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Abstract. We show that the limiting distributions of the coefficients of
the ¢g-Catalan numbers and the generalized g-Catalan numbers are normal.
Despite the fact that these coefficients are not unimodal for small n, we
conjecture that for sufficiently large n, the coefficients are unimodal and
even log-concave except for a few terms of the head and tail.
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1 Introduction

The main objective of this paper is to show that the limiting distribution of
the coefficients of the ¢g-Catalan numbers is normal. The Catalan numbers

c - 1 <2n>
n+1l\n

have many combinatorial interpretations, see Stanley [10]. The usual g¢-
analog of the Catalan numbers is given by

(1) ) = i ]

where [n] =1+q¢+¢*+ -+ ¢" !, and

n| [n]!

k| [k n— k)
There are also other types of g-analogs of the Catalan numbers, see, for
example, Andrews [2], Gessel and Stanton [1], Krattenthaler [5].

We further consider the limiting distribution of the coefficients of the quo-
tient of two products, which includes the result for the g-Catalan numbers as
a special case. We conclude this paper with two conjectures on the unimodal-
ity and log-concavity for almost all the coefficients of the ¢-Catalan numbers
and the generalized g-Catalan numbers provided that n is sufficiently large.

2 The Limiting Distribution

In this section, we use the moment generating function technique to obtain
the limiting distribution of the coefficients of the ¢g-Catalan numbers. We
introduce the random variable &, corresponding to the probability generating
function

¢n(q) = Cu(q)/Ch.

As far as the computations are concerned, we will not need the following
combinatorial interpretation of C,(¢q). However, for the sake of completeness,
we recall that &, reflects the distribution of the major indices of Catalan words
of length 2n, see, for example, [3]. Moreover, we write

Cn(q) = Z mn(k’)qk,
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where m,, (k) stands for the number of Catalan words of length 2n with major
index k. The following lemma gives the expectation and variance of &,.

Lemma 2.1. We have

_n(n—1)

(2.1) B(e,) = . nn—1)(n+1)

and Var(§,) = 5 .

Proof. By the definition of C,(q), it is easy to check the following symmetry
property of m,(k):

mp (k) = mp(nin — 1) — k).
Hence

Let

n—1 n—1

F=F(q)=]J0+q+--+¢") and G=G(g)=][0+q+-+0).

i=1 =1

It is easily verified that C,,(¢) = F/G. Since

" F"  FGQ" 2G'F 2G"”F
Cn(q) |q:1 - a2z + G3

g=1

1
= —n(n—1)(3n* —n—4)C,,

12
we obtain
Cn(q)"| = 1
Var(én) - % + E<§n> - E(&n)2 - én(n - 1)(” + 1)
This completes the proof. 1

Lemma 2.2. When n — oo, we have

S £ - N
;B%%(%)!U%;((n—l—z) —i?*) =0

uniformly for t from any bounded set, where B;’s are the Bernoulli numbers
and o? is the variance of &, as given in (2.1).
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Proof. The second summation can be expanded as follows:
n n 2k n
2k 2k : ,
3 (= ) = 303 (i - 30 () (3w ).
i=2 i=2 j=1 Jj=1 J =2
For k > 1, the second factor in the preceding summation is bounded by the
following integral:

n n+1 2k—j+1
> niitt < nj/ heigy = g (P DTT

=2

Consequently,

((n _|_ 2)2]{: o ZZk) < 22k(n _|_ 1)2]€+1 < 82kn2k+1.
=2

. 3_ 3
Since 0% = =" > %= when n is sufficiently large, we have

n

o2k Z ((n + Z-)2k o Zak) < 6421k < n—1/3642kn—k/37

for large n and k > 1. Thus

Z BQ’f 2k;' ZkZ n+z )

Uk, k>3
-1/3 B tQk 642k —k/3
<y 2’“‘%(%)' "
2k, k>3 ’
_ 64tn—%)
o4k, k>3

In view of the following asymptotic expansion of the Bernoulli numbers [1],
2(2n)!
(27T>2n ’

the convergent radius R of the series 2%%;3 ]B%]% equals 27. Since ¢ is
from a bounded set, when n is large enough the series

(64tn~5)2*
B
2| 2’“| 2k (2k)!
ok, k>3

’BZn| ~



converges. Moreover, it is evident that 64tn "5 < 1, we can bound the above
summation by the constant

Z B 2k: 2k:

o4k, k>3

Similarly, it can be deduced that

Z B%L Zn: (n+ )% — i) < My
g2k 17

Sl k2 2k(2k)0 i—2 ns3
where My = > B%m is a constant. Hence

2|k, k>2 '

iB ii((n—i—i)%—i%) < M

£ 0k (2k) 0% nl/3
which tends to zero as n — oo. This completes the proof. 1

In [7], Margolius applied Bernoulli numbers to show that the distribu-
tion of the number of inversions in a random permutation is asymptotically
normal. In [6], Louchard and Prodinger used the saddle point method to
derive some stronger results. Based on Lemma 2.2, we obtain the following
theorem.

Theorem 2.3. When n — oo, the random variable

fn — E(én)
Var(¢n)?

has the standard normal distribution.

T =

Proof. Let M,(q) denote the moment generating function of &,. Then we
have M, (q) = ¢,(e?), see Sachkov [8]. Hence

n+1 1—ef -
Mn(Q) = (2n) 1 — e(n+1)q ) ];Il: 1 — e

1 — e(n—l—i)q

n 1 — e(nJri)q

i
- zlln—i-zzll 1 — e




S (1 — e 09) [ (n 4 )
g (1 —ei)/i

1 n n n+z)q/2 e (n+z)q/2)/%
= exp{zz((n—i-zq—ul}n ezq/z_e—iq/2)/.

z
1 2

n(n — 1)q) 1 sinh ((n + i)q/2) /25
exp { 9 } ;,l_! sinh (iq/2) /% ‘

Recalling the following relation on the Bernoulli numbers [7]

(2.2) In <Sm}; /9;/ 2) ) ZB%

we find that
s = e (S ) ()

_ n(n—1) - < N2k 2k
= quLkz:;szW;((nJrz) —i%).

Setting g = t/o, where o is the standard deviation of £, as given in Theorem
2.1, we are led to the expansion

T A— t2 & , ,
In Mn(t/O') = T + ;ngm 22 ((n + Z)Qk _ Z2k) .

Applying Lemma 2.2, we have, when n — oo,

S t2* - N2k 2k
;ng%(%)!a2k;((n+z) —i") =0

uniformly for ¢ from any bounded set. Finally,

i 1, /0)exp { "7}

n— 00 20



_ Jl%exp{Zng R ,U%Z (n +1)? 2’“)}

k=1

‘ U o 9
- nlggoexp{BQWZ (n+i)*—i )}
€t2 /27
which coincides with the moment generating function of the standard normal

distribution. Employing Curtiss’s theorem [%], we reach the conclusion that
7, has the standard normal distribution when n approaches infinity. |

3 A General Setting

In this section, we will determine the limiting distribution of the coefficients
of a quotient of products and will give two special cases.

Theorem 3.1. Let ay,as,as, ... and by, by, bs, ... be two sequences of positive
numbers, and let

= an(k‘)xk _ ((11— ¢ )(1—qg™)---(1— Zan)

— (=) (=)

Suppose that &, is the random variable corresponding to the generating func-
tion ¢n(x), that is,

Pu(k)
; pn<k) .

Then &, is normally distributed as n — oo, if and only if

- tQk - 2k 2k 1
kz_; ngm (Z(al — bz ) < - ] % —0 as n — oo.
= a

P(fn:k):

1=

Proof. The expectation of &, is easy to compute, as given below:

(&) = 6n(@)r = =3 (0= by).

=1



Proceeding analogously as in the proof of Theorem 2.1, we find

n

(3.) o = Var(g) = = 3 (a ~ 1)),
=1
Hence,
t2 n 1 t2 n t2
B (S0t 0) = b (St ) < 6
220 \i5 i (Saem) \S 2

By the same procedure as in the proof of Theorem 2.3, we obtain

nh_>r£10 M, (t/o)exp {% Z (a2 — b2¥) }

i=1
/2 £ — o _ 2k
nh_)rg(}exp ZB% D20 Z (ai b; ) .
k=2 =

It follows that the limiting distribution of p, (k) is normal if and only if

n

(3.2) ZBQk 2k: 12 <Z (a?k - bfk)> —0 as n — oo,

=1

for ¢ from any bounded set. By virtue of the variance formula (3.1), the
condition (3.2) is equivalent to

(3.3) ZB%%(%) ~ S0 as n— oo

)

for t from any bounded set. Thus (3.2) is verified. This completes the proof.
|

Corollary 3.2. Let p,(k) be given as in the above theorem. Suppose that for
k > 2, there exist constants o > 0, § < 0 and v < 0 such that

> (o — 8

(3.4) =1 = < n(an”)*,

(S -m)

fort from any bounded set. Then the limiting distribution of p,(k) is normal.
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Proof. Note that the convergent radius R of the series
72k
Bow| ——
D 1Bl 2k (2k)!
2k k>3

is 2mr. If (3.4) holds for £ > 1, then for ¢ from any bounded set, and for
sufficiently large n, we have

n
12k Z (a?k . b?k) /0%
i=1

< n?(tan®)*,

where tan® < 2r. It is clear that n” — 0 since v < 0. 1

If we choose a = 32\/5/3, 26 =7 = —%, Theorem 3.2 contains Theorem
2.3 as a special case. We now give two more examples. One is the following
g-analog of the Catalan numbers

Cn(Q>:ﬂ|: " }

2n] [n—1

which are symmetric and unimodal, see Stanley [9].
Using Theorem 3.1, we reach the following assertion.

Corollary 3.3. The distribution of the coefficients in ¢, (q) is asymptotically
normal.

Proof. First, we write ¢,(q) in the following form:

[1(1 =g

<1—q>jﬁ;<1—qi>’

Set a; =as =1, a;=n+i—1, 3<i1<n,and by =by=1, b3=1, b; =
1—1, 4 <i<n. Then we have

> (o =) = (ot =) + X (o )
=1 1=4

= (n+2)2k_1+2((n+i)2k_i2k)
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and

n k n—1 k
(Z(af — b?)) = ((n +2° =14 ((n+1)’ - i2)>
i=3
= (n—1*n+1)*2n—3)"~
By the same arguments as in the proof of Lemma 2.2, we may set v = 321/3/3
and 28 = v = —3 such that the condition (3.4) is satisfied. Therefore,

Theorem 3.1 implies the limiting distribution of the coefficients of ¢,(g). 1§
The m-Catalan numbers are defined by

1 mn
Crm = (m—l)n+1(n>7

for n > 1. Accordingly, the generalized ¢-Catalan numbers are given by

Crm(q) = [(m — 11)n + 1] [n;n]

Theorem 3.1 has the following consequence.

Corollary 3.4. The coefficients of the generalized q-Catalan numbers Cy, 1 (q)
are normally distributed when n — oo.

Proof. First, express C,, ,(q) as follows

(m—1)n+i

i=2 1-q
Setay =1, a;=(m—1)n+1i, 2<i<n,and by =1, b =1, 2<i<n.
Then we have

n n

S (a5 = 3 (o - 1) iz(%) = ) i

i=1 i=2 i=2 j=1

The same argument as in the proof of Lemma 2.2 yields the following bound

n

> (0 = bF) < 8% ((m = 1)n)* .

i=1
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Now,

(Z(a? — bf)) = ( (((m —n+1i)?* — 22)>

)an%(n . 1)k

)2k+1n3k/(2m)k.

> (m—1
>(m—1
It follows that e o
T.L_ att — b?
2 (70 g i,
(Ximi(af — b))
Again, by the same arguments as in the proof of Lemma 2.2, we may set

o = 8v2m and 26 = v = —3 such that the condition (3.4) holds. Finally,
we may use Theorem 3.1 to get the desired distribution. 1

4 Open Problems

While the ¢g-Catalan numbers are not unimodal for small n, see Stanley [9],
the limiting distribution suggests that the coefficients are almost unimodal
in certain sense for sufficiently large n. Obviously, the first and the last term
should not be taken into account; otherwise one can never expect to have
unimodality. In fact, an easy computation indicates that C,,(¢q) are unimodal
for n > 16.

Conjecture 4.1. The sequence {m,(1),...,mp(n(n —1) — 1)} is unimodal
when n is sufficiently large.

When n > 70, numerical evidence is suggestive of a stronger conjecture:

Conjecture 4.2. There exists an integer t such that when n s sufficiently
large, the sequence {my,(t),...,my(n(n —1) —t)} is log-concave, namely,

(mn(k))? > mp(k + )my,(k — 1)

fort+1<k<n(n—1)—t—1. Moreover, the minimum value of t seems
to be 75.
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We also conjecture that similar properties hold for the generalized ¢-
Catalan numbers.

Acknowledgments. The authors are grateful to the referee for valuable sug-
gestions. Thanks are also due to Barbara Margolius and Helmut Prodinger
for helpful comments.
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