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1 Introduction

The objective of this paper is to prove a conjecture of Liu and Wang [17] on the
g-log-convexity of the polynomials

Walg) =3 (quk. (1)

k=0

The polynomial W,,(q) has appeared as the rank generating function of the lattice of
noncrossing partitions of type B on [n] = {1,2,...,n}, see Reiner [12] and Simion [14].
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n

The coefficients ( k)Q have been called the Narayana numbers of type B by Fomin and
Reading [9]. Consequently, we will call W,,(q) the Narayana polynomials of type B. For
the type A case, the rank generating function of the lattice of noncrossing partitions
on [n] is equal to the Narayana polynomial

Na(g) = Z%(Z) (1) (12)

k=
Liu and Wang [17] also conjectured that N, (q) are g-log-convex. This conjecture has
been proved by Chen, Wang and Yang [6].

The polynomials W, (¢) also arise in the theory of growth series of the root lattice.
Recall that the classical root lattice A, is generated by M = {e; —e; : 0 < i,j <
n + 1withi # j}. The growth series is defined to be the generating function

Glq) =Y S(k)d",

k>0

where S(k) is the number of elements u € A, with length k. It is known that G(q) is
a rational function of the form

where d is the rank of A, and h(q) is a polynomial of degree less than or equal to d.
The polynomial h(q) is defined to be the coordinator polynomial of the growth series,
see [2]. Recently, Ardila, Beck, Hosten, Pfeifle and K. Seashore [1] have shown that
the above coordinator polynomial h(q) of A,, equals the polynomial W, (q).

Recall that a sequence {ay}x>0 of nonnegative numbers is said to be log-convex if
ap_1ar11 > aj for any k > 1. The g-log-convexity is a property defined in [17] for
sequences of polynomials over the field of real numbers, in contrast with the concept of
g-log-concavity introduced by Stanley, see Brenti [3], and studied by Butler [4], Krat-
tenthaler [10], Leroux [11] and Sagan [13]. Given a sequence { f,,(q) }»>0 of polynomials
in ¢, we say that it is ¢-log-convex if for any k > 1 the difference

Jr41(0) fr-1(q) — fr(q)?

has nonnegative coefficients as a polynomial in ¢. It has been shown that many com-
binatorial polynomials are ¢-log-convex, such as the Bell polynomials, the Fulerian
polynomials, the Bessel polynomials, the Ramanujan polynomials and the Dowling
polynomials, see Liu and Wang [17], and Chen, Wang and Yang [7]. Meanwhile, it
should be noticed that Butler and Flanigan [5] gave a different notion of ¢-log-convexity



in their study of ¢g-Catalan numbers, namely, a sequence of polynomials (fx(q))k>0 is
called ¢-log-convex if

Sm-1(@) fas1(@) = " fu(@) (@)

has nonnegative coefficients for n > m > 1. However, the polynomials W,,(¢) do not
form a g-log-convex sequence in the sense of Butler and Flanigan.

Clearly, if a sequence { f,,(q) }n>0 is g-log-convex, then for any fixed positive number
q the sequence {f,(q)}n>0 is log-convex. It is readily seen that the sequence of the
central binomial coefficients {b, },>¢ is log-convex, where

= (1) =2 ()

Dosli¢ and Veljan [8] obtained the log-convexity of the sequence of the central Delannoy

numbers {d, },>0, where
n 2
n
d, = ok,
> (1)

k=0

These two instance are supportive of the conjecture on the g-log-convexity of W, (q),
see [17, Conjecture 5.3]. We will give a proof of this conjecture.

Theorem 1.1 The polynomials W, (q) form a q-log-conver sequence.

By using the principal specialization, the g-log-convexity of W,,(q) follows from the
Schur positivity of a sum of products of elementary symmetric functions. We will
establish an identity on symmetric functions by showing that both sides satisfy the
same recurrence relation. To derive the required recurrence relation, we employ the
Jacobi-Trudi identity and Pieri’s rule for Schur functions. We note that in general the

polynomials
S (}) o nzo

k=0

are not g-log-convex for m > 3.

The second result of this paper is concerned with a condition on linear transforma-
tions that preserve log-convexity. Let {a(n, k) }o<r<n be a triangular array of numbers.
The linear transformation on a sequence {xj}r>o with respect to a triangular array
{a(n, k) }o<k<n is defined by

n

Yp = Z a(n, k)xy.

k=0



Such a transformation is called log-convezity preserving if {y, },>o is log-convex when-
ever {zg}tr>o is log-convex. Liu and Wang [17] obtained a sufficient condition on a
triangular array which ensures the corresponding transformation is log-convexity pre-
serving.

Given a triangular array {a(n, k) }o<g<n, define a(n,r, k) by

an,r k) = an+1,k)an—1,r—k)+an+ 1,7 —k)a(n —1,k)
—2a(n,r — k)a(n, k), (1.3)

wheren > 1, 0<r<2nand 0 <k < L%J The sufficient condition of Liu and Wang
is stated as follows.

Theorem 1.2 ([17, Theorem 4.8]) Assume that the polynomials

n

An(q) =) aln, k)¢"

k=0

form a q-log-convex sequence. For any given n and r, if there exists an integer k' =
K'(n,r) such that a(n,r, k) > 0 for k < k' and a(n,r,k) < 0 for k > k', then the
linear transformation with respect to the triangular array {a(n, k) }o<k<n is log-convexity
preserving.

Liu and Wang conjectured that the above sufficient condition holds for the coeffi-
cients of W,,(q). We will show that this conjecture is true.

Theorem 1.3 The linear transformation with respect to the triangular array {(Z)Q}OSkSn
18 log-convexity preserving.

This paper is organized as follows. We recall some definitions and known results
on symmetric functions in Section 2. In Section 3, we will give an inductive proof of
the identity which implies the desired Schur positivity. In Section 4, we will present
the proofs of Theorem 1.1 and Theorem 1.3.

2 Background on symmetric functions

Throughout this paper, we will adopt the notation and terminology on partitions and
symmetric functions in Stanley [15]. Recall that a partition X of a nonnegative integer n
is a weakly decreasing sequence (A, Ao, . ..) of nonnegative integers satisfying >, \; =



n, denoted A - n. We usually omit the parts A; = 0. We also denote a partition A - n
by (n,...,2m2 1™ ) if A has m; i’s for 1 < i < n. Let Par(n) denote the set of
partitions of n.

If A n, we draw a left-justified array of n squares with \; squares in the i-th row.
This array is called the Young diagram of A. By transposing the diagram of \, we
get the conjugate partition of \, denoted A'. We use  C A to denote that the Young
diagram of p is contained in the diagram of .

A semistandard Young tableau of shape A is an array T' = (7;;) of positive integers
of shape A such that it is weakly increasing in each row and strictly increasing in
each column. The type of T' is defined as the composition a = (ay, g, ...), where o;
is the number of i’s in T. Let z = (x1,x2,...) be a sequence of indeterminates. If
type(T) = «, then we write

T
xt =aftag? e

The Schur function s\(x) is defined as the generating function
sx(z) = Z zT,
T

summed over semistandard Young tableaux T of shape A\. When A\ = (), we set sg(x) =
1.

It is well known that Schur functions sy(z) form a basis for the ring of symmetric
functions. A symmetric function f(x) is called Schur positive if the coefficients a) are
all nonnegative in the Schur expansion f(z) =), axs\(z).

When A = (1%) with k& > 1, the Schur function sy(x) becomes the k-th elementary
symmetric function eg(z), i.e.,

sam(r) = ep(z) = Z Tiy - Ty (2.4)

1<t < <1p

The dual Jacobi-Trudi identity gives an expression of the Schur function sy(z) in
terms of the elementary symmetric functions.

Theorem 2.1 ([15, Corollary 7.16.2]) Let A\ be a partition with the largest part < n
and X' its conjugate. Then

sa(z) = det<€>\i’—i+j (x))?,j:p

where eg =1 and e, =0 for k < 0.



Given any symmetric function f(x), we may omit the variable set = if no confusion
arises in the context. Now let us review the definition of the principal specialization
psk of a symmetric function. For any symmetric function f, the action of ps’. is defined
as

In particular, by (2.4), we have ps},(e;) = (}) and

psy(ex) = ps,_y (ex + e-1), (2.5)

which is a restatement of the relation
n\y (n—1 N n—1
k) k k—1)
We will also need the dual version of Pieri’s rule which expresses the product of a
Schur function s, and an elementary symmetric function e;, in terms of Schur functions.

Theorem 2.2 ([15]) We have

Sp€r = E S\,

A
summed over partitions A such that p C X and the difference of the Young diagrams of
A and p contains no two squares in the same row.

3 A Schur Positivity Identity

In this section, we aim to establish the following Schur positivity identity which will
be used to prove the g-log-convexity of W, (q).

Theorem 3.1 For any r > 1, we have

T

E (€k—1€k—1€r—kCr—k + CL_2€kCr_REr_k — 2€}_1CkCr_f_1Cr_}) = E Sx, (3.6)
k=0 )

where X sums over all partitions of 2r —2 of the form (4, 3%s 2%2 121) with iy, i, i3, 14
being nonnegative integers.

Before proceeding to prove the above theorem, we will give the illustrations for
r = 3,4,5. By using the Maple package ACE [18], or SF [16], we find that

3
E (Ek—1€k—1€3_k€3—) + CL_2€KE3 k€3 — 2€5_1€1C3_k—1€3_k)
k=0



= S(14) T S(22) + (),
4
Z(€k71€k71€47k€47k + €x_o€res pey g — 261@7161@6471@7164%)
k=0
= 5(16) + 5(22,12) + 5(4,12) + 5(32),

]

(€k—1€K—1€5_k€5_k + €k_2€Ke5_kE5 | — 2€)_1€KE5_k—1€5—F)

b
Il
o

= 5(4,22) + S(42) + 5(18) + 5(22,14) + S(24) + S(4,14) + 5(32,12)-

Let L(r) and R(r) denote the left-hand side and the right-hand side of (3.6), respec-
tively. We will proceed to prove Theorem 3.1 by showing that L(r) and R(r) satisfy
the same recurrence relation. It is easy to find the recurrence relation of R(r). To
derive the recurrence relation of L(r), we will need several lemmas. For the sake of
presentation, for t > 0, we define

Ai(t, Ky, g) = S(3i, 2k—i+s 14t=3k—2j—1),
As(t ki, j) = S(3¢, 2k—iti, 14t-3k—2j—1),
As(t ki, j) = ex— 15(31, 2k—i+i, 14t—3k—2j—i+1),
Au(t, Ky, 5) = S(3i, 2k—iti—1 14t—3k—2j—i+2),
Bi(t, ki, 7) = exs(si or—its 11-36-25-i-2),
By(t, ki, 5) = S(3i, 2k—i+i 14t—3k—2j—i-2),
Bs(t, k,i,5) = ex— 15(3i, 2k—i+7 14t—3k—2j—i—1),
By(t, k,i,5) = €S (31, 2k—iti—1 14t=3k—2j—i),
and
t  k 2t—2k
A =)D Ayt ki ),
k=0 i=0 j=0



Bl(t): Z Z Bl(t7k7i7j)7

Bo(t) = f: Z By(t, k.14, §),
By(t) =) ), D Bultkij),
Bult) =) 3 D Balt: ki j).
The following lemma gives explicit expressions for L(r) according to the parity of

Lemma 3.2 Fort > 0, we have

L2t +1) = Ay (t) + As(t) — As(t) — Au(t),
L(2t) = By (t) + By(t) — Bs(t) — Ba(t).

Proof. For any r > 0, we have

T

L(r) = (er-16k-16r—k€r—k + Ck2€kCr_r€r_k — 2€4_1€kErk—1€r—t)
k=0

T
= E (6k71€k716r7k€r7k - €k71€k€rfk71€rfk)
k=0
.

+ E (€k—2€kEr—ker—k — CL—1€KCr—k—1Er—k)

k=0
T
€ e
:Zek,ler,k det (6 k=1 k )
=0 r—k—1 Er—k
T
€k—2  Cg—1
+ Zerr_k det (er_k_1 er_k) .
k=0
By the dual Jacobi-Trudi identity, we find that
T T
L(’I“) = Z ek_ler_kS(Qr—k’:le—r—l) — Z €k_1€r_k8(2k7lr—2k—1)
k1zr—k ho16roko1



T

+ E €kCr—kS(2r—k, 12k—r—2) — E €kCr—kS(2k—1, 1r—2k).

k=0
k— 2>r k kE—2<r—k—1

Applying the dual version of Pieri’s rule to the products ey _18r—k 126-r-1y, € S(or 1r—26-1), €1S(gr—k 1251~
and e, jS(gk-1 1r-2x), We get

r—k 2k—r—1
E E E €T k8312rk1+J 12kr2]+k7,j)
k=0 0 =0
k—1>r—k = =
k r—2k—1
- E E E ek 15 31 2k—i+j J1r— 2k—j4+r—k—i—j— 1)
0 0
k— 1<7‘ k 1 = ]

r r—k 2k—r—2

+ E E E er k-ngQrkH—] 12k72]+k1])

= 0 =0
k:2>rkl =

r k—1 r—2k

- E E E €k8 31 2k—it+j—1 S K 2k—j4+r—k—i— ])

=0 j=0
k:2<rk1 j

Setting r = 2t or r = 2t + 1, we obtain the required relations. |

To find a recurrence relation for L(r), we need the operator A* associated with
a partition u, which acts on symmetric functions. This operator was introduced by
Chen, Wang and Yang [6]. Given two partitions A and pu, let A U o be the partition
whose parts are obtained by taking the union of the parts of A and u. For a symmetric
function f with the expansion
F=> as,
A

the action of A* on f is defined by

= E xS Up-
A

In order to compute the difference L(2t41)—A®Y L(2t), we will evaluate A,,(t, k, i, j)—
ASY(B,,(t,k,i,7)) for 1 <m < 4. In fact, we will be able to express these differences
as double sums of Schur functions. For ¢ > 0, let

Bi+1  min(B2,63+1)

Ti(t,i,7, k) P(t,k+1,i,j —1,a,b),
-2 2

B1 min(B2,83)

Ty(t,i,7, k) Z Z P(t, k,i,j,a,b),



b1
T4(t7i7]7k) =
a=0
B1—1
T5(t7i7j7 k) =
a=0
B1—2
Tﬁ(t7i7j7k) =
a=0
B1—1
T7(t7i7j7 k) =
a=0
B1—2
TS(t7iajak) =
a=0
where
P(t,k,i,j,a,b) =
B
By =
B3 =

min(B2,83+1)
P<t7k+ 172.’]- - 17aab)7

min(B2,53)

S(4a,3i—a+b o4t—2k—2i—j—b 14k+it2j—a—b—4t),
4k 41+ 25 — 4,

k—i+y7,

Ak +i+2j —a — 4t

We now have the following relations.

Lemma 3.3 Lett > 0.

(i) If0<k<t—10<i<k0<j<2t—2k—1, then

A1<t7k7i7j) - A(IVI)(Bl(tv k’,Z,])) - Tl(t7iaj7 k) + TZ(tai7j7 k)

(i) FO<k<t—1,0<i<k0<j<2t—2k—2, then

As(t, ki, ) — ABD(By(t, ki, 5)) = Ta(t, i, 5, k) + Tu(t, i, j, k).

(iii) If1<k<t—1,0<i<k0<j<2t—2k—1, then

A3<t7 kvlvj) - A(171)(B3(ta ka Z7.]>) = TS(tiajv k) + Tﬁ(ta iaja k)
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(iv) If1<k<t0<i<k—10<j<2t—2k, then
Ayt ki, §) — ABD(By(t, ki, 5)) = To(t, i, 4, k) + Tx(t, 4, j, k).

Proof. We only give the proof of (i). The proofs of (ii), (iii) and (iv) are analogous to
that of (i). Recall that

Al (t, ]{, Z,j) = CS(3i,2k—it] 14t=3k—=2j—i), Bl(t, k, Z,j) = € S(3i,2k—i+] 14t—3k—2j—i=2).

Applying the dual version of Pieri’s rule, we see that

Ayt k,i,5) = E S(4a,3i—a+b gk—i+j—b+e 14t—3k—2j—i—ctdy,
(a7b7c7d)

where the sum ranges over nonnegative integer sequences (a, b, ¢, d) satisfying
a+b+c+d=k a<i,b<k—i+j c<4t—3k—25—1.

Note that the shape (4%, 3i-atb gk=iti=bte qdi=3k=2j-i=ctd) i ohtained from the Young
diagram of (3¢, 2k=#J 14-3k=21=1) by adding a squares in the fourth column, b squares
in the third column, ¢ squares in the second column, and d squares in the first column.
Similarly, we see that

Bl (t, k‘, i, j) = E S(4a73i7a+b72kfi+jfb+c7 14t—3k—2j—i—2—c+d),
(a,b,(,"d)

summed over nonnegative integer sequences (a, b, ¢, d) satisfying
a+b+c+d=k, a<i,b<k—i+j c<4t—3k—2j—1—2.
Therefore,
Ai(t, k1, 5) = ARD(B(L 4, 7))

= E S(4a,gi—atb gk—itj—bte 4t—3k—2j—i—ctd)

(a,b,c,d)
c=4t—3k—2j—i

+ E S(4a,gi—a+b gk—itj—btc 14t—3k—2j—i—c+d),

(a,b,c,d)
c=4t—3k—2j—i—1

where both sums range over nonnegative integers a, b, d satisfying

a<i,b<k—i1+j,a+b+c+d=k.

11



Since 0 < j < 2t — 2k — 1, we have

k— (4 — 3k —2j — i) =4k + 2j +i — 4t
<Ak +2(2t— 2k — 1) +i—4t <1,

and

k:—(4t—3k—2j—i—1):4k+2j+i—4t+1
<4k +22t—2k—1)+i—4t+1<1.
Hence
Al(ta kvlaj) - A(Ll)(Bl(ta k,Z,])) = Tl(t>i7j7 k) + TZ(taiaja k)
This completes the proof of (i). |

In light of the above lemma, we will show that L(2¢t + 1) — AGYDL(2t) can be
expressed in terms of ten sums T} (t), T5(t), ..., Tio(t), as defined below,

t—1 k 2t—2k—1 t—1 k 2t—2k—1
Tl(t) :ZZ Z Tl(tvivja k)v TQ(t) = Z TQ(tﬂ.aja ]{7),
k=0 i=0 j=0 k=0 i=0 ;=0
t—1 k 2t—2k—2 t—1 k 2t—2k—2
) =)%Y Ttigk), Tu)=> > > Titijk),
k=0 i=0 j5=0 k=0 i=0 j5=0
t—1 k 2t—2k—1 t—1 k 2t—2k—1
T5(t) :ZZ Z T5(t7i7ja k)u TG(t) = Z Tﬁ(t7iaja k)a
k=1 i=0 5=0 k=1 i=0 j5=0
t k—12t—2k t k—12t—2k
T7(t) :ZZ Z T?(t7i7j7k)v TS(t) = TS(t7i7j7k))
k=1 i=0 j5=0 k=1 =0 5=0
t t—1
Tg (t) = Z 6k5(3k722t—2k), TlO (t) = 6k8(3k+1722t—2k—27 1)
k=0 k=0

Lemma 3.4 Fort > 0, we have
L2t + 1) — ABVL2t) = (Ty(t) + Tu(t) + Ts(t) + Tu(t))
— (T5(t) + To(t) + Tr(t) + T5(t)) + (To(t) — Tho(t)).
Proof. By Lemma 3.2, L(2t 4+ 1) — AGDL(2t) equals
(A1(t) — APYBy (1) + (Aa(t) — ANY By(t))

= (A3(t) = ANV Bs(#)) — (Au(t) — ATV By (1))

12



t  k 2t—2k t—1 k 2t—2k—1
:( ZZAl(t k,’L,j ZZ Z All Bltkvlh?)))
k

=0 i=0 ;=0 k=0 i=0 ;=0

t—1 k 2t—2k—1 t—1 k 2t—2k—2
—i—( Z Z Ao(t, kyiyj) ZZ Z ALD( Bgtkzy))>
k=0 =0 5=0 k=0 =0 j=
t ok 2t-2k t—1 k 2t—2k—1
- ( Z AB(t> ka%]) - Z Z A(l 1)<BS(t?kvz7]))
k=1 =0 j=0 k=1 =0 j5=0
t k—12t—2k+1 t k—12t—2k
- ( A4(t,k,i,]) - A(171)(B4(t’k727]))
k=1 =0 5=0 k=1 =0 5=0
t ok t—1 k
=D ) At ki 2t = 2k) + Y > Ag(t ki, 2t — 2k — 1)
k=0 i=0 k=0 i=0
t—1 &k 2t—2k—1
+YY (Ai(t, ki, 5) — ACD(B (¢, k4, 7))
k=0 i=0 j=0
t—1 &k 2t—2k—2
+> Y (Aa(t, k4, 5) — AUD(By(t, k.4, 7))
k=0 i=0  j=0
t ok t k-1
— 3O As(t ki 2t — 2k) — Aglt, ki, 2t — 2k +1)
k=1 i=0 k=1 i=0
t—1 k 2t—2k—1
- ZZ <A3<t7 k7Z7.7> _A(171)<B3(t7k7i7j)))
k=1 i=0 j=0
t k—12t—2k
— (As(t, ki, ) — ABD(By(t, k,i, 7)) -
k=1 i=0 ;=0
Applying Lemma 3.3, we get the desired relation. 1

In order to derive a recurrence relation of L(r), we still need to compute
(L2t +1)+1) = ABYLE(E 4+ 1)) — APD(L(2t + 1) — ABDL(2t)).

By Lemma 3.4, the above expression equals

SO+ 1) - ACUL(0) - SO+ 1) - AR ()
} + (Tt +1) — A(2’2)Tg(t))tL (Tio(t + 1) = AB2Ty(1)). (3.7)

13



Set

Q1(t, k1, J,a,b) = S(ga gh-atbi1 gtt—ak—j—b-1 15k+2j-a—b-at+3),
Q2(t, K, 1, J,a,b) = S(4a gh-atit1 gir—sk—i-2j 13k+2i+j—a—dtt1y,
=5k 42 +2—dt,
Yo =5k + 27 —a+ 2 — 4t,
g = 3k + 20+ j — 4t

and let

k=0 j a=0 b=0
t k 2t—2k—1 Y3
T12<t) = Z ZQQ(t7k>iaj7aﬂb)7
k=0 =0 7=0 a=0
t—1 2t—2k—2~v1+1 min(j+1,y2+1)
T21(t> - Ql(t7 k7i7j7a7b>7
k=0 j=—1 a=0 b=0
t—1 k—1 2t—2k—1 v3+1
T22<t) = ZQQ(takvi7j7a7b)7
k=0 i=—1  j=0 a=0
t 2t—2k—2 71 min(jy2)
T31(t> = Z Ql(takazajaaa b)>
k=0 j=0 a=0 b=0

k=0 1 7=0
t—1 2t—2k—3 y1+1 min(j+1,92+1)

T41(t> = Ql(t7k7i7j7a7b>7
k=0 j=—-1 a=0 b=0

T(t)=>_ Y > Qa(t ki, joab),
; j a=0

T51<t) = Ql(takai>j7aa b)7



t—1 k-1 2t—2k—1 Y3

Tsa(t) = > @alt ki j,a,b),

k=0 i=—1 §=0 a=0

t—1 2t—2k—3 v1+1 min(j+2,72+1)

T61<t) = Ql(t7k7iaj7a7b>7

t—3 k42 2t—2k—3 v3+1

To)=)_ >, >, > @ltkijab),

k=—2 i=0 j=2

t 2t—2k—2~y1+1 min(j+1,72)

Ta(t)=>_ > > > Qltkijab),

k=0 j=—2 a=0 b=—1

t k-1 2t—2k—1 Y3

T72<t> = Z ZQQ(tak>i7j7aab>7

k=0 i=0 j=—1 a=0

141 min(j,72+1)

-
|
—
)
~
|
™)
ES
|
N
2

T81(t> = Z Ql(t7k7i7ja a7b>a
k=0 j=0 a=0 b=0
t—1 k 2t—2k—2 v3+1

ng(t) = Z ZQQ(takai7j7aab)'

k=—1 i=0 j=0 a=0

The following lemma shows that each T;(t + 1) — AZ2T;(t) can be expressed in
terms of two sums for 1 < ¢ < 8, where each sum is a quadruple sum of Schur functions.

Lemma 3.5 Fort >0 and 1 <1 <8, we have
Ti(t + 1) — APAT () = T (t) + Tia(t).
Proof. We will give only the proof of the identity for T7(¢), since the other cases can

be verified by the same argument. Observe that

2%—2k—1  4dk+i+2j—A4t+1  min(k—i+j,dk+it+2j—a—A4t+1)

T\(t) = i Z Z

k=0 i=0 j=0 a=0 b=0

(S(4a’3i—a+b’24t72k72i—j—b71’14k+i+2j7a7b—4t+2)) .

We have

2%—2k+1  Ak+i+2j—4t—3  min(k—i+j,dk+it+2j—a—4t—3)

Ti(t+1) = i Z Z

k=0 i=0 j=0 a=0 b=0

15



(S(4a7 gi—a+b 9dt—2k—2i—j—b+3 14k+i+2j7a7b74t72))

t—1 k41 2t—2k—1  Ak-+i+2j—4t+1  min(k—it+j+1,4k+it2j—a—4t4+1)

=222 X 2

k=—1 1=0 7=0 a=0 b=0
(S(4a7 Fi—atb 04t—2k—2i—j—b+1 14k+i+2j—a—b—4t+2))

t—1 k+12t—2k—1  4dk+i+2j—4t+1  min(k—itj+1,4k+i+2j—a—4t+1)

= 2 2

k=0 i=0 j=0 a=0 b=0
(S(4a73i—a+b’24t—2k—2i—j—b+1714k+i+2j—a—b—4t+2)) y

where the last equality holds because the upper bound 4k + i + 25 — 4t + 1 of a is
negative for k = —1. Hence we deduce that

Ty(t+1) — ABIT (1)

o~

—1 k41 2t—2k—1  4k+i+2j—4t+1  min(k—i+j+1,4k+i+2j—a—4t+1)

=2 2 2 2

i=k+1 =0 a=0 b=0

™
[en]

.

S(4a73i—a+b724t—2k—2i7jfb+1’14k+i+2j7a7b—4t+2))

E 20—2k—1  4k+it2j—4t+1  min(k—it+j+1,4k+i+2j—a—4t+1)
2.2 2 2
k=0 =0 j=0 a=0 b=0

(S(4a7 Ji—a+b 94t—2k—2i—j—b+1 14k+i+2j7a7b—4t+2))

=1 k 2—2k—1 4k+it2j—4t+1  min(k—i+jAk-+i+2j—a—4t+1)
k=0 i=0 j=0 a=0 b=0

(8(4(17 Ji—a+b 9dt—2k—2i—j—b+1 14k+i+2j7a7b—4t+2))

t—1 k+1 2t—2k—1  4k+i+2j—4t+1 min(k—i+j+1,4k+i4+2j—a—4t+1)

- 2 2

k=0 i=k+1 j=0 a=0 b=0

S(4a, gi—atb gt—2k—2i—j—bt1 14k+i+2j7a7b74t+2))

t—1 k 2t—2k—1 4k+i4-25—4t+1 k—i+j+1
2.2 2 2
k=0 =0 j=0 a=0 b=0

k—itj+1<4k+it2j—a—at+1

16



(8(411, gi—a+b 9dt—2k—2i—j—b+1 14k+i+2j7a7b74t+2))

t—1 k 2t—2k—1 4k+i+25—4t+1 k—i+j
=0 =0 j:O a=0 b=0

k—itj+1<dk+it2j—a—at+1

(8(4(17 Ji—a+b 94t—2k—2i—j—b+1 14k+i+2j—a—b—4t+2))

t—1 k41 2t—2k—1  4k+i+2j—4t+1  min(k—i+j+1,4k+i+2j—a—4t+1)

)OED DD 2

k=0 i=k+1 j5=0 a=0 b=0

(8(4(17 Ji—a+b 94t—2k—2i—j—b+1 14k+i+2j7a7b—4t+2))

t—1 k 2t—2k-1 4k+i4-25—4t+1 k—i+j+1
2.0 > >
k=0 =0 ]:O a=0 b=l{?72+]+1

k—itj+1<dk+it2j—a—at+1

(8(4(17 gi—a+b 9dt—2k—2i—j—b+1 14k+i+2j7a7b74t+2))

t—1 2t—2k—1 5k-+2j+2—4t min(j,5k+2j—a+2—4t)

22 2

k=0 a=0 b=0

Q

(8(411, 3k—a+b+1l 94t—dk—j—b-1 15k+2j—a—b—4t+3))

2t—2k—1  3k+42i4j—4t

t—1 k
+Y > ZO
P

k=0 =0 a=0
(8(4a73k—a+j+1724t—3k—i—2j’ 13k+2i+j7a—4t+1)) ,
as desired. This completes the proof.

In order to compute (3.7), it is necessary to simplify

4 8

D (Tt +1) = APIT (1) = Y (Tt + 1) = APIT (1)),

i=1 =5
By the above lemma, (3.13) equals

4 8

Z(Tz‘l(t) + Tia(t)) — Z(Tﬂ(t) + Tio(t)).

i=1 =5

17
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Moreover, we need to rearrange the terms into groups in order to reduce the relevant
quadruple sums to triple sums, and further to double sums. For ¢ > 0, let

H~

—1 2t—2k—1 5k-+j—4t—1

S(4a, 3k—atj+1 94t—4k—2j+1 15k+j—1-4t—a),

"
: L[]

k=0 a=0
t—1 2t—2k—2 5k+j—4t+2

Ng(t) = E S(40,3k—atj+1 94t—4k—2j—1 15k+j+3—4t—a),
k=0 j=0 a=0
t—1 k min(2t—2k—2,k—a)

N3(t) = E E S(4a,3k—a+b+1 92t—2k—b 1k—a—bt1),
k=0 a=0 b=0
t—1 k min(2t—2k—1,k—a)

N4(t) = E S(4a73k+17u+b,22t72k7b71k+17a7b)7

t—1 2t—2k—2 5k+25—4t+3

N5 (t) = E E S(4a736k—4t+2j—2a+4’28t—9k—3j+a—4),
Jj=0

a=max(0,5k+j—4t+3)

t—1 2t—2k—1 5k+2j—4t+1

NG(t) = E S(4a,36k74t+2j72a+2,28t79k73j+a71),
k=0 j=0 a=max(0,5k+j—4t+1)

t—1 2t—2k—2  Sk+4j+2—4t

M1 (t) = E E S(4a, 3k+1—a+j 94t—2j—1-4k 15k+j—dt+3—a),
=0

k=0 J a=0

t—1  2t—2k—2  Bktj—4t—1

M2 (t) = S(4a,3k+1—atj 94t+1-4k—2j 15k+j—4t—1—a),
k=0 j=0 a=0
t—1 k k—2t+21—4

M = E E S(4a,32t—k—a ok+4—i 1k+2i-2t—4—a),
k=0 i=1 a=0

t—1 k k+2i—2t—1

M,y(t) = E S(4a,32t—a—k gk—i+2 1k+2i-2t-a),
i a=0

2t—2k—2 3k+j+2i—4t+1

1=0
k
M5(t) = Z Z Z 8(4(173k+17a+j724t72j7i73k),
1=0
k
2

Jj=0  a=max(0,3k+j+2i—4¢+1)

2t—2k—1 3k+j+2i—4t—1

E S(4a, 3k+1—atj 94t—2j—i—3k+1).
k=1 11=0 j=0 a=max(0,3k+j+2i—4t—1)

18



The following lemma shows that one can group the terms 7} (¢) and T;5(t) to reduce
(3.14) to triple sums.

Lemma 3.6 Fort > 0, we have

T (t) = Tar(t) = — Ni(t),

T (t) — Tra(t) =Na(t) — Ns(t),
T (t) — T () =Na(t) — Ns(t),
T (t) — T51(t) =Ne(t),

Tia(t) — Tra(t) = — Ma(2)

Tia(t) — Tea(t) =Ma(t) — Ms(t),
Tha(t) — Tsa(t) =Mu(t) — Ms(t),
Toa(t) — Ts2(t) =Ms(2)

Proof. We will only give the derivation of the first identity, since the other relations
can be verified by the same argument. Using the notation Q+(¢, k, 1, j, a,b), 71 and s,
as given in (3.8)—(3.11), we find

T41(t) _T61(t) = Ql(t, k:,i,j,a,b)

k=0 j=-2 a=0 b=0
t—1 2t—2k—3 v1+1 min(j+2,72+1)

- Ql(tukal7j7a’7b)
k=0 j=—2 a=0 b=0

k=0 j=-2 a=0 p=j+2
J+2<vyo+1

t—1 2¢t—2k—3 5k+j—4t+1
= — Ql(tak7i7j7a7j+2)'



Substituting j with 7 — 2 in the last summation, we are led to the required relation.
This completes the proof.

For t > 0, let

t—1 2t—2k—1 5k+j—dt—1

2.

k=1 j=0 a=max(0,5k+j—4t—1)

S(40,32t—k—a 2 13k—2t—a+2),

k=0 a=0

t—1 S5k—4t+1

E 8(4a73k+17a’24t74k),

k=0 a=max(0,5k—4t+1)

t—1 2t—2k—2 Sk+j—4t+2

2 2

a=max(0,5k+j—4t+2)

t—2 2t—2k—-3 5k+j—4t+3

2 2.

j=1 a=max(0,5k+j—4t+3)

t—3
S(4a73t7a723’1t—u—2),
a=0
t—2 5k—4t42
E S(4a73k+17a,24t74k71’15k74t7a+3)7
k=0 a=0
t—2 3k—2t
E S(4a,32t—k—a—1 93 13k—2t—a+1),
k=0 a=0
t—1 3k—2t—1
S(4a732t—u7k’22713k—2t—a),
k=0 a=0
t—1 3k—2t—-3
3(4(17322&70,71@723,13k72t7a72),
k=0 a=0

20

E S(40, 3k—a 94t—4k+3 |5k—4t—a—2),
a=0

5(40,, 3k—atjtl 94t—4k—2j+1),

S(4a,3k+i—at2 94t—4k—2j-2),

S(4a7 3ktl—atj 24t—2j—4k—1),



-
|

1 k-2 k+2i—2t

= E E S(4a, 32t—k—a ok—it+2),

0 i=0 a=max(0,k+2i—2t)

x>
I

t—1 k-1 k—2t+21

E S(4a,32t—a—k ok—i+2),

k=1 i=0 a=max(0,k—2t+21)

—1 2t—2k

~+

2 5k+j—4t+1

E 8(411, 3ktl—atj 94t—4k—2j).
k=1 j=0 a=max(0,5k+j—4t+1)

Dr(t)
Ds(t)
Dy (t) =

The following lemma enables us to express (3.14) in terms of the double sums C;
and D;.

Lemma 3.7 For anyt > 0, we have

Na(t) — Ni(t) =Ci(t) — Ca (1),

Ny(t) — N(t) =Cs(t),

Ng(t) — N5(t) =Cy(t) + Cs(t),

My (t) — My(t) =D1(t) — Da(t) — Ds(t) — Da(2),
Ma(t) = My(t) =Ds(t) + D(t) — Dr(t),

Mg(t) — Ms(t) =Ds(t) — Dolt).

Proof. We have

t—1 2t—2k—2 Sk+j—4t+2
No(t) — S(4a, 3h—a+j+1 94t—ak-2j—1 15k+j+3—dt—a)
j=0 a=0

Bl
Il
o

<.

t—1 2t—2k—1 5k+j—4t—1

S(4a,3k—a+j+1 94t—4k—2j+1 15k+j—1-4t—a)

o

=0 j:O a=0

t 2t—2k 5k+j—4t—3
= S(4a, gh—atj 94t—4k—2j+3 |5k+j—2—4t—a)
k=1 j=0 a=0

H.
)_n

2t—2k—1 5k+j—4t—1

S(4a, 3k—ati+l Qdt—dk—2j+1 15k+j—1—4t—a)

e
I
o

<.

=0

)
I
o



E E S(4a, 3k—atj+1 94t—4k—2j+1 15k+j—1-4t—a)

t 2t—2k—15k+j—4t—2
k=1 j=-1 a=0

t—1 2t—2k—1 bk+j—dt—1

- E E S(4a,3k—a+j+1 94t—4k—2j+1 15k+j—1-4t—a)

k=0 = a=

<
(=)

t  —1 Bk+j—4t—2

= E E S(4a,3k—a+j+1 94t—4k—2j+1 15k+j—1-4t—a)

k=1j=—1 a=0

t 2t—2k—15k+j—4t—2

+ S(4a, 3h—a+j+1 24t—4k—2j+1 15k+j—1—dt—a)

T
—_
N
T
N
T
—_
ot
Ed
+
<.
|
A
T
—_

- S(4a,3k—a+j+1 94t—4k—2j+1 |5k+j—1-4t—a).

It follows that

Similarly, one can verify the other identities. This completes the proof. |

Let us now turn to the Schur expansions of Ty(t + 1) — AC2Ty(t) and Tho(t +1) —
A(Q’Q)Tlo(t). Let

t+1

El(t) = Z S(4a’3t+1—a7lt+l—a)’

3k—2t—1

E S(4a,32t—k—a+1 9 13k—2t—1-a),
a=0
2t

oy

[\

—~

~

N—r

I
Bl )
- ||M~ I
o o

3k 2
Es(t) = S(4a,32t—k—a+2 13k—2t—2—a),
k=0 a=0
t
E4(t) = 8(4a73t+1—a71t+1—a),
a=0
t—1
E5(t) = S(4a,3t+1l-a 2 1t—1-a),
a=0
t—1 3k—2t+1
Es(t) = S(4a,32t—k—a 9 13k+2-2t—ay,
k=0 a=0



E7(t) = E S(4a,32t+1—k—a 13k+1-2t—a),
k=0 a=0
t—1 3k—2t

Eg(t) = E 8(411732t7k7a72727 13k—2t—a)
k=0 a=0
t—1 3k—2t—1

Eg(t) = S(4a,32t+1-k—a 9 13k—1-2t—a).
k=0 a=0

Lemma 3.8 For anyt > 0, we have
To(t +1) — ACITY () = Ey(t) + Fa(t) + Es(t), (3.15)
Tio(t +1) — ABITyo(t) = Ey(t) + Es(t) + Eo(t) + B (t) + Es(t) + Eo(t).  (3.16)

Proof. We will only present the proof of the identity (3.16), because it is easier to prove
(3.15) by means of Pieri’s rule. Recall that

t—1

Tio(t) = Z €S (3h+1, 92t—2k—2 7).
k=0

Thus,

t t—1
Tlo(t + 1) — A(2’2)T10(t) = Z CLS(3k+1 22t—2k 1) — A(2’2) (Z €k5(3k+1722t2k271)>

k=0 k=0
t—1
=€;5(3t+1,1) T E €S (3k+1, 22t—2k 1)
k=0

t—1

— A(272)<€k8(3k+1722t72k727 1)).
k=0

Applying the dual version of Pieri’s rule, we deduce that

t t—1
6t8(3t+171) = E S(4a73t+lfa’1t+1fa) + E S(4a’3t+17a’2’1t717a),
a=0 a=0

and, for 0 < k <t—1,

€L S(qk+1 92t—2k—2 = S(ga 3k+1—a+b 92t—2k—2—b+c 1l—c+d
k°(3 ,2 1) (42,3 ;2 , 1 )
a,b,c,d
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where

0<a<k+1,0<b<2t—-2k—20<c¢<1,d>0,a+b+c+d=Fk.

Therefore,

CrS(3k+1,92t=2k 1)

— A(2’2) (ek3(3k+1, 22t—2k—2 1))

= E 8(4a73k+17¢1+b’22t72k7b+c7117c+d),

a,b,c,d

where

0<a<k+1,2—2k—1<b<2t—-2k0<c<1,d>0,a+b+c+d=k.

In view of the ranges of b and ¢, the above sum can be divided into four sums

3k—2t+1 3k—2t
Za_o S(4a,32t—k—a 2 13k+2-2t—a) —l—Z S(4a,32t+1—k—a 13k+1-2t—a)

3k—2t
+Za0 S4a32tka2213k2ta)+z

This completes the proof.

3k—2t—1

S(4a’ 32t+l—k—a 9 13k—1-2t—a).

We are now ready to give a recurrence relation for L(r) by using the above lemmas.
Note that it is easy to establish a recurrence relation for R(r). For ¢t > 0, let

Ro1(t) = R(2t+1) —A(171)R(2t)
Re.(t) = R(2t+2)— ALVR(2t +1),
Loi(t) = L(2t+1) — ABDL(28),
Lea(t) = L(2t+2)— ALVL2t +1),
and
Roo(t) = Roi(t+1)—AGAR, (1),
Reo(t) = Rea(t+1)—ACIR,(t),
Loa(t) = Lo (t+1)—AGYL, (1),
Lea(t) = Lea(t+1)—ABDL (1)

The following lemma gives the recurrence relations of L(r) and R(r).

Lemma 3.9 Let Pargs 4 (n) denote the set of partitions of n with parts 3 and 4. Then

for any t > 0, we have

RO,Z(t) = Z Sx,

)\EPar{3,4} (4t+4)

LO,Z(t) = Z Sx,

/\EPar{3,4} (4t+4)
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Rea(t) = ). s, (3.17)
)\EPar{3,4} (4t+6)
Leo(t) = Y s (3.18)

/\EPar{3,4} (4t+6)



Proof. The two identities in (3.17) are easy to check. We will focus on the two identities
in (3.18). Here we will consider only the identity concerning L, (), since the identity
for L.s(t) can be verified in the same way.

By Lemma 3.4, we obtain

Loa( =Z (t41) = APIT (1)) = > (T(t + 1) = APIT, (1))

+ (To(t +1) = ACITY(1)) — (Tho(t + 1) — ABITyo(1)).
With the aid of Lemma 3.5, we find that
Lop(t) =(Tur(t) = Ts1(¢)) + (T31(t) — Tra(2)
+ (Ta1(t) = T5:(¢)) + (T2 — Tr2(2))
+ (Th2(t) — Tsa(t)) + (Ta2(t) — T5a(t))
+ (To(t + 1) — APITy(t)) — (Tho(t

N~—
+ +
—
3
-
—~
~
N—
|
o3
=
—
~
N—
N—

Applying Lemmas 3.6-3.8, we obtain

Loa(t) =(Na(t) — Ni(t)) 4 (Na(t) — N3(t)) + (Ne(t) — N5 (1))
+ (Ma(t) — Mi(1)) + (Ma(t) — M5(t)) + (Ms(t) — M5(¢))
+ (Ey(t) + Es(t) + E5(t))
— (E4(t) + E5(t) + E(t) + E7(t) + Es(t) + Eo(t))
=(C1(t) — Cy(t) + C3(t) + Cyu(t) + C5(t))
+ (D1(t) — Do(t) — D3(t) — Dy(t) + Ds(t)
+ Dg(t) — Dr(t) + Ds(t) — Dy(t))
+ (Ev(t) + Es(t) + Es(t) — Eu(t) — E5(t)
— Eg(t) — Ex(t) — Es(t) — Eo(t))
=[(C5(t) — E6(t)) + (Ea(t) — Eo(t)) — Es5(t)]
)



t+1
=04+04+04+0+ Z S(43k—2t=2 34t—ak+4),
k=1

where we have invoked the following relations:

Cs(t) — Eg(t) =0,
Ey(t) — Eo(t) =E5(t),
Dg(t) — Da(t) =0,
Ey(t) — Ey(t) =s(e+),

Cs(t) = Do(t) =D D S(aezo0-r-0,22)
k=1 a=max(0,3k—2t)
t—1 5k—4t+1

- E E S(40, 3k+1-a 24t—4k),

=1 a=max(0,5k—4t+1)

-1 3k—2t

D5(t> — Eg(t) = — Z Z 5(4a732t—k—a’22),

k=0 a=max(0,3k—2t)

t—1 3k—2t—2

Dg(t) - D7(t) = Z Z S(4a,32t—a—k723)7

k=1 a=max(0,3k—2t—2)

3k—2t+1

t—2
D1<t) — CQ(t) = — Z Z S(4a’32t—a—k—1,23),

k=0 a=max(0,3k—2¢+1)

3k—2t—2

t
Eg(t) - E7('[J) = Z Z S(4a732t—k—a+2).

k=1 a=max(0,3k—2t—2)

So we have arrived at the desired Schur expansion of L, (t). This completes the proof.

Based on the above lemma, we obtain the following identities.

Lemma 3.10 Fort > 0, we have

Loi(t) = Roa(t), Lea(t) = Rea(t).

)
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Proof. We conduct induction on t. We first consider that relation L,;(t) = R,1(t).
Clearly, the equality holds for ¢ = 0 and ¢ = 1. Assume that L,;(t — 1) = R,1(t — 1).
Observe that

Loi(t) = Loa(t — 1) + AP L, 1 (t — 1),

Roi(t) = Roo(t — 1) + APPR, (t —1).
It follows from Lemma 3.9 that L,o(t — 1) = R,2(t — 1). Hence by induction we have
L,1(t) = R,1(t). Similarly, it can be shown that L., (t) = Re1(1). |

We have established the recurrence relations for L(r) and R(r). We now give the
proof of Theorem 3.1.

Proof of Theorem 3.1. We conduct induction on r. It is easy to verify that the identity
holds for r = 1. Assume that L(r) = R(r). We wish to prove that L(r+1) = R(r+1).
If r = 2t, we have

L(r+1) = L2t +1) = ABYL2t) + L, 1 (1),
R(r+1) = R(2t + 1) = ACDR(2t) 4+ R, (1),
From Lemma 3.10 it follows that L(r + 1) = R(r + 1). If r = 2t 4+ 1, then
L(r+1) = L(2t +2) = ABYL2t + 1) 4 Lo (1),
R(r+1) = R(2t +2) = ABYR(2t + 1) + Req(1).

By the inductive hypothesis and Lemma 3.10, we arrive at the conclusion that L(r +
1) = R(r + 1). This completes the proof. |

4 The g-log-convexity

In this section, we aim to prove Theorem 1.1 and Theorem 1.3. The proof of Theorem
1.1 is based on the identity (3.6).

Proof of Theorem 1.1. For any n > 1, we have psl(ex) = (Z) So we have

n

Walg) =3 (Z)qu = 3" (psi (e

k=0 k=0
Thus, for any r > 0, the coefficient of ¢" in W,,_1(q)W,11(q) — (W,(q))? is given by
. 2 2 2 2
> psyi(ex) pshi(enr)” — DSh(ex) Dsh(eni)
k=0
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By (2.5), the above sum can be written as

DSy (Z er”(er—i + 2e,_k—1 + 6r—k—2)2 — (ex + 6k—1)2(€r—k + 6r—k—1)2> .
k=0

To evaluate the above sum, we first expand the squares, and then apply the following
relations

T T

2 2 _ 2 2
E CkCr—k—2 = E Cr—1Cr—k-1
k=0 k=0
' T

2 2 _ 2 2
E ekflerfk - E ekerfkfla
k=0 k=0

T s

2 2
§ CLlr—kCr—k—1 = E Cr—kCkCE-1,

k=0 k=0

T T
2 _ 2
€LCr—kCr—k—2 = ) €, j,CLCL—2,
k=0 k=0

T T T

2 _ 2 _ 2
E €k—16r—k€r—k—1 = E €r_k—1€k€k—1 = E €LCr—k—1€r—k—2-
k=0 k=0 k=0

After simplification we reach the following expression

T

1 2 2 2

2ps,_1 ( E €h16r_ 1 T Cp_2€ker_) — 2€k_1eker_k_1eT_k> .
k=0

By (3.6), we see that the sum in the above expression is Schur positive. This implies
that the polynomials W, (q) form a g-log-convex sequence, completing the proof. ]

To prove Theorem 1.3, we introduce the following polynomials. For any n > 1 and
0 <r < 2n, define

flz) = (n+1)%(n—z+1)*(n—2)?
fole) = (n+1)*(n—(r—=z)+1)*n—(r—x))?,
f3(x) = n*tn—z+1)7>%n—(r—z)+1)>2%

Set
f(x) = filz) + folz) — 2f3(2).

Proof of Theorem 1.3. 1t suffices to show that the polynomials W, (q) satisfy the
condition in Theorem 1.2. First, it is easy to see that «(n,r, k), as defined by the
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recurrence relation (1.3), can be rewritten as

alnrk) = e T h T 1)2(1n ot k1) (Z)Z(r . k:)zf(k)’ (4.19)

where n > 1,0 <r <2nand 0 <k < |7]. Clearly, for any n and r, if k <r —n —1,
then n < (r—k)—1 and a(n,r, k) = 0. To ensure that the condition in Theorem 1.2 is
satisfied, we need to show that a(n,r, k) <0 for r —n—1 <k < |5]. Let us consider
the value of f(k) for a given r. Differentiating f(x) with respect to z, we obtain

f'(@) =22z —r)g(x),

where
g(x) = 20% + 4nax® — dnrz — 2rx + 4nr? — 1Tn’r + 200 — 12nr
—8n’r + 1+ 8n + 21n® + 8n" + 22n° + 2r> — 3r.
Differentiating g(x) with respect to x, we get
g (x) =22z —7r)(1+ 2n).

This shows that ¢'(z) < 0 for z < 7. Hence g(x) is decreasing on the interval (—oo, .
Since g(z) — 400 when © — —oo, the polynomial g(x) has at most one real root
on the interval (—oo, 5], say z, if it exists. Consequently, f'(z) either has a unique
root % on the interval (—oo, ], or has two real roots xy and . In the former case,
f(z) is decreasing on the interval (—oo,]. In the latter case, f(z) is decreasing on
the interval (—oo, 2] and increasing on the interval [z, 7]. Combining the above two

cases, it suffices to show that f(r/2) < 0. Observe that

F(r/2) =2(n+1)? (n— g + 1)2 <n— 5)2 —op? <n— g + 1)4

_r(2n(2n = 1) + (2n —7) +2n)(2 + 2n — 1)?
8 )

which is nonpositive for 0 < r < 2n. By (4.19), there exists an integer &’ = k’(n, r) such
that a(n,r k) > 0 for k < k' and a(n,r, k) <0 for k > k’. Therefore, by Theorem 1.1
and Theorem 1.2, we conclude that the linear transformation defined by the triangular
array {(2)2}099 preserves log-convexity. This completes the proof. ]
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