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Abstract. A family of k-subsets Ay, As, ..., Agon [n] = {1,2,...,n} is called a (d, ¢)-
cluster if the union 4; U A, U ---U A, contains at most ck elements with ¢ < d. Let F
be a family of k-subsets of an n-element set. We show that for £ > 2 and n > k + 2,
if every (k,2)-cluster of F is intersecting, then F contains no (k — 1)-dimensional
simplices. This leads to an affirmative answer to Mubayi’s conjecture for d = k£ based
on Chvatal’s simplex theorem. We also show that for any d satisfying 3 < d < k and
n > %, if every (d, %)—cluster is intersecting, then |F| < (Zj) with equality only
when F is a complete star. This result is an extension of both Frankl’s theorem and
Mubayi’s theorem.
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1 Introduction

This paper is concerned with the study of families of subsets with intersecting clusters.
The first result is a proof of an extreme case of a conjecture recently proposed by

Received by the editors April 18, 2008; accepted for publication (in revised form) April 21, 2009;
published electronically August 14, 2009. This work was supported by the 973 Project, the PCSIRT
Project of the Ministry of Education, the Ministry of Science and Technology, and the National Science
Foundation of China.
http://www.siam.org/journals/sidma/23-3/72166.html


http://www.siam.org/journals/sidma/23-3/72166.html

Mubayi [5] on intersecting families with the aid of Chvatal’s simplex theorem. The
second result is an extension of both Frankl’s theorem and Mubayi’s theorem. It
should be noted that we have used these two theorems themselves as starting points
in proving this extension.

Let us review some notation and terminology. The set {1,2,...,n} is usually de-
noted by [n], and the family of all k-subsets of a finite set X is denoted by X* or (),: )

A family F of sets is said to be intersecting if every two sets in F have a nonempty
intersection. A family F of sets in X* is called a complete star if F consists of all
k-subsets containing x for some x € X.

The classical Erdés—-Ko-Rado (EKR) theorem [2] is stated as follows.

Theorem 1.1 (the EKR theorem). Let n > 2k, and let F C ([Z]) be an intersecting

family; then |F| < (Zj) Furthermore, for n > 2k, the equality holds only when F is
a complete star.

The following generalization of the EKR theorem is due to Frankl [3].

Theorem 1.2 (Frankl). Let k > 2, d > 2, and n > dk/(d—1). Suppose that F C [n]*
such that every d sets of F have a nonempty intersection. Then |F| < (Zj) with
equality only when F is a complete star.

The following conjecture due to Erdés on triangle-free families implies Frankl’s
theorem for d > 3. Recall that a d-dimensional simplex, or a d-simplex for short, is
defined to be a family of d + 1 sets Ay, Ao, ..., Agyq such that every d of them have a
nonempty intersection, but A;NAsN---N Az = 0. A 2-dimensional simplex is called
a triangle. This conjecture has been proved by Mubayi and Verstraéte [7].
Conjecture 1.3 (Erdés). Forn > % if F C [n]* contains no triangle, then |F| <

(Zj) with equality only when F is a complete star.

However, as a generalization of Erdds’ conjecture, Chvatal [1] proposed the following
conjecture, which remains open in the general case.

Conjecture 1.4 (Chvatal’s simplex conjecture). Let k > d+1 >3, n > k(d+1)/d,
and F C [n]*. If F contains no d-dimensional simplices, then |F| < (Zj) with equality
only when F is a complete star.

Chvétal [1] has shown that Conjecture 1.4 holds for d = k — 1, which we call
Chvatal’s simplex theorem.

Theorem 1.5 (Chvdtal’s simplex theorem). Forn > k+2 > 5, if F C [n]* contains
n—1

no (k — 1)-dimensional simplices, then |F| < (k—l) with equality only when F is a
complete star.



Frankl and Firedi [1] have shown that Chvatal’s conjecture holds for sufficiently
large n.

Theorem 1.6 (Frankl and Fiiredi). For k > d 4+ 2 > 4, there exists ng such that,
for n > ng, if F C [n]* contains no d-dimensional simplices, then |F| < (}7]) with
equality only when F is a complete star.

As will be seen, a recent conjecture proposed by Mubayi [5] is related to Chvatal’s
simplex theorem. Here we introduce the terminology of clusters of subsets. A family
of k-subsets Ay, Ay, ..., Ay of [n] is called a (d, ¢)-cluster if |[A; U Ay U--- U Ay| < ck,
where ¢ < d is a constant that may depend on d. A cluster {A;, Ay, ..., Ay} is said to
be intersecting if A; N Ay N---N Ay # 0.

Conjecture 1.7 (Mubayi’s conjecture). Let k > d > 3 and n > dk/(d — 1). Sup-
pose that F C [n]¥ such that every (d,2)-cluster of F is intersecting; i.e., for any
A Ay, Ag € F, [AJU Ay U - U Ayl < 2k implies AN Ay -0 Ag # 0. Then
|F| < (Zj) with equality only when F is a complete star.

Mubayi [5] has shown that this conjecture holds for d = 3 (Theorem 1.8). He has
also proved that his conjecture holds for d = 4 when n is sufficiently large [0].

Theorem 1.8 (Mubayi). Let k > 3 and n > 2£. Suppose that F C [n]* is a family
such that every (3,2)-cluster Ay, Ay, A3 € F is intersecting; then |F| < (Zj) with
equality only when F is a complete star.

In this paper, we study the case d = k of Mubayi’s conjecture in connection with
Chvatal’s simplex theorem. We show that in this case the conditions for Mubayi’s
conjecture imply the nonexistence of any (k — 1)-dimensional simplex. Therefore,
Chvatal’s simplex theorem leads to Mubayi’s conjecture for d = k. As the main result
of this paper, we present a theorem on families of subsets with intersecting clusters
which can be viewed as an extension of both Frankl’s theorem (Theorem 1.2) and
Mubayi’s theorem (Theorem 1.8).

2 Families of subsets with intersecting clusters

In this section, we first consider a special case of Mubayi’s conjecture for k = d. We
show that this case can be deduced from Chvéatal’s simplex theorem (Theorem 1.5).
Then we study families of k-subsets with intersecting (d, %)—clusters and obtain a
theorem as an extension of both Frankl’s theorem (Theorem 1.2) and Mubayi’s theorem
(Theorem 1.8). Our proof is based on the EKR theorem and Frankl’s theorem. We

will also use a similar strategy as in the proof of Mubayi’s theorem [5].
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Theorem 2.1. Let k > 3 and n > k + 2. Suppose that F C [n]* is a family of
subsets of [n]| such that every (k,2)-cluster is intersecting. Then F contains no (k—1)-
dimensional simplices.

Proof. Suppose to the contrary that Ay, Ay, ..., Ay € F form a (k — 1)-dimensional
simplex; namely, every k — 1 of them have a nonempty intersection but

(1) AiNnAyn---NA,=0.

It follows that any two distinct families {A4;,, Ay, ..., Ai,_, } and {4, A, ..., A}

cannot have a common element, because the union of these two families equals { Ay, As, . ..

Without loss of generality, let
ZEAlﬂﬂAl_lﬂAle‘lﬂAk

That is, ¢ belongs to every subset A; other than A;. It follows that {1,...,i — 1,
i+1,...,k} C A;. Since A; is a k-subset, A; must contain an element in {k+1,...,n}.
So we have

Ay U Ay U--- U A < 2k.

This means that {4y, Ay, ..., Ax} is a (k,2)-cluster that is not intersecting, contra-
dicting the assumption of the theorem. So we conclude that F does not contain any
(k — 1)-dimensional simplex. This completes the proof. ]

The following theorem is the main result of this paper.

Theorem 2.2. Letk >d > 3 andn > %. Suppose that F C [n]* is a family of subsets

of [n] such that every (d, d%l)—cluster is intersecting (i.e., for any Ay, As,..., Aq € F,
|A1 U Ay U+ U Ag| < 4Lk implies that N, A; # 0). Then |F| < (17]) with equality

k—1
only when F is a complete star.

The next lemma gives an upper bound on the number of edges in a graph with
intersecting clusters, and it will be used in the proof of Theorem 2.2.

Lemma 2.3. Let n > d > 3. Suppose that F C [n]? is a family of 2-subsets of [n] such
that every (d, 41)-cluster is intersecting. Then |F| < n—1 with equality only when F
18 a complete star.

Proof. Since F is a family of 2-subsets, we may consider it as a graph G with vertex
set [n]. The conditions in the lemma imply that any d edges Ay, As, ..., Aq of G either
intersect at a common vertex or cover at least d + 2 vertices (for d = 3, G does not
contain any triangle because every (3,2)-cluster is intersecting).

We proceed by induction on n. For n = d + 1, since any d edges cover at most
n = d+ 1 vertices, any d edges of G must intersect at a common vertex and thus form
a star. This implies that

Fl=I1EG)<d=n—1
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with equality only when F (or GG) is a complete star.

Assume that n > d + 2 and that the lemma holds for n — 1. We first claim that G
must contain a vertex of degree one. Otherwise, every vertex of G has degree at least
two, which implies that for every connected component C' of G we have

(2) V(O < [E(C)].
Let C1,C,, ..., C,, be the connected components of G ordered by the condition
[E(C)] = [E(C)] = -+ = |E(Cn)].

We aim to find d edges that form a nonintersecting (d, %)—Cluster to reach a
contradiction. Let us consider two cases.

Case 1. |Cy| > d. Since C is not a star, it contains a path P with three edges.
Since d > 3, we can add d — 3 edges to P to obtain a connected subgraph H of Cj.
Let Ay, As, ..., Ay be d edges of H. Then we have

|A;UAU---UA = |V(H)| <|EH)+1=d+1.

Since H is not a star, we have A, N Ay N ---NAg = 0.
Case 2. |Cy| < d. Let r > 1 be the integer such that

r41

b_Z|E )| <d and Z|E )| > d.

It is clear that C)..; has at least d — b edges. We now take any connected subgraph H
of C,11 with d — b edges. Since H is connected, we have

(3) |E(H)| > [V(H)| - 1.
Let Ay, Ay, ..., Ag be d edges in Cy,Cs,...,C,, H. From (2) and (3) it follows that
|A; U Ay U---U Ay
= V() + V(Co) +--- + V(G + [V(H)
< |E(C)[+ [E(Co)| + -+ [E(C)| + [E(H)[ +1
= d+1.

Noting that C1,Cy, ...,C, and H are disjoint, we have A; N Ay N---N Ay = 0.

In summary, we have reached the conclusion that GG has a vertex with degree one.
Let v be a vertex of degree one in GG, and let G’ be the induced subgraph obtained
from G by deleting the vertex v. Clearly, G’ is a graph with n — 1 vertices in which
every d edges Ay, As, ..., Ay either intersect at a common vertex or cover at least d+ 2
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vertices. By the inductive hypothesis, we have |E(G’)| < n — 2 with equality only if
G’ is a complete star. Hence

|\ F|=|E(G)| =|E(C)+1<n-1
with equality only if F (or () is a complete star. O]

The following lemma is an extension of Lemma 3 of Mubayi [5]. While the proof of
Mubayi relies on the EKR theorem, our proof is based on the above Lemma 2.3 and
Frankl’s theorem (Theorem 1.2). We will also use a similar approach as in the proof
of Mubayi’s theorem [5].

Lemma 2.4. Let k > d > 2,t > 2, and 2 <1 < k. Let 51,5s,...,5; be pairwise
disjoint k-subsets and X = S;1USy;U---US;. Suppose that F is a family of l-subsets of
X satisfying the conditions (1) S; € F for alli ifl = k; (2) for every Ay, Ay, ..., Ag € F
and 1 <i<t, AiNAyN---NA;NS; =0 implies |[A;UAU---UA;— S| > %. Then

we have |F| < (tl’:l).

Proof. For d = 2, the above lemma reduces to Lemma 3 in [5]. So we may assume that
d > 3. Let n = | X| = tk. We consider the following two cases.

Case 1. | = 2. We claim that any (d, 4t})-cluster of F is intersecting; namely, for
any Ay, As, ..., Ay € F, we have either AjNAyN---NAy # 0 or [AJUAU- - -UAy| > d+2.
To this end, we assume that A;NA;N---NAg = 0. This gives A;yNA;N---NAGNS; =0
for any S;. Since X = US; is the ground set of F, there exists S, such that A;NS,, # 0.
As AiNAsn---NA;NS, =0 and I =2, in view of condition (2) we get

|A1UA2U"'UAd—Sm| > d.
Furthermore, the condition A; NS, # 0 yields

So the claim holds.

Since d > 3, by Lemma 2.3, we find that |F| < n — 1, where n = tk. So it remains
to show that it is impossible for |F| to reach the upper bound n — 1. Assume that
|F| =n — 1. Again, by Lemma 2.3, F must be a complete star; namely, F consists of
all 2-subsets of X for some z in X. Without loss of generality, we may assume that
x € S1. Let A; be a 2-subset from F such that A; C S;. Since d — 1 < k, we may
choose (d—1) 2-subsets Ay, As, ..., Agsuch that A; € F and A;—x C S, for 2 < i < d.
This implies that

AlﬂA20~-ﬂAdﬂ52:@

and
|(A1UA2UUAd)—SQ|:2<d,
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contradicting condition (2). Thus we have |F| < n —1 =tk — 1. So the lemma is
proved for [ = 2.

Case 2. [ > 3. So we have k£ > [ > 3. We use induction on ¢.

We first consider the case t = 2, namely, X = 57 U S;. We will show that A; N
AsN---NAg# 0 for any Ay, Ay, ..., Ag € F. If this were not true, there would exist
subsets Ay, Ag, ..., Aq € F for which

(4) AiNAyNn---NA;=0.

Let A=A UAU---UA,; It is clear that A contains at most dl elements. Since
S1 and Ss are disjoint, so are A NSy and AN .S,. Therefore, either AN S; or AN Sy
contains at most half of the elements in A. We may assume without loss of generality

that il
|AN S| < Ok

Note that (4) implies Ay N Ay N---NA;N Sy =0. Since X = S; U Sy, we get

dl

contradicting condition (2). Thus we deduce that A; N Ay N --- N Ay # 0 for any
Ay, Ag, ..., Ag € F. By Frankl’s theorem (Theorem 1.2), we obtain

) 1= (),

Next we prove that equality in (5) can never be reached. Let us assume that

2k — 1
6 = .
) 7= ()
Since d > 3, by Frankl’s theorem, F is a complete star; that is, F consists of all [-
subsets of [2k] containing an element x for some x in [2k]. Without loss of generality,

we may assume that x € S;. Thus F contains every subset A; which is either of the
form BU {z} for B € [S; — z]'! or of the form C U {z} for C € [S,]'"1. Since d < k

and 3 <[ < k, we have
d_lgkg(k?)
[—1

Now we may choose A; € F with A; C Sy and d — 1 sets As, As, ..., Ay € F with
A; —x C Sy for each ¢ > 2. Since A;NSy; =0, AiNAy---NA; NSy = 0. Moreover,
since A; —x C S, for i =2,3,...,d, we have

dl

|(A1UA2U"'UAd)—SQ|:‘A1‘:l<5,



contradicting condition (2). It follows that |F| < (Zk '), and hence the lemma is valid
for t = 2.

Next suppose that ¢ > 3 and that the result holds for ¢ — 1. We first show that
there exists at most one set S, such that

NJIQ.

F O Sml'| =
Suppose, to the contrary, that there exist two sets, say S; and S, such that

Fsf >

for 1 = 1,2. Then we have
| F NS+ | FN[Sy)| > d.

Since |[FN[S1)| > £ > 1 and |[F N [S)'| > ¢ > 1, we are able to choose d sets
Ay, Ay, .. Ag from (F N [S1]Y) U (F N [So)) such that A; € S; and Ay € Ss. Since
(AU AsU---UAy)| <dl and S; NSy =0, we have either

(7) [(AyU AU - - uAd)m51|<%
or

dl
(8) (AU AU+~ UAy) NSy < 5

Without loss of generality, assuming that (7) is valid, we see that

dl
|(A1UA2UUAd)—SQ|:‘(A1UA2U UAd>ﬂ51’<5

However, the choice of Ay, As, ..., Ay ensures that Ay N Ay N---NAgN Sy =0, con-
tradicting condition (2). This leads to the conclusion that there exists at most one set
S, such that

d
ERIESTESS
Without loss of generality, let us assume that m = ¢. Thus we have
d—1
FOS)| < ——

2
fori=1,...,t—1. Set

H,={FeF:.|[FNS|=1-1}
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and

degy, (B) = {F € H; : B C F'}|

foreach 1 <7< ¢.
We claim that there exists at least one set S; (i € {1,...,t}) such that

k d—1
| < < —.
w_(l_l> and |F 1S < =5

Suppose that the above claim is not true. Then

) iz () 4

fori=1,...,t — 1. Moreover, if |[F N[S]!| < &2, then

k
(| > <l—1) + 1.

By (9), there exists an (I — 1)-subset B of S} such that
(10) ey, (B) > 2.

Assume that A;, Ay € H; are chosen subject to the conditions B C A; and B C As.
Since

k
‘,szz( >+1>d—2,
-1
we can choose As, ..., Ay from H,. Since A; N Ay = B C Sy,
Alm"'ﬂAdﬂSQZQ

and i
|A1u---uAd—Sz\S(l+1)+(d—2):l+d—1g§

for d > 4 and | > 3. So we have reached a contradiction to condition (2) when d > 4.

Consider the case d = 3. Let {x;} = A; — B for i = 1,2. Since Ay, Ay € Hy, we
have ; ¢ S;. Let x; € S;, for some iy > 2. Choose A3z to be either in H;, or FN[S,]".
Since A; N Ay = B € S; and S; NSy = 0, we have

AiNANA3NS, =0

and i
|A1UA2UA3—Si0]S(l—l)—l—l—i—l:l—l—lSE

for [ > 3 and d = 3, contradicting condition (2) again. Thus the claim is verified.
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Without loss of generality, we assume that

HF e F:|FNS|=1—-1}=Hi| < (lljl> and |FN[S] < %.
For any F' € F, we may express F' as F1 U Fy, where I} = FN.S; and F, = F— F;. For
a fixed Fy of size [—r (1 < r <), let F, be the family of all r-sets Fy C SoUS3U---US,
such that Fy U Fy € F.
We claim that F, satisfies the conditions of the lemma. Otherwise, we may assume
that there exist Ay, As,..., Aqg € Frandi € {2,...,t} such that AjNAN---NAZNS; =
() and

d
‘<A1UA2U"'UAd)—Si|S§7’.
Now, let A7 = A; U Fy for 1 < j <d. Clearly, A}, Ay, ..., Ay € Fand AjNAyN---N
AN S; = 0. Recalling that [ > r, we find
[(AJUASU---UA) =S| =|Fi|+[(AAUAU---UA,) — S
d—2 d—2 dl

dr
< — _— = < —_— = —
</ 7"+2 [+ 5 r<l+ 5 l 5

contradicting condition (2). Thus we have shown that F, satisfies the conditions of the
lemma. For r > 2, by the inductive hypothesis, we see that

Fol < ((t—l)k—l).

r—1

Since [ > 3 and d < k, it is easy to check that

(4 ) az0

r=2

Hence |F| can be bounded as follows:

l
k
7l < Z(Z_T)VTHHFU:|Fnsl|=1—1}|+|fm[sl]l|
r=2

NS ()
< ()2l ) = ()

This completes the proof. n

IN
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We are now ready to prove Theorem 2.2.

Proof of Theorem 2.2. For d = 3, the result follows from Theorem 1.8. So we assume
d>4. Let §1,59,...,5; be a maximum subfamily of pairwise disjoint k-subsets from
F. We proceed by induction on t. If ¢t = 1, then F is intersecting, and the result
follows from Theorem 1.1 when n > 2k. When % <n <2k, for any Ay,..., Ay € F,
|A; U - U Ayl < n < 2k, it follows that their intersection is nonempty from the
condition of the theorem. Hence the theorem reduces to Theorem 1.2 in this case.
Now we may assume that ¢ > 2 and that the theorem holds for t — 1. Note that ¢t =1
is the only case when F can be a complete star. It will be shown that |F| < (Zj)

If n = tk, we set | = k. The condition on F in Theorem 2.2 implies the condi-
tions on F in Lemma 2.4 with d replaced by d — 1. In fact, suppose that there exist
Ay, Ay, ...  Agoy € F for which AjNAyN---NA;_1NS; = 0. Since every (d, d%l)—cluster
of F is intersecting, we see that

d—1
|A1UA2U"'UAd_1USZ'| >Tk,
and hence g g1
L%UAﬂL~UAdym%>w%%%—k:—%—h

Thus the theorem follows from Lemma 2.4 in this case.
We now assume n > tk and let

(11) Y = [n] _USi'
Given the choice of S1,S5s,...,S;, Y does not contain any subset A € F. Set
F'={FeF:|FNnY|=k-1}.
We claim that if |Y| =n — tk > k, then
n —tk
12 "< .
(12) #1= (1)

If the claim is not true, then we have

~tk
]Fﬂ2(2_1)+12k+1>d

Therefore, there exists a (k — 2)-subset B C Y such that
(13) degr(B) > |Y|—-k+3=(n—tk) —k+3.
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Otherwise, we would have

|F'| <

((n — tk) k—_k1+2)(’;"*§) _ (Z:tf)

Since the number of (k — 1)-subsets of Y containing B is equal to |Y| — k + 2, there
exists a (k — 1)-subset C' in Y containing B such that deg (C) > 2. Let A;, Ay € F
be such that A; N Ay = C C Y. It is easy to see that

AlmAgﬂSi:(D

for each 1 <i <'t. Let A3, Ay, ..., Ag_1 be additional subsets in F’ such that B C A;
for each i if |Y| — k +3 > d — 1. We deduce that

AN NAganS; =10
for each 1 < i <t. Moreover,
AU UAg 4| <k—242d—2)+1=k+2d—5 if |Y|—-k+3>d—1
and
[Aj U UAg 4| <|Y|+d—1<k+2d—6 if |[Y|—-k+3<d-1.

Let S;, be such that S, N A; # 0. Since k > d > 4, we see that
d+1
\(AlumuAd,l)uSh]§k+2d—5+(k—1):2k+2d—6§Tk,

contradicting the assumption of the theorem. So the claim is justified.

Note that for any member F'in F, we can write it as F' = F;UF5, where F} = FNY
and Fy, = F — F}. We now consider all possible ways to construct F' in the above form.
Let F} be a given subset of Y size k—1 (1 <[ < k). By the definition of Y in (11), Fy is
a subset U'_; S;. Let F; be the family of all l-sets F» C Ul_,S; such that F{UF, € F. It
remains to prove that F; satisfies the conditions in Lemma 2.4 with d replaced by d — 1.
For [ = k, the assumption of the theorem implies that for every A, Ay, ..., Ag_1 € Fy,
ifAlﬂAgﬂ“'ﬂAd_lﬂSi :Q), then

d+1
|A1UA2U"'UAC[_1US¢|>%]€,

which yields that
d—1
Ay U AU - U Ay — S| > Tk
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Therefore, the assertion holds when [ = k. For [ < k, if the assertion is not valid, then
there exist Ay, Ay, ..., Ag_1 € Fysuch that A;NAy---NA;_1NS; =0 and

d—1
yAlquumuAd,l—Sﬂng.

Setting A, = A; U Fy for i < d—1, we deduce that A; € F, AiNA,---NA, NS, =0,
and

[(AJUASU---UA, US| =|F|+[(AiUAy U---UAg 1) — Si| + |5

d—1 d—3 d—3 d+1
<k—-Il4+——I+k=2k+——1<2k k=
< + 5 + + 5 'S + 5 5

k,

contradicting the assumption of the theorem. Up to now, we have shown that F
satisfies the conditions in Lemma 2.4. For [ > 2, by Lemma 2.4 we find that

A< (7))
Evidently, for |Y| =n —tk < k — 2, we have
HFeF: |[FNY|=k—-1}|=0.
For the case |Y| = k — 1, we have
HFeF: |FNY|=k-1} <d—1<Fk—1.

Otherwise we can choose d — 1 sets Aq,..., Ay_1 € F together with S; in violation of
the assumption of the theorem. When |Y| > k, it follows from (12) that

{FeF: |FNY|=k-1}| < (2__7"1’“)

which implies
k

{FeF:|FnY|=k-1}| <Y (”k__tl"“).

=1

Finally,

E

<
Fl < k]

(=) -orerirmn-ecn

13

Y
(' ')w+|{Fef:|Fer=k—1}\
l

2

M=

=2



_ i(m){( __11>—1]+|{Fef:|pmw:k—1}\

=1

_ zk:(”_tk)(l_l) Xk:( )+|{F€]—":|FﬂY|:k—1}|

=1 =1

- n—1
k—1)’

as required. This completes the proof.
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