is,

o0 22
I (5

The main objective of this paper is to study arithmetic properties of pod_5(n) in the spirit
of Ramanujan’s congruences for the partition function p(n). We shall prove that

- 2(¢%; ¢°)>
pod_o(2n+ 1)¢" = = 1.6
nz::o 2l = k@) (16)
and 2. .2\4 6. .6\6
S (%005 (0% 605
pod_o(3n +2)q" =3 , 1.7
,LZ:% 2 ) (45 9)%(a* a*)S -2



which implies that for all n > 0,
pod_s(2n+ 1) =0 (mod 2) (1.8)

and
pod_2(3n +2) =0 (mod 3). (1.9)

We also give three infinite families of congruences modulo 3 and two infinite families of
congruences modulo 5. For example, for a > 1 and n > 0,

2 20
pod_ <320‘+1n + %) =0 (mod 3) (1.10)

and 11 x 5% +1
pod_s <5O‘+1n + %) =0 (mod 5). (1.11)

Furthermore, we show that the birank b(7) defined by Hammond and Lewis can be used
to explain the congruence (1.9). Furthermore, we introduce another birank to give a com-
binatorial explanation of (1.9). Our birank ¢(7) of a bipartition # = (71, m2) is defined
by

c(m) = U(m1) — U2), (1.12)

where [(\) denotes the largest part of A. It is worth mentioning that neither of the two biranks
b(m) and ¢(m) leads to a combinatorial interpretation of the congruence (1.8). It should be
noted that the birank ¢() is not exact the conjugate of b(m) for bipartitions with odd parts
distinct because the conjugation of such a bipartition no longer preserves this property.

This paper is organized as follows. In Section 2, two identities of Ramanujan type are
obtained. In Section 3, three infinite families of congruences modulo 3 for pod_s(n) are
established. In section 4, we obtain two infinite families of congruences modulo 5 for pod _2(n).
In Section 5, we prove that both biranks b(7) and ¢(7) can be applied to give a combinatorial
interpretation of the fact that pod_o(3n + 2) is a multiple of 3. We also give a simple
combinatorial explanation of the fact that pod_2(2n + 1) is even for any n.

2 Two Ramanujan-type identities

In this section, we shall prove the following two Ramanujan-type identities for the number of
bipartitions with odd parts distinct.

Theorem 2.1. We have

= 2(¢% ¢®)?

E pod_o(2n + 1)q¢" e 2.1
= 8 ) (4:9)3 (4% ¢")oc @1)
= 0 (0% ¢®)a(¢% %)%

g pod_o(3n+2)¢" = 3 . 2.2
—~ 2 ) (495 (¢* ¢S 22)



We need some properties of the function 1(q), namely,

U(g) = ¢ I (2.3)
n=0
Let f(a,b) be Ramanujan’s general theta function given by
f(a,b) _ Z an(n—l)/an(n-i-l)/Q’ ]ab[ <1

Jacobi’s triple product identity can be stated in Ramanujan’s notation as follows

fla,b) = (—a,ab)so(—b; ab) oo (ab; ab) . (2.4)
Thus, )
(—q) = f(—¢,—¢%) = ((iz’;(fﬁ))z (2.5)

Combining (1.5) and (2.5), we obtain that

Z pod_o(n)q" = (2.6)
n=0

(—q)?
It should be noted that Bringmann and Lovejoy [7] have studied arithmetic properties of

the numbers pp(n), which are the coefficients ¢” in 1/¢(—¢)?, namely,

oo B . 1
gpp(n)q = S

where
pla)= > a". (2.7)
Lemma 2.1. We have
w(iq) - (¢% q2)001(q4- oo (f(qﬁ,qlo) + qf(q2,q14)) (2.8)
¢(_q9) . 3\2 3 9 2 9\2
mEY (A(=a°)* + g A=) (=a") + ¢*¥(=a")?) , (2.9)
where
A(q) _ (q2;q2)oo(q3;q3)§o

(¢ 9)o0 (9% @)
Proof. 1t is easily checked that

B = LD (@) _ (@)

— (2. 42 4. 4
T ey s i UL RECAL RES (2.10)




From [5, Corollary (ii), p.49], it follows that

¥(@) = f(a°,4") +af(¢*, ¢"). (2.11)
Dividing (2.11) by (2.10), we are led to the 2-dissection (2.8) of 1/¢(—¢q). The proof of (2.9)
is a little more involved; See [14, Lemma 2.2] for the details. 1

In view of the above lemma, we are in a position to prove Theorem 2.1.

Proof of Theorem 2.1. By the 2-dissection (2.8) of 1/1(—¢q) and the generating function (2.6)
for pod_s(n), we see that

[e.e]

> pod_s(n)q" =

n=0

(4% ¢%)2 1(q4- 2 (£(¢%.4"°) + af(¢% ¢")".

2n+1

Considering the coefficients of ¢ on both sides, we observe that

[e.9]

Zpod_g(Qn +1)q" =

n=0

(¢;9)2 (2q2.qz)2 f(qg’qg’)f(qaq?)'

Consequently, we get (2.1), since
F@ ) (0,d) = (—6,—¢"—0", =4 0% (6% ¢*)%
= (—:0")e(d® )%

(% a2 (% q)2
(@5 @)oo (q*; %) o

This completes the proof of (2.1).
By the 3-dissection (2.9) of 1/¢(—q), we find that

[e.e]

n 2
> pod_s(n)q" = ——= (A(—¢*)? + qA(—¢* )b (—¢°) + *P(—a°)?) "
v (=¢°)
Extracting the terms ¢3"12 on both sides, we obtain
00 _ 92
> pod_afBn + 2"+ = 30 LR A4

n=0
By dividing both sides ¢ and replacing ¢ by ¢, arrive at (2.2). This completes the proof. B
As consequences of Theorem 2.1, we obtain the following congruences.

Corollary 2.1. For each nonnegative integer n,

pod_2(2n+1) =0 (mod 2) and pod_2(3n+2) =0 (mod 3).



3 Three infinite families of congruences modulo 3

In this section, we wish to establish the following three infinite families of Ramanujan-like
congruences modulo 3 satisfied by pod_2(n) by two different approaches. The proof of Theo-
rem 3.1 needs the formula for the number of ways to represent an integer n as a sum of two
triangular numbers as well as a characterization of integers that can not be written as a sum
of two squares. On the other hand, Theorem 3.2 follows from the generating function for the
numbers pod_3(3n + 1). For notational convenience, we assume that all the congruences in
this section are modulo 3.

Theorem 3.1. For alla >0 andn > 0,

pod_s (320‘“71 + %2&_7) =0 (mod 3). (3.1)
Theorem 3.2. For alla>1 andn > 0,

pod_s <320‘+1n + %) =0 (mod 3) (3.2)
and

pod_; (320‘+1n + %) =0 (mod 3). (3.3)

To prove the above congruences, the following lemma is useful.

Lemma 3.1.

v = £ 4% +av(d), (3.4)
P(q)®. (3.5)

<
—~
B
w
~—
Il

Proof. From [5, Corollary (ii), p.49] it is clear that the identity (3.4) holds. Since

(1-¢")?=(1-¢") (mod 3)

and .
o) = L8 _ Mz =a™)
(D0 [psi(1—¢") "
we obtain (3.5). This completes the proof. 1

Proof of Theorem 3.1. By Lemma 3.1, we have

U(q) _ f(@®q%) + q(q”)
Y(q)3 ¥(q3) '

S pod_s(n)(—q)" =
n=0

Extracting the terms ¢, g%, ¢", ... on both sides of above identity, dividing by ¢, and replacing
¢ by ¢, we get

Z(—l)"+1pod_2(3n +1)¢" = 12(((];)) = (q)>. (3.6)
n=0



Let the numbers t5(n) be defined by

)2 = ta(n)g
n=0

By comparing the coefficients of ¢" on both sides of (3.6), we find that for each n > 0,
pod_o(3n +1) = (=1)""ty(n). (3.7)
From [6, Theorem 3.6.2], it follows that for all integers n > 0,
ta(n) =dya(4n+1) —ds 4(4n + 1),

where d;1(n) denotes the number of positive divisors d of n such that d = j (mod k).
Moreover, by [15, Theorem 2.15], we have that dy 4(n) —ds 4(n) = 0 if and only if every prime
p congruent to 3 modulo 4 in the canonical factorization of n appears with an odd exponent.

It is clear that for &« > 1 and n > 0, the integer s = 4 X 320 4 w is a multiple
of 3 but not divisible by 9. This implies that

s <s < 1) = dy.4(s) — dsa(s) = 0.

Substituting n = 31 into (3.7), we obtain that

2 200
pod_s <32°‘+1n + W) =0 (mod 3).

The case o = 0 has been considered in Corollary 2.1. This completes the proof. |

Proof of Theorem 3.2. Invoking the identity (3.6) in the proof of Theorem 3.1, we deduce
that

> pod_y(3n +1)g" = —ih(—q)*. (3.8)

n=0
Applying (2.9) and (3.5) to (3.8), we obtain

o (=9® _ Y(=¢*)
ZpOd (Bnt1)g" = V(-q)  P(—q)

9
= _% (A(=¢*)” + qA(=)(—¢”) + Y (—¢")?) .

Extracting the terms ¢3"+2 for n > 0, we find that

> ” B 1/} _ 93
nzz;)pod_g(9n + 72 = —qziwg_ggig.

Dividing both sides of above identity by ¢? and replacing ¢® by ¢, we see that

_ 3\3
Zpod (9n + 7)q —% = y(—g%)



Similarly, it can be shown that
Zpod (270 +7)¢" = —h(—q)? (3.9)

and for n > 0,
pod_2(27n + 16) = pod_2(27n + 25) = 0.

So the proof is complete for the case a = 1. Combining (3.8) and (3.9), it can be seen that
for n > 0,
pod_o(3n+ 1) = pod_o(27Tn + 7). (3.10)

By induction on «, it is easy to establish congruences (3.2) and (3.3) based on the relation
(3.10). N

4 Two infinite families of congruences modulo 5

In this section, we give two infinite families of Ramanujan-like congruences modulo 5 satis-
fied by pod_s(n) from a modular equation of degree 5 due to Ramanujan. For notational
convenience, we assume that all the congruences in this section are modulo 5.

Theorem 4.1. For alla>1 andn > 0,

11 *+1
pod_s <5a+1n + %) =0 (mod 5) (4.1)

and 19 x 5% +1
pod_s <5O‘+1n + %) =0 (mod 5). (4.2)

To prove the above congruences, we need the following lemma.

Lemma 4.1. Let 1 <r < 4. Let the numbers a(n) be given by

1 _ 10n+2r
n=0 n—Ol q e
Then
10 +2
n=0 n=0 1- e
Proof. Clearly,
— ¢ (5n+7)(2k+1)
n-+r
Z 1— q10n+27" Z Z q : (43)
n=0 n=0 k=0



Since for 1 <r <4 and k > 0, (5n+r)(2k+ 1) is a multiple of 5 if and only if £ = 2 (mod 5).
It follows that

Z a(5n)q5n _ Z Z (5n+r)(2k+1)
n=0 n=0k=2 (mod 5)
_ Z Z (5n+7)(106+5)
n=0 t=0
Replacing ¢° by ¢ and using (4.3), we complete the proof. |

Proof of Theorem 4.1. It is easy to deduce the following relation

b(¢°) = ¥(a)°. (4.4)
From the generating function (2.6) for pod_2(n) and (4.4) it follows that
= o4 q(@Pe(d)
12 pod2)(-0)" = o =Ty
0¥ (a)*¥(a®) — 5¢*¥(a)¥(q°)?
- U(q°)? ' (45)

From [5, Entry 8(i), p.249], we see that

> 5 1)g5n+1 > 5 2 5n+2
0(0)*¥(a°) = 5 (9)e (%) = % - %

5n+3 5n+3 o 5n 4+ 4 5n+4
-5 £y

qt0n+6 £ 1 — glon+8
This implies that
> 5n+1 e 9 5n+2
a(0)*0(¢°) = 5V (Q)(°)? = Y % -3 ﬁ
n=0 n=0
3q5n+3 o0 4q5n+4
N Z 1— q10n+6 1 — glon+8"

=0

Write the above series modulo 5 as -
> A(n)g
n=0

Applying Lemma 4.1 yields
> AGn)g" = qv(9)* () — 56 (g)(a”)?.
n=0

Extracting the terms ¢°" from (4.5) and replacing ¢° by ¢, we have

ioi A(5n)q"

- Zpod (5n +4)(—¢)" ' = 7’”01/}((1)2



Combining the above two equations, we find that

—Zpod 5n—1)(—q)" =

P(q)?
_ (@)’ v(d°)
B ¥(q)?
= @(9)v(e®) (4.6)
= (@) (af(@", ") + £, ) + " (™)) . (47)

Note that the last equation follows from [5, Corollary (ii), p.49]. Comparing coefficients of
°"%(a = 0,3,4) in (4.7), we see that for n > 0,

pod_o(25n + 14) = pod_o(25n 4+ 24) =0 (4.8)

and

Zpod (25n +19)(=¢)" ™" = q¥ () (a°).

In view of the above identlty and (4.6), we deduce that
Zpod, (25n + 19)(—¢)" ! = Zpod (5n 4 4)(—q)" 1,

which implies that for n > 0,
pod_2(25n + 19) = —pod_o(5n + 4).

Using the above relation and (4.8), it is easily checked by induction that for o > 1,

11 x5%+1 19 x 5% +1
pod_o <5a+1n + %) = pod_s <5a+1n + %) =0.

This completes the proof. |

It should be noted that Chan [8] has used modular forms to establish infinite families of
congruences modulo 5 for Andrews-Paule’s 2-diamond partitions. His approach can also be
used to prove the congruences in this section.

5 Combinatorial interpretations

In this section, we show that both the biranks b(7) and ¢(7) can be used to give a combina-
torial interpretation of the fact that pod_5(3n + 2) is divisible by 3. We conclude this paper
with a simple explanation of the parity of pod_o(2n + 1).

Let R(m,n) denote the number of bipartitions m of n with odd parts distinct such that
birank b(7m) = m. By using the transformation that interchanges m; and w2 in (1.4), we see
that

R(m,n) = R(—m,n). (5.1)

10



Let R(r,t,n) be the number of bipartitions 7 of n with odd parts distinct such that birank
b(m) is congruent to r modulo t, i.e.,

R(r,t,n) = Z R(m,n).
m=r (mod t)

Then we have R(r,t,n) = R(t—r,t,n). Moreover, it is easy to derive the following generating
function for R(m,n),

i i R(m,n)zmqn: (_qz;q2)oo(_Q/Z;q2)oo (52)

(2,4%)00(4?/24% )00

n=0 m=—o0

The above formula enables us to obtain generating function for the numbers of the form
R(r,t,n) — R(s,t,n).

Theorem 5.1.
Z;)(R(o,z,n)—R(l,z,n))q" - ";((;f)), (5.3)
;)(R(o,g,n)—}za,g,n))q" _ 5((__;3))’ (5.4)
B e = P
TLZ:;)(R(OA,n) R(2,4,n)) ¢" = eI (5.5)
Proof. Taking z = —1 in the generating function (5.2), we have
S B N (/10 - S 1) 8
nZO(R(O’2’n) Bl2n)d" = (%)% (ahdM)%
(9)% ., (¢%")o
(@*d%) 0 (a%0Y)
)
P(g?)

Note that the last equation holds since

0(q) = f(2,9) = (=4:¢)2(0*; ¢ )
Substituting z = ¢ = €>™/3 into both sides of (5.2) and applying the relation R(1,3,n) =
R(2,3,n), we find that

o

42 2.2
<(q§§j Z%:Eq;ﬁq%i:o — 3 (R(0,3,n) + R(1,3,n)¢ + R(2,3,n)¢%) "

n=0

o0

= > (R(0,3,n) — R(1,3,n)) ¢".

n=0

11



Since 1 — 23 = (1 — x)(1 — 2€)(1 — x£?), we see that
(-6 %) oo(=08% 0P)oo _ (0% 0")0(6%¢%)c _ ¥(=0)
(026 0% oo (®¢% 0% 0 (0% ¢%)oo(=036%) 00 Y(—¢?)

Hence we arrive at the relation (5.4). Similarly, setting z =i in (5.2) and using the fact that
R(1,4,n) = R(3,4,n), we get

e}

n (0,050 (—¢% %)
R(0,4,n) — R(2,4,n))q" = - - = .
Z( ( ) ( ) (%, —¢%1¢)) e (—¢%qY)

n=0

It remains to show that

90(‘12) 2. 4\2 [ 4. 4 (qz;q4)oo
= (79,9 )59 )oo X
¥(q?) ( )l ) (7% ¢*) oo
2. 4
(2.4 4. 8 :(—QQQ)oo
(=070 (0 ") i)
This completes the proof. |

Based on the relation (5.4), we see that the birank given by Hammond and Lewis leads to
a classification of the bipartitions of 3n + 2 with odd parts distinct into three equinumerous
sets. Thus we deduce the following theorem.

Theorem 5.2. For 0 <r <2,

- 2
R(r,3,3n+2) = M_

3
Proof. By (3.4) and (5.4), we find
i (R(0,3,n) — R(1,3,n)) ¢" = f(=¢* %) — av(=¢")
n=0 G

Since the term ¢3"*2 does not appear on the right-hand side of above identity, it follows that
forn >0,
R(0,3,3n +2) = R(1,3,3n + 2).

Combining the fact that R(1,3,n) = R(2,3,n) and the relation 272:0 R(r,3,n) = pod_z(n),
we conclude that for 0 <r < 2,

d 2
R(r,3,3n +2) = %.

This completes the proof. |

We now use the new birank ¢(m) to give another interpretation of the congruence relation
(1.9). As above, we need to consider Ro(m,n) as the number of bipartitions 7 of n with odd
parts distinct and whose birank ¢(7) equals m. The following theorem gives the generating
function for Ra(m,n).

12



Theorem 5.3.

o 00 22. g2 —?/2% D) e
S Y Ro(mn)z (1—|—q/z)(1—|—qz)((qqz2”qq)) <(qg/z2;qg)}m. (5.6)

n=0m=—o0

Proof. Let Ag(n) (resp. Bk(n)) denote the number of partitions of n such that the odd parts
are distinct and the largest part equals 2k (resp. 2k + 1). It is easy to see that

oo 0 o 2m 2m 2
q 9 )m
DR WICEESS
k=0 n=0 =0 Jm
and o - -
_ ZZBk( g Z @2 2mH (g g?),
2. 2
== = (% ¢%)m

By the g-binomial theorem [6, Theorem 1.3.1], we find that

3.2, 2
Alzyq) = T30
(¢°2% ¢%) o

and 59 o
(—4°2%;¢%) o
(2% 7)o
Let m = (A, u) be a bipartition. Consider the parities of the largest parts of A and pu. We
have

B(z,q) = qz

[e.e] o)

Y Y Ro(mn)z™q* = A(z,9)A(1/2,q) + A(z,q)B(1/2,q)

n=0m=—o0

+B(2,9)A(1/z,q) + B(z,9)B(1/2,q)
(—°2% %) o0 (=¢*/2% %)
(*2%¢%)00 (?/7%6¢%)
(%% )00 (=¢%/2% ) o
(*2%¢%)00  (*/7%6%)

This completes the proof. |

= (1+q/z—|—qz+q)

= (I+4q/2)(1+qz)

Let Ry(r,t,n) denote the number of bipartitions 7 of n with odd parts distinct such that
¢(m) = r (mod t). We are now ready to show that the birank ¢(7) implies a combinatorial
explanation of congruence (1.9).

Theorem 5.4. For 0 <r <2,

pod_o(3n + 2)

Ry(r,3,3n +2) = 3

13



Proof. Let £ = ¢2™/3. Substituting z = ¢ into (5.6), we get

(—*€% 4% o0 (-3 ¢%) o
(€% ) (%66
(—0€%¢%) 00 (—0& 4% oo
(1?2 %) (€26 ¢%) o

3. .6 0
459 ) n(n
- G

n=0

oo 2
SIS R ET = (1+g6) (1 + q€?)

n=0 r=0

Since no triangular numbers n(n + 1)/2 are congruent to 2 modulo 3, equating coefficients of
q" on both sides, we find that, for each integer n > 0,

2

> R(r,3,3n+2)¢" =0.
r=0

Consequently,
R5(0,3,3n 4+ 2) = R2(1,3,3n + 2) = R9(2,3,3n + 2),

since ¢ is one of the roots of the irreducible polynomial 1 + z + 22 = 0. This completes the
proof. |

Here is a simple combinatorial explanation of the congruence (1.8). Let us define the
rank d(m) of a bipartition m = (71, m2) as the number of parts of w1. Let R3(m,n) denote the
number of bipartitions 7 of n with odd parts distinct and whose rank d(7) = m. Let R3(r,t,n)
denote the number of bipartitions 7 of n with odd parts distinct such that d(7) = r (mod t).
The generating function for R3(m,n) equals

o\ —0%0%)0 (~4:4%)
3 3wty = G G

n=0m=0

Setting z = —1, we get

- n (%50
Z (R3(0,2,n) — R3(1,2,n)) " = 55—, (5.7)
= (4% ¢")oo
which immediately implies that
R3(0,2,2n + 1) = Ry(1,2,2n + 1) (5.8)
and - )
Z (R3(0,2,2n) — R3(1,2,2n)) (—q)" = ﬁ (5.9)

n=0
In light of (5.8), we see that the rank d(m) leads to a combinatorial interpretation of the
congruence (1.8). It is worth mentioning that the right-hand side of (5.9) is the generating
function for partitions with odd parts distinct [14].
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