Factors of the Gaussian Coefficients

William Y. C. Chen and Qing-Hu Hou Center for Combinatorics, LPMC Nankai University, Tianjin 300071, P. R. China Email: chen@nankai.edu.cn, contact@eyou.com

February 15, 2004

Abstract. There are many reasons for the Gaussian coefficients (or the q-binomial coefficients) to be polynomials. We show that the divisibility directly follows from the basic properties of cyclotomic polynomials. Writing the Gaussian coefficient with numerator n and denominator k in a form such that 2k ≤ n by the symmetry in k, we find the coefficient has exactly k factors if one carries out the divisibility computation without further factorization (or as done by Maple). We further deduce the fact that the Gaussian coefficents have no multiple roots. For the n-th q-Catalan number, we show that it has exactly n − 1 factors after the divisibility computation.

Keywords: q-multinomial coefficient, Gaussian coefficient, q-Catalan number, cyclotomic polynomial.

AMS Classification: 05A10, 33D05, 12D05.

Suggested Running Title: Factors of the Gaussian Coefficients Corresponding Author: William Y. C. Chen, chen@nankai.edu.cn

The q-multinomial coefficients are defined by [ n n_1, n_2, . . . , n_r ] = (q; q)_n (q; q)_{n1} (q; q)_{n2} · · · (q; q)_{nr} , where n_1 + n_2 + · · · + n_r = n and

(q; q)_m = (1 − q)(1 − q^2) · · · (1 − q^m).

For r = 2, they are usually called the q-binomial coefficients or the Gaussian coefficients and are written as [ n k ] = (q; q)_n (q; q)_k(q; q)_{n−k} = (1 − q^{n−k+1})(1 − q^{n−k+2}) · · · (1 − q^n) (1 − q)(1 − q^2) · · · (1 − q^k)

. (1)

The factorization of q-binomial coefficients plays an important role in the study of divisibility properties of generalized Euler numbers [1, 2, 8]. While there are many reasons for the Gaussian coefficients to be polynomials, we find that there is still more to be said. From the point of view of cyclotomic polynomials, the divisibility for the Gaussian coefficients turns out to be a rather natural fact. The only point that seems to be neglected is the condition 2k ≤ n under which the Gaussian coefficients have k factors after the straightforward computation (as done by Maple).

Let Φ_n(x) be the n-th cyclotomic polynomial defined by

Φ_n(x) = ∏ 1≤j≤n gcd(j, n)=1

(x − ζ^j_n),

where ζ_n = e^{2π√−1/n} is the n-th root of unity and gcd(j, n) denotes the great common divisor of j and n. It is well-known that Φ_n(x) ∈ Z[x] is the irreducible polynomial for ζ_n (see, for example, [9]). The polynomial x^n − 1 has the following factorization into irreducible polynomials over Z:

x^n − 1 = ∏ j | n

Φ_j (x). (2)

We give the following factorization of q-multinomial coefficients, where the notation ⌊x⌋ denotes the largest integer less than or equal to x.

Lemma 1 The q-multinomial cofficients

[_n

n_1,n_2,...,n_r ] are polynomials in q and can be factored as n∏ i=1 ( Φ_i(q)

)⌊ n_i ⌋_−⌊^n1_i ⌋_−⌊^n2_i ⌋_{−···−}⌊ nr_i ⌋ . (3)

Proof. By Equation (2), we have

(−1)^m(q, q)_m = m∏ j=1 ∏ i | j

Φ_i(q) = m∏ i=1 Φ⌊^{mi} ⌋_i (q) = ∞∏ i=1 Φ⌊^{mi} ⌋_i (q).

Therefore, [ n n_1, n_2, . . . , n_r ] = n∏ i=1 Φ ⌊^n_i ⌋_i (q) ∞∏ i=1 Φ ⌊^{n1}_i ⌋_i (q) · ∞∏ i=1 Φ ⌊^{n2}_i ⌋_i

(q) · · · ∞∏ i=1 Φ ⌊^{nr}_i ⌋_i (q)

= ∞∏ i=1 ( Φ_i(q)

)⌊ n_i ⌋_−⌊^n1_i ⌋_−⌊^n2_i ⌋_{−···−}⌊ nr_i ⌋ .

Since

∑_r j=1 n_j = n and ⌊a⌋ + ⌊b⌋ ≤ ⌊a + b⌋, all the power indices in (3) are non-negative, which implies that the q-multinomial coefficients are polynomials in q.

We have the following observation.

Theorem 2 The Gaussian coefficients

[_n k ] have no multiple roots.

Proof. It is sufficient to prove that the factorization of

[_n k ] into irreducible factors contains no repeated factors. Using the following inequality for real numbers a and b ⌊a⌋ + ⌊b⌋ + 1 ≥ ⌊a + b⌋ ,

and the factorization (3), we obtain ⌊n i ⌋ − ⌊ k i ⌋ − ⌊ n − k i ⌋ ≤ 1, for 1 ≤ i ≤ n.

Since Φ_i are pair-wise relatively prime, it follows that

[_n k ] have no multiple roots.

Combining Lemma 1 and Theorem 2, we have

Corollary 3 The total number of irreducible factors of

[_n k ] is given by k∑ ℓ=1 ( ν(n − ℓ + 1) − ν(ℓ) )

where ν(m) is the number of divisors of m.

The number of irreducible factors of

[_n k ] has the following bounds:

Theorem 4 The Gaussian coefficient

[_n k ] has at most n − 1 irreducible factors. It has at least k irreducible factors if n ≥ 2k.

Proof. It is obvious that Φ_1(q) = q − 1 is not a divisor of

[_n k ] . Hence, (3) implies that

[_n k ] has at most n − 1 irreducible factors. Assume that n ≥ 2k and n−k+1 ≤ i ≤ n. Then we have 2i ≥ 2n−n+2 > n, i ≥ 2k−k+1 = k+1 and i ≥ n − k + 1. Hence, ⌊n i ⌋ = 1 and ⌊ k i ⌋ = ⌊ n − k i ⌋ = 0,

which implies that Φ_i(q) is an irreducible factor of

[_n k ] . Thus,

[_n k ] has at least k irreducible factors: Φ_{n−k+1}, Φ_{n−k+2}, . . . , Φ_n.

Remark. Theorem 4 implies that the Gaussian coefficient can be written as the product of exactly k non-trivial factors if one carries out the divisibility computation without further factorization (or as done by Maple). In fact, we may factorize

[_n k ] into k factors by the following procedure. Let S_i = {j : j divides n − i + 1}, i = 1, . . . , k. Then

(1 − q^{n−k+1})(1 − q^{n−k+2}) · · · (1 − q^n) = (−1)^k k∏ i=1 ∏ j∈S_i

Φ_j (q).

Similarly,

(1 − q)(1 − q^2) · · · (1 − q^k) = (−1)^k k∏ i=1 ∏ j∈T_i

Φ_j (q),

where T_i = {j : j divides i}, i = 1, . . . , k. Cancelling the common elements in S_i and T_j , we get subsets R_i of S_i such that [ n k ] = k∏ i=1 ∏ j∈R_i

Φ_j (q).

Note that n − i + 1 ∈ S_i, but it does not belong to any T_j. It follows that n − i + 1 ∈ R_i, which implies that ∏ j∈R_i Φj (q) are non-constant polynomials

in q.

The irreducible factors of

[_n k ] can be characterized as follows, where {x} denotes the fractional part of x.

Theorem 5 Φ_i(q) is a factor of

[_n k ] if and only if

{_k i } > {_n i } . Proof. By definition, ⌊n i ⌋ − ⌊ k i ⌋ − ⌊ n − k i ⌋ = 1 ⇐⇒ {n i } − { k i } − { n − k i } = −1 ⇐⇒ { k i } = {n i } + 1 − { n − k i } > {n i } . Note that Φ_1(1) = 0, and for n > 1,

Φ_n(1) = p, if n = p^m for some prime number p,

1, otherwise, which follows immediately from the construction of Φ_n(x):

Φ_p(x) = x^p − 1 x − 1 and Φ_{np}(x) =

Φ_n(x^p) Φ_n(x) , if p ∤ n,

Φ_n(x^p), if p | n,

where p is a prime number (see [7]). We obtain Kummer’s theorem from Theorem 5.

Corollary 6 (Kummer’s Theorem) The power of prime p dividing

(_n m ) is given by the number of integers j > 0 for which {m/p^j } > {n/p^j}.

Remark. Let [n]! = (1 + q)(1 + q + q^2) · · · (1 + q + · · · + q^{n−1}). From the following factorization

[n]! = n∏ i=2 (Φ_i(q))⌊^{ni} ⌋,

one obtains the power of a prime p dividing n! by taking q = 1 (see [4]):

ϵ_p(n) = ∑ r≥0 ⌊ n p^r ⌋ .

As a q-generalization of the Catalan numbers, the q-Catalan numbers have been extensively investigated (see [3, 5, 6]). Based on Theorem 4, we derive the following divisibility properties of the q-Catalan numbers.

Corollary 7 The q-Catalan numbers^{1−q}_{1−qn+1}

[_{2n} n ] are polynomials in q and have at least n − 1 irreducible factors.

Proof. Since Φ_{n+2}, Φ_{n+3}, . . . , Φ_{2n} are irreducible factors of

[_{2n} n ] and are coprime with 1−q^{n+1}, they are also irreducible factors of the q-Catalan number provided that it is a polynomial. In fact, for each factor Φ_i(i ≥ 2) of 1−q^{n+1}, we have i | n + 1, namely, n = ki − 1. Therefore, {n i } = i − 1 i > { 2n i } = i − 2 i . From Theorem 4, it follows that Φ_i is a factor of

[_{2n} n ] . As a generalization of Theorem 4, we have

Theorem 8 Let M = max{n_1, n_2, . . . , n_r}. Then

[_n

n_1,n_2,...,n_r ] has at least n − M irreducible factors.

Proof. For any M + 1 ≤ i ≤ n, we have ⌊n i ⌋ − ⌊n_1 i ⌋ − ⌊n_2 i ⌋ − · · · −

⌊n_r i ⌋ = ⌊n i ⌋ ≥ 1.

Thus Φ_i(q) is an irreducible factor of

[_n

n_1,n_2,...,n_r ] by (3).

Except for the following special cases, the q-multinomial coefficient contains more irreducible factors.

Theorem 9 The q-multinomial coefficients

[_n

n_1,n_2,...,n_r ] can be factored into exactly n − M irreducible factors only for the following special cases: [ p 1 ] (p is prime), [ 4 2 ] , [ 5 2 ] , [ 7 3 ] , [ 8 4 ] , [ 11 5 ] , [ 3 1, 1, 1 ] , [ 5 2, 2, 1 ] . Proof. Suppose

[_n

n_1,...,n_r ] can be factored into exactly n − M irreducible factors. Then ⌊n i ⌋ = r∑ j=1 ⌊n_j i ⌋ , for 1 ≤ i ≤ M, and ⌊n i ⌋ = 1, for M + 1 ≤ i ≤ n.

Therefore M < n < 2M + 2.

If n = M + 1, we have

[_n 1 ] = ∏_{j | n}

j≠1

Φ_j . Hence it has only one factor if and

only if n is prime. From now on, we may assume that M + 2 ≤ n ≤ 2M + 1.

Suppose r ≥ 3 and M = n_1 ≥ n_2 ≥ n_3 ≥ · · · . If n_2 + 1 ≤ M, then for i = n_2 + 1, ⌊n_2 i ⌋ + ⌊n_3 i ⌋ = 0 < 1 = ⌊ n_2 + n_3 i ⌋ , which implies that Φ_i is an extra factor

[_n

n_1,...,n_r ] . Hence we have n_2 + 1 > M, which implies that n_2 = M and n_3 = 1. Suppose M = 2^a · b, where b is an odd integer.

(1) b = 1. For i = 2^{a−1} + 1, we have 2

⌊_M i ⌋ = 2 < 3 =

⌊_{2M+1} i ⌋ if a > 1. It follows that a = 0 or 1, leading to the two cases

[_3

1,1,1 ] and [_5

2,2,1 ] . (2) b > 1. For i = 2^{a+1}, we have 2

⌊_M i ⌋ = 2 ⌊_b 2 ⌋ < b =

⌊_{2M+1} i ⌋ , which implies that Φ_i is an extra factor.

It remains to consider the case r = 2. Suppose that M = n_1 ≥ n_2. If n_2 + 1 > M, then n_2 = M. Using a similar argument for the above case r ≥ 3, we get the special cases

[_4 2 ] , [_8 4 ] . Otherwise, we have n_2 + 1 ≤ M and ⌊ M n_2 + 1 ⌋ + ⌊ n_2 n_2 + 1 ⌋ = ⌊ M + n_2 n_2 + 1 ⌋ , which implies (n_2 + 1) | M. Finally, we are left with two cases.

(1) M = 2m. Taking i = m + 1, we have

⌊_M i ⌋ = 1 and

⌊n_2 i ⌋ = 1, if n_2 = M − 1,

0, if n_2 =^M_r − 1, r ≥ 2.

Since

⌊_{M+n2} i ⌋ ≥ 2 for n_2 ≥ 2 and

⌊_{M+n2} i ⌋ ≥ 3 for n_2 = M − 1 and m ≥ 4, we have n_2 = M − 1 and m = 2, 3. So we get the two cases [_7 3 ] , [_{11} 5 ] . (2) M = 2m + 1. Taking i = m + 1, we get

[_5 2 ] by a similar argument.

Acknowledgments. This work was done under the auspices of the 973 Project on Mathematical Mechanization, the Ministry of Science and Technology, and the National Science Foundation of China.

References

[1] G. Andrews and I. Gessel, Divisibility properties of the q-tangent numbers, Proc. Amer. Math. Soc., 68 (1978) 380–384.

[2] D. Foata, Further divisibility properties of the q-tangent numbers, Proc. Amer. Math. Soc., 81 (1981) 143–148.

[3] I. Gessel and D. Stanton, Applications of q-Lagrange inversion to basic hypergeometric series, Trans. Amer. Math. Soc., 277 (1983) 173–201.

[4] R.L. Graham, D.E. Knuth and O. Patashnik, Concrete Mathematics: A Foundation for Computer Science, Reading, MA, Addison-Wesley, pp. 111–115, 1990.

[5] C. Krattenthaler, A new q-Lagrange formula and some applications, Proc. Amer. Math. Soc., 90 (1984) 338–344.

[6] P.A. MacMahon, Collected Papers: Combinatorics, Vol.I, MIT Press, Cambridge, MA, 1978, p. 13–45.

[7] T. Nagell, The cyclotomic polynomials, In: Introduction to Number Theory, New York, Wiley, 1951, pp. 158–160.

[8] B.E. Sagan and P. Zhang, Arithmetic properties of generalized Euler numbers, Southeast Asian Bull. Math., 21 (1997) 73–78.

[9] L.C. Washington, Introduction to Cyclotomic Fields, Springer-Verlag, New York, 1982, pp. 9–12.