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Abstract

We present a method to prove hypergeometric double summation
identities. Given a hypergeometric term F'(n,i,j), we aim to find
a difference operator L = ag(n)N® 4+ a;(n)N' + -+ + a,(n)N" and
rational functions Ry(n,i,j), Re(n,i,7) such that LF = A;(R1F) +
Aj(R2F). Based on simple divisibility considerations, we show that
the denominators of R and Ry must possess certain factors which can
be computed from F(n,i,j). Using these factors as estimates, we may
find the numerators of R and Rs by guessing the upper bounds of the
degrees and solving systems of linear equations. Our method is valid
for the Andrews-Paule identity, the Carlitz’s identities, the Apéry-
Schmidt-Strehl identity, the Graham-Knuth-Patashnik identity, and
the Petkovsek-Wilf-Zeilberger identity.

AMS Classification: 33F10, 68W30

Keywords:  Zeilberger’s algorithm, double summation, hypergeometric
term

1. Introduction

This paper is concerned with double summations of hypergeometric terms
F(n,i,j). A function F(n,ky,..., ky,) is called a hypergeometric term if the
quotients

F(?’L—l—l,k’l,,k‘m) F(n,k1+1,,k:m) F(?’L,kfl,,k‘m—i—l)
F(?’L,k’l,...,k’m) ’ F(?’L,k’l,...,k‘m) ’ Y F(?’L,kfl,...,km)
are rational functions of n, k1, ..., k,,. Throughout the paper, we use N to

denote the shift operator with respect to the variable n, given by NF(n) =
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F(n+ 1) and use A, to denote the difference operator with respect to the
variable z, given by A, F = F(x + 1) — F(z). For polynomials a and b, we
denote by ged(a, b) their monic greatest common divisor. When we express
a rational function as a quotient p/q, we always assume that p and ¢ are
relatively prime unless it is explicitly stated otherwise.

Zeilberger’s algorithm [13, 16, 21], also known as the method of creative
telescoping, is devised for proving hypergeometric identities of the form

> F(n,k) = f(n), (1.1)

where F(n, k) is a hypergeometric term and f(n) is a given function. This
algorithm has been used to deal with multiple sums by Wilf and Zeilberger
[20]. Given a hypergeometric term F(n, ki, ..., ky), the approach of Wilf
and Zeilberger is to try to find a linear difference operator L with coefficients
being polynomials in n

L = ag(n)N° + ay(n)N' + - - - + a,(n)N"

and rational functions Ry,..., R, of n,kq,..., k,, such that

LF = Xm: Ay (R F). (1.2)

=1

As noted by K. Wegschaider [19], when the boundary conditions are ad-
missible, Equation (1.2) leads to a homogenous recursion for the multi-
summations:

When m = 1, L and Ry can be solved by Gosper’s algorithm [12, 16].
S.A. Abramov, K.O. Geddes and H.Q. Le also provided a lower bound for
the order r [2,3] and found a faster algorithm [4] compared with Zeilberger’s
algorithm. For a survey on recent developments, see [1]. For m > 2, con-
structing the denominators of Ry, ..., R,, for the Wilf-Zeilberger approach
remains an open problem. In a recent paper [15], M. Mohammed and D. Zeil-
berger used the denominator of LF/F as the estimate of the denominators
of R;. In an alternative approach, Wegschaider generalized Sister Celine’s
technique [19] to multiple summations, and proved many double summation
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identities. A different approach has been proposed by F. Chyzak [10,11] by
finding recursions of the summation iteratively starting from the inner sum.
C. Schneider [17] presented the Chyzak method from the point of view of
Karr’s difference field theory.

In this paper, we provide estimates of the denominators of R; and R, for
double summations. These estimates turn out to be good enough for several
double summation identities, including the Andrews-Paule identity for which
our approach seems to be more suitable than Wegschaider’s approach. It
should be noted that the algorithm of Mohammed and Zeilberger sometimes
gives higher order of recursions. In this sense, our method can be regarded
as an improvement of the algorithm of Mohammed and Zeilberger.

To give a sketch of our approach, we first consider Gosper’s algorithm
for bivariate hypergeometric terms. Suppose that F'(i, j) is a hypergeometric
term and p;/q1, p2/qe are rational functions such that

F(i.g) = A (pI“’i)F(i,j)) N (W’j )F@',j)) -

¢1(i,7) qa(7, J)

We show that under certain hypotheses (Section 2, (H1)—(H3)), the denom-
inators ¢, g2 can be written in the form

q1(i,7) = v1(2) va(j) va(i + J) va(i, §) ua () uali, j), (13)

q2(i, 7) = v1(i) va(j) v3(i + j) va(i, 7) w1 (4) wa(i, 5),

such that vy, vo, v4 and us, we are bounded in the sense that they are factors
of certain polynomials which can be computed for a given F(i,7), see The-
orem 2.1. Then we apply these estimates to the telescoping algorithm for
double summations. Suppose that

LF(n,i,j) = Nj(Ri(n, i, 5)F(n,i,5)) + Aj(Ra(n, i, j)F(n,i, j)),

where

1 fi(n,i,j) 1 fa(n,i, j)
Rl = 055 a0 =S T G g)

and d(n,1,7) is the denominator of LF'(n,i,7)/F(n,i,7). We may deduce
that gq, g2 can be factored in the form of (1.3) such that vy, vs, vy and ug, wo



are bounded, see Theorem 3.1. Although we do not have the universal de-
nominators, these bounds can be used to give estimates of the denominators
g1 and go. Then by further guessing the bounds of the degrees of the numer-
ators of Ry and Ry, we get the desired difference operator if we are lucky.

Indeed, our approach works quite efficiently for many identities such as
the Andrews-Paule identity, Carlitz’s identities, the Apéry-Schmidt-Strehl
identity, the Graham-Knuth-Patashnik identity, and the Petkovsek-Wilf-Zeilberger
identity.

2. Denominators in Bivariate Gosper’s Algorithm

For a given bivariate hypergeometric term F(i,j), we give estimates of the
denominators of the rational functions Ry (i, j), Ra(i, j) satisfying

bet Fi(i.J) (i)
.. 1(2, ] .o 2%, ]
G M N1}
(2.2)
Fii+1,7) n(GJj) F@Jj+1)  r(,))

(1
F(i,7)  si1(4,

Dividing F'(4, j) on both sides of (2.
that

J) J
7)) F@g)  sa(ig)
1) and substituting (2.2) into it, we derive

Tl(ivj) fl(l_l_lvj) fl(zvj) T2(i>j) f2(l>]+1) _.f2(i7j)

L T L)) al)) s e+ D) gl Y
Let
u(%]) = ng(Sl(i>j)752(i>j))7 U(Zn?) = ng(gl(i>j)7g2(i7j))v
and
s1(4,7) = s1(4, 7) /u(i, j), s9(1,7) = s2(4,7)/u(i, j), (2.4)

We find that in many cases we can restrict our attention to those Ry, Rs
whose denominators gy, go satisfy the following three hypotheses which lead
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simple divisibility properties. It turns out that these divisibility requirements
are sufficient to give good estimates for the denominators g; and go. The three
hypotheses are as follows:

(H1) Suppose p(i, j) and p(i+hy, j+hs) are both irreducible factors of ¢, (4, j)
(g2(7, j), respectively) for some hy, hy € {—1,0,1}. Then they must be
coincide.

(H2) ged(gi(i, ), v(i, 7)) = ged(g5(i, ), v(i, 7)) = 1.
(H3) For any integers hy, hy € {—1,0,1},
ged(g1(i + hu, j + ha), g5(4, 7)) = 1.
For example, the following functions satisfy the above hypotheses:

g1(,7) = 2n—=2i+1)(n—i+1)(j+1)2,  ¢2(i,j) = (2n—2i+1)(n—i+1)(i+1)*.
Under the above hypotheses, we have

Theorem 2.1 The denominators g1(i,j), g2(i,7) can be factored into poly-

nomials:
91(1, J) = vi(8)va(g)va(i + j)va(i, j)ua (f)ua(i, j),

92(7, ) = vi(i)va(f)vs(i + J)va(i, j)wi(P)wa(i, 5),

such that
v (@) (i = 1, )s5(i = 1,4), (2.5)
va(J) [ r2(i, 5 — 1)y (3,5 — 1), (2.6)
va(i, ) | ged (ri(i — 1, 5)s5(i — 1,7), a3, j — 1)s1(6,5 — 1)), (2.7)
us(i, ) | ged (s1(i, 7)s5(i, 5), 1 (i = 1, )s3(i — 1, 7)), (2.8)
wa(i, j) | ged (s2(i, 4)81 (4, 5), 72(i, j — 1)si(i,j — 1)) (2.9)

Proof. Substituting (2.4) into (2.3), we get
Y, N (K3, N
7"2(@,]) fz(w +1) Iy

TG ) 3) G d + ol g + 1) gh(i )i g)

>



That is,

s1(1,7)85(1, )91 (4, 3)ga(i, 7)1 (i + 1, ) g2(i, 5 + 1)

= fili +1,5)ri(i, 3)s5(3, 7)91(i, 5)g5(4, 5)ga (i, 5 + 1)
—f1(3,5)s1(4, 5)s5(1, 7) g5 (3, 5) g1 (i + 1, §)ga (4, 5 + 1)
+f2(i,  + V)ra(i, 5)s1(3, )91 (4, ) g5 (i, ) g (i + 1, 5)
—fai, 3)s1(i, 3)85(i, 3) g1 (4, §) 91 (i + 1, §) ga(i, j + 1).

1. Suppose p(7,j) is an irreducible factor of v(i,j), and for some non-
negative integer [, p' |v. Note that p(i + hy,j + hy) is also irreducible.
Since

ng(p(Z + 17j)7 fl(Z + 17])) = ng(p(Z,j + 1)7 f2(7'7] + 1)) = 17

we have

and

P+ 1,5) | ri(i, 5)s5(i, 5)g1 (3, ) g5 (i, §)ga(i, 5 + 1)

P, j+ 1) | ra(i, 5)85 (i, 5)g1(3, ) ga (4, ) g1 (i + 1, 7).

There are three cases:

e p(i,7) is a polynomial depending only on . Then ged(p(i +

1,79),91(4,7)) = 1. Otherwise, by hypothesis (H1) we have that
p(i + 1,7) = p(7,7) is independent of i, which is a contradiction.
Similarly, ged(p(i+1,7), g2(4,7)) = 1. Since p(i, j) is a polynomial
depending only on i, we have

ged(p(i + 1,7), 924, 5 + 1)) = ged(p(i + 1,5 + 1), g2(6,5 + 1)) = 1.
Hence,

P+ 1) (i, 5)sh(i, 5)-
Let v1(i) denote the product of all irreducible factors of v(3, j)
that depend only on i. Then we have (2.5).

e p(i,7) is a polynomial depending only on j. The same discussion

leads to

P'(i. 5+ 1) [ra(i, j)s3 (i, 5)-
Let v9(j) denote the product of all irreducible factors of v(3, j)
that depend only on j. Then we have (2.6).
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e p(i,7) is a polynomial depending both on ¢ and on j. Then either

p(i+1,7) =p(i,7+1) (2.10)

or

ged(p(i +1,4),p(i, 5 +1)) = 1. (2.11)
In the former case, p(i,j) is a polynomial of i 4+ j (see [5, Lemma
3] or [14, Lemma 3.3]). For this case we do not have a bound. We

denote by v3(i + j) the product of all irreducible factors p(i, j) of
v(i,j) that satisfy (2.10). In the later case, by hypothesis (H1),

we have

ged(p(i + 1, 4), 91(4, 7)g5(4, 1) g2(4, § + 1)) = 1
and

ged(p(i, j + 1), 914, 1) 9504, J)ga (i + 1, 7)) = 1.
Thus,

pl(l>]) | ng (Tl(i - 17])5/2(2 - 1,j),T2(i,j - 1)5/1(Z>] - 1))

Let v4(7, ) denote the product of all irreducible factors p(i, j) of
v(1, 7) that satisfy (2.11). Then we have (2.7).

2. Suppose p is an irreducible factor of g} and p'|g; for some non-negative
integer [. If p(7,5)|v(i,5 + 1), then p(i,j — 1) |v(é, 7). By hypothesis
(H1), p(i,5 — 1) = p(4,j), which implies p(i,7) | v(i, j), contradicting
to hypothesis (H2). Noting further that by hypothesis (H3), for any
hy, hy € {—1, 0, 1},

ged(f1(i,4), 91(i, 7)) = ged(g1 (4, ), 9(i + ha, j + ha)) =1,
we must have that
P'(i3) 5106, 3)s5 (0 7)1 (i + 1, 5).

If p(i + 1,7) |v(i, 7 + 1), then by hypothesis (H1), p(i + 1,7 — 1) =
p(i, 7), which implies p(, j) | v(i, j), contradicting to hypothesis (H2).
Therefore, by hypothesis (H3),

P+ 1, 5) [71(i, )56, )91 i ).

There are two cases:



e p(i,j) = p(i+1,7). Then p(i,7) is a polynomial depending only
on j. For this case we also do not have a bound. We denote by
u1(j) the product of all irreducible factors of g} (i, j) that depend
only on j.

e gcd(p(i,7),p(i+1,7)) = 1. Then by hypothesis (H1),
ged(p(i, j), g1(i + 1, 7)) = ged(p(i + 1, 7), 91(i, 5)) = 1,

and hence,
pl(i7j> ‘ ng (Sl(i7j>sl2(i7j>7rl(i - 17])5/2(1 - 17]))

Let us(i,j) denote the product of all irreducible factors p(i, j) of
g1(i,7) such that ged(p(i, j),p(i + 1,7)) = 1. Then we have (2.8).

3. Similarly, suppose p is an irreducible factor of g5 and p'|g, for some
non-negative integer [. Then either p(i, ) is a polynomial depending
only on ¢ or

pl(zvj) | ng (52(i7j)3/1(i7j)7r2(i7j - 1)5/1(Z>] - 1))

Let wy (i) denote product of irreducible factors of g5(7, j) that depend
only on ¢ and ws(, j) denote the product of the rest irreducible factors
of g4(i,7). Then we have (2.9). |

Note that us(i,j) have no factors which are free of i and ws(i,7) have no
factors which are free of j. We will need this property later for the algorithm
EstDen.

3. Denominators in Our Telescoping Method

We are now ready to estimate the denominators of R; and Ry in our tele-
scoping method.

As in the case of single summations, the telescoping algorithm for double
summations tries to find an operator

L =aog(n)+a;(n)N+---a.(n)N"



and rational functions Ri(n,1,7), Ra(n, 1, ) such that

Let

F(nul—i_la]) _ Tl(n7i7j) F(nul7]+1) _ T2(n7i7j) (3 2)
F(?’L,Z,]) 81(n7i7j)’ F(TL?Za]) 52(n7i7j)’ .

and d(n,i,7) be the common denominator of

F(n+1,i,j) F(n+r,i,j)
F(n,d,j) ~ 7 F(n,d,j)

Then there exists a polynomial ¢(n, 7, j), not necessarily being coprime to d,
such that

LF(n,i,j) < Fin+1,i,5) c(n,i,j)

— N = a(n — = —. 3.3

F(n,i,j) ; ) F(n,i,j)  d(n,i,j) 33
Note that ¢ is related to the polynomials ag, aq,...,a, but d is independent
of them.

Now, (3.1) can be written in the form of (2.1):

LF(n,i,j) = Ai(Ry(n,i, ) LE (n, i, 7)) + A (Ry(n, i, j)LE(n, i, 5)),

where
Rll(n77'7]) :Rl(n7z7j)m and Ré(n,z,]):RQ(n,Z,]>m-
This suggests us to assume
. 1 fi(n,i,5) . L faln,i,j)
Ri(n,i,j) = — —= and Ry(n,i,j) = — —,
1( ]) d(”’?%]) gl(rnﬂl?j) 2( ]) d(n,l,j) gQ(”azaj()S 4)

where f1, g1 (f2, g, respectively) are relatively prime polynomials.

Since the following discussion is independent of n, we omit the variable n
for convenience. For example, we write R;(i,7) instead of Ryi(n,i,j). Using
these notations, we have



Theorem 3.1 Suppose the polynomials g1, g2 in (3.4) satisfy the hypotheses
(H1)-(H3). Suppose further that for any hq,hy € {—1,0,1},

ged(g1(i,7),d(i + hy,j + ho)) = ged(g2(4,7),d(i + hy,j + he)) = 1. (3.5)

Then g1(i,j), g2(%,j) can be factored into polynomials:
91(2,j) = v1(0)va()vs (i + J)va(i, j)ua (F)ua(i, 5),
92(i,7) = vi(8)v2(4)vs (i + j)va(i, j)wi (D) wa(, 5),
such that
vi(2) [ (i = 1, 7)s5(i — 1, j),
2(7) [r2(i, 5 — 1)s1(i,5 — 1),
4(3,5) | ged (r(i — 1, 7)s5(i — 1, 5), a4, j — 1)s4(4, 5 — 1)),
us(d, 7) | ged (s1(2,4)s5(4, 5), (i = 1, 7)s5(i — 1, ),
7) | ged (s2(i,4)s1 (4, 4), m2(6, 5 — 1)s (i, j — 1)),

<

<

Wa (Zv

where

Sll(l>]) = Sl(ivj)/ng(Sl(ivj)v 32(i7j))7
S/2(Z>]) = SQ(ivj)/ng(Sl(ivj)v 32(27]))

Proof. Substituting (3.4) into (3.1) and dividing F'(¢,j) on both sides, we
obtain

(3.6)

C(Zaj) _ Tl(i7j> fl(z+17]) _ fl(Zvj)
72(7;7].) f2(7'7]+1) i f2(Z7j)
C(Z ]) Tl(l>])d(l7]) fl(z+17]) _fl(l>])
’ Sl(l>])d(l+17j) gl(l_l_lvj) gl(zvj)
7"2(@7])(1(27]) f2(17j + 1) . f2(7'7]>
Let

7:1(27]) = Tl('l,j)d(l,j), §1(Z>]) = Sl(Z,j)d(Z + 1,j),
7:2(27]) = T2(27])d(27j)7 52(Z>]) = 32(27])d(27j + 1)
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All discussion in the proof of Theorem 2.1 still holds. Thus, we have

vi(i) |71 —1,7)85( — 1,7),
va(4) [ 72,5 — 181 (6,5 — 1),
1(4,5) | ged (F1(i — 1, 7)85(i — 1, 7). (i, j — 1)8, (4,5 — 1)), (3.8)
us(i, j) | ged (31(4, )35(4, 7)), 1(%' —1,7)8(i = 1,7)),
)

J
wQ(ivj)|ng(‘§2 iy J ) (Z> 72(13_1) (a]_l))>

1

Where ~ . . ~ . . ~ . . ~ . .

Sll(l>]) = Sl(zvj)/ng(Sl(zvj)v 32(27]))7

85(1,7) = 82(1, )/ ged(51(4, 5), $2(1, 7))-
Since we have (3.5), we may replace 71, 51,79, S2 by 71, $1, 72, So in (3.8), re-
spectively. |

4. A Telescoping Method for Bivariate Hypergeometric Terms

Theorem 3.1 enables us to choose the denominators in the telescoping algo-
rithm. Basically, we will use certain factors appearing in the bounds of the
denominators as estimates of the denominators. In many cases, this approach
seems to work quite efficiently although we are not able to give formula to
bound the denominators because certain factors are not bounded in The-
orem 3.1. Roughly speaking, the divisibility considerations in our method
serve as a guide to guess the factors in the denominators. In fact, the esti-
mated denominators are much smaller than the theoretical bounds given by
Theorem 3.1. Only wus(,j) and w(i, j) are set to their theoretical bounds,
while va(7),v3(i + 7),v4(4,J) are set to 1, ui(j) and wy (i) are set to factors
of s1(7,7)sh(7,7), and vy (7) is set to a factor of its theoretical bound. See the
following algorithm EstDen.

Algorithm EstDen

Input: A hypergeometric term F'(n,i, 7).

Output: Estimated denominators ¢ (i, j) and ga(¢, 5) for bivariate Gosper’s
algorithm.

1. Calculate 71,79, $1, 89, 87, S5 defined by (3.2) and (3.6);
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2. Set
v1(7) := the maximal factor of (7, j)s5(, j) depending only on i;
v9(7) := the maximal factor of ry(i, j)s| (7, j) depending only on j;
and
(i) 1= ged(vn (i — 1), i — 1))

3. Set
u1(j) := the maximal factor of s1(, 7)s, (7, j) depending only on j;
wi (1) := the maximal factor of s1(1, 7)s,(7,j) depending only on ¢;

4. Set uy(,7) to be the maximal factor of
ng(Sl(iaj)Sé(iuj)a Tl(i - 17])5/2(Z - 17]))

which depends on i;
Set wsq(7, j) to be the maximal factor of

ng(Sl(i7j>S/2(i7j)aT2(i7j - 1)5/1(Zvj - 1))
which depends on j.

5. Return g1(¢, j) := v(i)u1(j)ua(i, j) and ga(i, j) = v(i)wi (Dwa(i, j).

Remark. Let f(i,7) be a polynomial in 7, 7 and a be a new variable. Then
the maximal factor of f(i,7) depending only on ¢ can be obtained by

ged(f(i,5), f(i,5 + a)),

and the maximal factor of f(7,j) depending on i can be obtained by
£, 3)/ ged(f (i, 5), f(i + a, j)).

We are now ready to describe our telescoping method for double summa-
tions:

Method BiZeil

Input: A hypergeometric term F'(n,i, 7).

Output: An operator L and rational functions R; and R, such that (3.1)
holds if succeed.

1. Using algorithm EstDen to obtain g; and gs.
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2. Set the order r of the linear difference operator L to be zero.

3. For the order r, calculate the common denominator d(n, 1, j) of

F(n+1,i,j) F(n+r,i,j)
F(n,djg) 7 Fnij)

(If » = 0, then take d(n,i,5) = 1.)

4. Set the degrees of f; and fy to be one more than those of d - g; and
d - go, respectively.

5. Solve the equation (3.7) by undeterminate coefficients method to obtain
ap, ay, ..., a, and fi, fo.

6. If a; # 0 for some i € {0,...,r}, then return L, f1/(d - g1), fo/(d - g2)
and we are done.
If a; =0 foralli e {0,...,7}, but deg fi —deg(d-g1) < 2, then increase
the degrees of f; and fs by one and repeat step 5.

Otherwise, set r := r + 1 and repeat the process from step 3.
Remarks.

1. In many cases, ¢1(i,7) and g2(1, j) can be further reduced by cancelling
a factor of degree 1 and a factor of degree 2 from g; and go, respectively.
This cancellation may reduce the time of calculation.

2. In all the following examples except Example 4, the degree of the nu-
merator of R; (Ry) is one more than that of the denominator. While
in Example 4, the difference is two.

The degree bounds can be interpreted as follows. Let ¢, o, t3,t4 be the
four terms of the right hand side of (3.7) after multiplying the common
denominator. In most cases, the leading terms of ¢; and ¢y (f3 and t4,
respectively) are cancelled.

3. There is a way to speed up the computation in Step 5. Given ¢; and
g2, we may derive part of the factors of f; and fo by divisibility. For
example, suppose (3.7) becomes

f2(7'7]>
w2(i7j>’

Ali+1,5) - 1{)11((2% + ngﬁ foli g +1) -

C(’L,j) — ul(lvj)
d(%]) Ul(i7j>




after substituting and simplification. Suppose further that D(7, j) is
the common denominator of the above equation. Then we immediately
have that fi-D/w; is divisible by ¢1 = ged(eD/d, u1D /vy, us D /v, D /w3)
and f1(i+1, j)-u1 D /vy is divisible by g2 = ged(cD/d, D /wy, usD /ve, D [Jws),

and hence,

q1 and q2

ged(D/wi, q1) ged(ur D /vy, q2)
are factors of fi(7,7) and f1(i + 1, j), respectively.

5. Examples

In the following examples, let F' denote the summand of the left hand side
of the identity.

Example 1. The Andrews-Paule identity:
ii i+ 5\ (4n —2i —2j G+ 1) 2n\? (5.1
= (2n : :
== 1 2n — 21 n

It was proved by G. Andrews and P. Paule [6,7] by establishing a more
general identity

5] L5] <i+j)2<m+n—2i—2j) B |-m+2n+1J!|-m+2n+2J!
i=0 7=0 : |-2

: n-2i aNEIRiE

3
N[3

Using the method BiZeil, we can deal with (5.1) directly. In fact, we have
91(i,7) = 2n=2i+1) (n—i+1)(j+1)%,  g2(i, j) = (2n—2i+1)(n—i+1) (i+1)*.

Cancelling the factors (n — i + 1) and (i + 1)? from g¢1(4, ) and g¢»(i, ),
respectively, we obtain

Gi(i,7) = 2n =2+ 1)(G+1)?* and §(i,j) = (2n —2i +1)(n —i + 1).

Finally, we get (in 1 second)

(27’L + 1)F(TL,Z,]) = AleF(nvl7J) + AjRQF(n7iaj)a
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where

i2(6n2 +5n + 1+ 6jn% + jn — j —in + 2in® — 20 — 45%n — 252 — 3ij — 4ijn)

R, —

! (2n — 2i + 1)(1 + j)? ’
o 207+ 2jn® 4 Gin® + Oin + 3jn — dijn — 4i*n — n + j - 3ij + 20 — 4

2T (2n — 20 + 1) ’
which are the same as given in [19, p. 85]. Summing i,j =0,...,n, we get
@2n+1)> Y F(n,i,j)

=0 j=0
= Y (ReF(ni,n+1) = ByF(n,i,0)) + > (RiF(n,n+1,j) = RiF(n,0,j))
i=0 =0

Note that there is only one nonzero term R;F(n,n + 1,n) of the second
summation. While applying Gosper’s algorithm to the first summand, we
obtain

n

> (ReF(n,i,n+1) = RyF(n,i,0)) = G(n+ 1) — G(0).

1=0

where

o) (—2n +i—1)(—4n + 2i — 1)i (4n — 2i
1) = .
—1+2—2n on — 2

Simplifying G(n + 1) — G(0) + R F(n,n + 1,n), we finally get (5.1).
Example 2. Carlitz’s identity [9] (see Also [20, Example 6.1.2]):

2 ()05 )

91(i.5) = G+ D*(=n+j), g2(i.5) = (i +1)*(—n +1).

We have

Cancelling the factors (—n + j) and (i + 1)(—n + 7), we obtain
a(, ) =G+1D? and §a(i,j) =i+ 1.

15



Notice that the common denominator of
(n+lig) 4 Flot2i7)
F(n,i,j) F(n,i,j)

is(—n+1—147)*(-—n+i—2+7)% We finally get (in 2 seconds)
L= (4n+6) — (8 4+5n)N + (n + 2)N?,
and
Ry = (—*(—n+i—1)(36 — 10ji*n — 135°ni + 605> + 60ji — 2i*> — 38;%
— 8ji? 4+ 10:® 4 361> — 11in® — 14jn® — 2i* — 92jn? + 8i*n — 80in + 55°n>
+85%1% + 88jin +425%n — 172jn+ 24jin® 4 5i*n’® + 3in — 54in® + 88n* +45°n
—9Oj+6j3—40i+5n4+90n))/((—n+i— 1+5)2(—n+i—2+7)2(j+1)?),
Ry = ((64—19ji*n — 65ni + 145° 4 74ji + 54i* — 1050 — 363> + 2i* 4 39n°
—16in® — 9jn® — 4i* 4 65i® — 535n* 4+ 50i*n — 176in + 45°n® + 45%> + 5n*
+ 83jin + 165°n — 100jn + 22jin? + 11i*n? + 4i*n — 93in* + 112n* — 60;
— 108i + 140n)(—n — 1 +j))/((—n +i—2+4 )% (—n+i—1+j5)?),
such that
LF(n,i,§) = AR F(n,i,5) + AjRyF(n, i, §), (5.2)

By summing (5.2) over 7, j one sees that L annihilates the double sum
on the left hand side. Using Zeilberger’s algorithm we arrive at the same
recursion for the right hand side. Then the identity follows from the initial
values n = 0, 1.

The proofs of the following examples are similar to that of Example 2. We
only need to give g1, go and L, Ry, Ry. Then these identities can be verified
by checking the initial values.

Example 3. Carlitz’s identity [8] (see also [20, Example 6.1.3]):
<L\ i j i m—i

- S () ()

k
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By cancelling the factors (1 + j) and (i + 1)?, we obtain
G1(6,j) =(n—j+4)(1+7) and go(i,j) =m —i+j
Notice that the common denominator of

F(n+1,4,7) and F(n+2,i,j)
F(n,i,j) F(n,i,j)

is (—n+j —1)*(—n +j — 2)2, which is denoted by d(i, j). We finally get (in
37 seconds)

L=2m+3+n)2+m+n)*-
(3m + 2nm + 4n* + 14 + 15n)(n +m + 3)N + (2n +5)(n + 2)°N?,

and the denominators of Ry, Ry are d(i,7)g1(i,7) and d(i, j)go(i, j), respec-
tively. The degrees of denominators and numerators of R, Ry are both less
than those given in [20].

Example 4. The Apéry-Schmidt-Strehl identity [18]:
n\ (n+7\ (7\° n\>/n+k\>
>0 =26 )
By cancelling the factors (—j — 1 +4) and (i + 1)?, we obtain
Gi(i,7) = (= =1+ and ga(i,j) =i +1
Notice that the common denominator of

F(n+1,4,7) o F(n+2,i,j)
F(n,i,j) F(n,i,j)

is (n+2—7)(n+1—j). We finally get (in 1 second)
L=(n+1)°—(3+2n)(17n*+5In + 39)N + (n + 2)°N?,
and
Ry = (—2i*(3+2n)(—10+ 305> —49n° — j° — 4n* — 24n® — 21 + n* — 6ns®
+ 3ni + 3ngi + n?ji + 35%% — 35% + 3ji — 4i* — 25% — 25i% 4+ 11n%5% + 607
+33nj2+18nj—6j4+2i+15j—39n))/((n+2—j)(n+1—j)(—j—1+i)2),

17



Ry = (2(—j 4 1)(3 + 2n)(—8n%* — 4n*i* — An*ji + 4n’j + An*5* + 12nj
— 12nji — 24ni + 12n5% — 12n4% + 1252 — 45i* + 5% + 65%% — 35* + 8
+ 5% — 82 + 3% — 16i — 16ji))/((n +2— )+ 1-4)3i+1)).

The rational functions R, Ry are simpler than those given in [18]. The
operator L was used by Apéry in his proof of the irrationality of ((3) and
Chyzak and Salvy obtained it using Ore algebras [11].

Example 5. The Strehl identity [18]:

=0 C2)-20 () e

By cancelling the factor (—3i — 3 + j)(—3¢ — 2 + j) from g5, we obtain
91(6,7) = (G +1—=14)° and §(i,5) = (=3i = 1+ j)(i +1)°.
Notice that the common denominator of
F(n+1,1,7) F(n+6,1,7)

F(n,i,j) ~ " F(n,i,j)
is(n+1—75)(n+2—j)---(n+ 6 —j), which is denoted by d(i,j). We
finally get (in 2510 seconds) a linear difference operator L of order 6 and
the denominators of Ry, Ry are d(i,7)g1(i,7) and d(i,7)gs(i, 7), respectively.

The operator L is the same as the operator obtained by applying Zeilberger’s
algorithm to the right hand side of (5.3).

Example 6. The Graham-Knuth-Patashnik identity [13, p. 172]:

ZZ(_1>j+k JrEN[(r\(n\[(s+n—j—k _(—1) n+r s=r o\
el k+1)\j/) \k m—j n+l)\m—-—n-—I

(5.4)
By cancelling the factor (j + 1)(j + 1 — ) from g5, we obtain

G0 k) =Fk+D(E+I+1) and  go(j, k) = 1.

F(r+1,j.k)
F(r.j.k)
d(j,k). We finally get (in 8 seconds) a linear difference operator with respect

to the variable r:

Notice that the denominator of is r — j + 1, which is denoted by

L=(r+n+)(n+s+l—m—-r)+(r—1+1)(r—s)R

18



and the denominators of Ry, Ry are d(j,k)g1(j, k) and d(j, k)g=(74, k), respec-
tively. Then (5.4) follows from the evaluation of the initial value (r = 0) by
Zeilberger’s algorithm:

S (L)) = () ()

Example 7. The Petkovsek-Wilf-Zeilberger identity [16, p. 33]:

Zxer O -26)

(5.5)
By cancelling the factors s + 1 and (r + 1)?, we obtain

g(r,s)=mn+r)n+1—-r)(s+1) and go(r,s)=(n+r)(n+1—r).

Notice that the common denominator of
Far ™
is
(n+1)(n+2)(n+1—r)(n+2—r)(n+1—=s)(n+2—s)(n—r—s+1)(n+2—r—s),
which is denoted by d(r, s). We finally get (in 35 seconds)
L=44n+5)4n+3)(n+1)+22n+3)(3n* +9In+ 7)N — (n + 2)*N?

is a linear difference operator and the denominators of Ry, Ry are d(r, s)g,(r, $)
and d(r, s)ga(r, s), respectively. The recursion is the same as that obtained
by applying Zeilberger’s algorithm to the right hand side of (5.5).
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