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Abstract. The Dirichlet series L,,(s) are of fundamental importance in number theory.
Shanks defined the generalized Euler and class numbers in connection with the Dirichlet
series, denoted by {smn}tn>0. We obtain a formula for the exponential generating function
Sm(2) of sy, n, where m is an arbitrary positive integer. In particular, for m > 1, say, m = bu?,
where b is square-free and u > 1, we show that s,,(x) can be expressed as a linear combination
of the four functions w(b,t)sec(btx)(+£ cos((b — p)tx) + sin(ptx)), where p is a nonnegative
integer not exceeding b, t|u? and w(b,t) = Kyt/u with K being a constant depending on b.
Moreover, the Dirichlet series L, (s) can be easily computed from the generating function
formula for s,,(z). Finally, we show that the main ingredient in the formula for s, , has a
combinatorial interpretation in terms of the A-alternating augmented m-signed permutations
defined by Ehrenborg and Readdy. More precisely, when m is square-free, this answers a
question posed by Shanks concerning a combinatorial interpretation of the numbers s, .
When m is not square-free and m = bu?, the numbers K, 1sm7n can be written as a linear
combination of the number of A-alternating augmented bt-signed permutations with integer
coefficients, where t|u?.

Keywords: Dirichlet series, generalized Euler and class number, A-alternating augmented
m-signed permutation, r-cubical lattice, Springer number

AMS Subject Classifications: 11B68, 05A05



1 Introduction

The Dirichlet series

L(s)= 3 <lm> ll (1.1)

>0
odd 1

where (—m/l) is the Jacobi symbol, originate in the distribution of primes into arithmetic
progressions, the class number of binary quadratic forms, as well as the distribution of the
Legendre and Jacobi symbols. They play a crucial role in the computation of certain number-
theoretic constants, see [3, 6, 12, 14]. Several approaches have been developed for the com-
putation of L,,(s), see, for example, Shanks [15, 16, 18].

The generalized Euler and class numbers were introduced by Shanks for the computation
of the Dirichlet series Ly, (s) [15, 17]. These numbers are also related to derivative polynomials
and Euler polynomials, see Hoffman [7] and Shanks [17].

In this paper, we obtain the generating functions for the generalized Euler and class
numbers. Let us recall the definition of the generalized Euler and class numbers s, , (m >
1,n > 0), introduced by Shanks,

Cn, 2 if n is even,
Smn =

d,, nt1 if nis odd.

’ 2

where ¢, , and dp,,, are given by

= (20) Lo (20 + (K () (12)
Cmmn = (2n)! Ly (21 mAm 5 , ,
—2n
— RN -1 (T
Ay = (21 — 1)L (20) (K /) (2m) , (1.3)
in which
% ifm=1,
K, = (1.4)
1 otherwise.
Set
$2n
Cm(x) = Cm,n 5
T;J (2n)!
.,L.anl
() = 7;1 . (2n— 1)
xn
Sm(x) = Z smnﬁ
n>0



Clearly,
Sm(x) = em(z) + dip ().
By the definitions (1.2) and (1.3), we have

K,
Z Ln(2n + 1)2*" = Mcm (Lm) ,

= 2m 2m
Kpmy/m T
Lom(2n)z?n=t = ZmTVIT (7 ) .
nz>:1 m(2n)z 2m " me
Therefore, if we set
. L_,(s+1) ifsisodd,;
fon(s) = m(s+1)
L, (s+1) if sis even,
then K
- _ Kpmy/m T

It follows from (1.5) that L,,(s) is determined by s, (z). In other words, the generating
function s,,(x) leads to a quick way to compute L,,(s).

Consider ¢, and d,, , as entries of the infinite matrices C' and D, respectively. Then
the first column of C' forms the sequence of class numbers in connection with primitive binary
quadratic forms, and the first row of C forms the sequence of secant numbers, corresponding
to up-down permutations, also called alternating permutations, of even length. Meanwhile,
the first row of D forms the sequence of tangent numbers corresponding to up-down permu-
tations of odd length. Recall that both secant numbers and tangent numbers are called Euler
numbers. This is why the numbers s, ,, are called generalized Euler and class numbers.

Shanks [17] found recurrence relations for ¢, , and d,, ,, with respect to the index n, from
which it follows that ¢, , and d,,, are integers. For example, we have

i(—w <227Z> Com—i = (—1)"

=0
and .
— on —1
S0 (P s = (0
=0 l

In fact, due to the well-known Euler product of the Dirichlet series L, (s) (see [8, 11]), it can
be easily shown that ¢, , and d,,, are positive.

Shanks [17] raised the following question: Whether all of the generalized Euler and class
numbers may have some combinatorial interpretation? The combinatorial interpretations of
Sm,n for m = 1,2, 3,4 have been found. Let (s, n)n>0 denote the conjoined sequence

(cm,07 dm,la Cm,1, dm,27 Cm,2, dm,37 e )
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For m = 1, the sequence (1,1,1,2,5,16,...) is listed as A000111 in Sloane [19], which is
called the sequence of Euler numbers, enumerating the number of alternating permutations
on [n] ={1,2,...,n}.

For m = 2, the sequence (1,1,3,11,57,361,...) is numbered A001586 in [19], which is also
called the sequence of Springer numbers which arise in the work of Springer on the theory of
Weyl groups.

For m = 3, the sequence (1,2,8,46,352,3362,...) is listed as A007289 in [19], and we
call it the sequence of Ehrenborg and Readdy numbers. The combinatorial interpretation of
this sequence in terms of alternating 3-signed permutations has been given by Ehrenborg and

Readdy [4].

For m = 4, a combinatorial interpretation of the sequence (1,4, 16,128,1280,16384,...)
has been given implicitly by Ehrenborg and Readdy [5] in terms of non-augmented André
R-signed permutations on [n] with R = (4,4, ...,4).

For m > 5, we shall give formulas for the generating function for s,,(x). For the case
when m is square-free, we shall give a combinatorial interpretation for s, ,. In the general
case, we see that the number s, , or 2s,,, is a linear combination with integer coefficients
of some numbers with a combinatorial interpretation.

For m =1,2,3,4, it is known that

s1(z) =secx + tanx,

so(x) =

cosx + sinx
)

cos 2x

sin 2x + cosx
s3(w) = ———————

cos3z

s4(z) = secdx + tan4x.

From our formulas, we get the following expressions for m = 5,6, 7,

cosdx +sinxz  cos2x + sin 3x

S5(T) =
(z) cos b cos b ’
(2) cosbxr +sinx  cosx + sinbx

ST ) =

cos 6x cos 6x

cos3x +sindxr cosx +sinbx  cosbx + sin 2z

s7(z) = + -

cos7x cos 7x cos 7x

This paper is organized as follows. In Section 2, we compute the generating function
Sm(x) when m is square-free, while in Section 3 we consider the case when m is not square-
free. Section 4 is devoted to the combinatorial interpretation of the numbers s, , in terms
of m-signed permutations as introduced by Ehrenborg and Readdy when m is square-free.



2 Computation for s,,(x) when m is square-free

In this section, we compute the generating function s,,(x) when m > 1 and m is square-free.
For 0 < p < m, we adopt the following notation introduced in [4],

App() = cos((m ZO];)(Q;)— Sin(pq;).

(2.6)

When m is square-free, we shall not encounter the case that m is a multiple of 4. We
shall have three formulas for s,,(x) depending on the residue of m modulo 4.

Theorem 2.1 Assume that m is square-free and m = 4t 4+ 3. Then

t

sm(r) = <Z) A i () + %f:l <:L) Ao 2m—ai (). (2.7)

k=1 k=t+1

Theorem 2.2 Assume that m is square-free and m = 4t + 1. Then

t 2t

Sml@) =Y (Z) A a(0) = 3 (1’;) At (). (2.8)

k=1 k=t+1

Theorem 2.3 Assume that m is square-free and m = 4t + 2. Then

() = MZH (‘2”) A (). (2.9)

k=1
odd k

To prove the above theorems, let us first recall the following formula of L,,(2n + 1)
obtained by Shanks [15, 17].

Lemma 2.4 Suppose that m > 1 and m is square-free. Then L,,(2n + 1) can be expressed
as a linear combination of the Fourier series Sant1(x). More precisely,

2
Lp(2n+1) = ﬁ E €652n+1(Yk),
k

where the Jacobi symbols €, and rational numbers yy are uniquely determined by m, and

Son+1(x) is defined by

o0

sin 27 (2k + 1)z
Sons1(1) = 2 =g Ty
k=0

Furthermore, we have

cos(mx)

em(T) = ———— Z e cos(ma (1 — 4yy)).
k



In fact, Shanks has given an explicit procedure to determine the constants €; and y. To
compute €, and y, we use the definition (1.1) of the series L,,(s) and express the Jacobi
symbol (#) as a linear combination of sines according to the following expansion, see [9].

Proposition 2.5 Assume that | is odd and m satisfies the following two conditions: m =
1 (mod 4) or m =8 or 12 (mod 16) and p* { m for any odd prime p. Then we have

d
()= S () oo

In particular, when m = 3 (mod 4), we have —m =1 (mod 4) and we can use the above
expansion for (=2). Similarly, when m = 1 (mod 4), we see that —4m = 12 (mod 16) so
that we can compute (74Tm) by using the above formula. Finally, when m = 2 (mod 4), we
find —4m = 8 (mod 16) so that we can compute (_4Tm) Note that when [ is odd, we have

(=)= ()

Thus, the Jacobi symbol (#) can be determined by the above procedure for m > 1.

On the other hand, Shanks [15, 17] provided the following formula for L_,,(2n).

Lemma 2.6 Suppose that m > 1 and m is square-free. Then L_,,(2n) can be expressed as
a linear combination of the Fourier series C’gn(x). To be more specific,

L_ (2’/1 \/7 ZEkCQn yk

where the Jacobi symbols €. and rational numbers y,. are uniquely determined by m, and

Con(x) is defined by

2. cos 2m(2k + 1)z
k=0

Moreover,
dpm () Ze sin(maz(1 — 4y;,)).

COS mx
k

Similarly, Shanks has shown how to compute the constants €}, and y;.. In order to compute

¢ and y;, recall that
m\ 1
Lon(s) = 3 (T)

>0
odd 1

where the Jacobi symbol ( ) can be expressed as a linear combination of cosines, resorting

to Proposition 2.5.

m
l



For the case m = 3 (mod 4), we find 4m = 12 (mod 16) so that we can use the above

expansion for (4Tm) When m = 1 (mod 4), we can also compute (%) by using the above

expansion. Finally, when m = 2 (mod 4), we see that 4m = 8 (mod 16) and ( m) can be
determined in the same manner. Note that when [ is odd, the following relation holds

am _ (™)
1) \1/)
Thus, the Jacobi symbol (%) can be determined for m > 1.

Keep in mind that m is assumed to be square-free. Set

ém(x) = cos(ma)em(z),  dm(x) = cos(ma)dp(x),  Sm(x) = cos(mz)sm(z).

Proof of Theorem 2.1. Since m = 3 (mod 4), by using the expansion (2.10) for (=) and

(471") we have
k k k
6k:(m>’ yk:Ea 62;:(%)7 y]/g:m)
(m—1

)/2
k
< ) S2n+1 < ) )
m
k=1

> (e ().

odd k<m

which imply that

Ln(2n+1) =

%\“ %\w

L_,,(2n)

Therefore, by Lemmas 2.4 and 2.6, we obtain

(m—1)/2
8 (@) = (@) + dyp(z) = zl: <m> cos(m — 4k)x + Z (%) sin(m — k)x.
k=1 odd k<m

Suppose that m = 4t + 3. It follows that

e(@) = Et: <:¢> cos(m — 4k)x + 2§ (Z) cos(m — k)

k=1 k=t+1
b 2041
= <m> cos(m — 4k)x + Z (m) cos(4k — m)zx,
k=1 k=t+1
441

-




It remains to verify that

()-(:2)
()-(a2)

As for (2.11), since both m and m — 4k are odd positive numbers, if they are coprime,
then by the law of quadratic reciprocity, we find

)= ()= (G- () G)
ROIGIONOIONG]

Otherwise, suppose that the greatest common divisor of m and m — 4k is greater than 1, i.e.,
(m,m — 4k) > 1. From the definition of the Jacobi symbol, it is clear that

for 1 <k <t and

fort+1<k<2t+1.

We wish to show that

Since (m, m — 4k)|m, (m, m — 4k)|(m — 4k) and m — (m — 4k) = 4k, we deduce that
(m,m — 4k)|4k. (2.13)

But the fact that m is odd implies that ((m,m —4k),4) = 1. Thus from (2.13) it follows that
(m,m — 4k)|k. So we conclude that (m,m — 4k)|(m, k) and (m, k) > 1, which yields

k m
— | = =0.
<m> (m - 4k)
Similarly, (2.12) can be checked via the following steps if 4k — m and m are coprime,
m _(Ak—m\ _ [(—(m—4k)\ (1Y [(m—4k
dk—m ) m N m \m m
__(moARN (AR _(k
- m N m ) \m)’
For the case (m,4k —m) > 1, by the definition of the Jacobi symbol, it is evident that

() =

8




In this case, we claim that
()
— ) =0.
m
Since (m, 4k —m)|m, (m,4k —m)|(4k — m) and m + (4k —m) = 4k, we deduce that
(m, 4k — m)|4k. (2.14)

Because m is odd, we see that ((m,4k — m),4) = 1. Thus from (2.14) it follows that
(m,4k — m)|k. Therefore, we obtain that (m,4k — m)|(m, k) and (m, k) > 1, which implies

<Z> - <4knjm> B

s () = Et: % cos (m — 4k) x + sin (4k) z
B

So we find that

cos mx
k=1

m cos mx

N f < k ) cos(4k — m)x + sin(2m — 4k)$'
k=t+1
This completes the proof. |

Proof of Theorem 2.2. Under the condition m = 1 (mod 4), by applying the expansion (2.10)
to (74Tm) and (%), we get

_(=m _ ks K
€L = A ) Y = 4m7 € = m ) Y = m'

It follows that

) B (m=1)/2 |
4 (@) = () + dop(z) = Oddzkm () cos(m — k)z + k; (m> sin(m — 4k)z.



Writing m = 4t + 1, we obtain

A ¢ . 2t .
dp(z) = Z <Z> sin(m — 4k)x + k;rl (7];) sin(m — 4k)x
2t

_ <7’;) sin(m — 4k)z — 3 (2) sin(4k — m)z,

k=1 k=t+1

Consequently,

MOESY <(:1> sin(m — 4k)z + <—m ’_”4k> Cos(4k:):1;>

k=1

+ i (_ (Z) sin(4k — m)z + <_ . m) cos(2m — 4k)x) .

k=t+1
-2
_ (Z) _ (_4kTilm) (2.16)

To verify (2.15), we shall consider two cases. If (m,m —4k) = 1, since both m and m — 4k
are odd, we may employ the law of quadratic reciprocity to deduce that

o) = o) () = () = (57) = (50)
(@) E)-GE) -6

For the case (m, m — 4k) > 1, by definition,

(523) -
()

Since (m, m — 4k)|m, (m,m — 4k)|(m — 4k) and m — (m — 4k) = 4k, we get

t

Finally, we need to show that

for 1 <k <tand

fort+1<k <2t

We wish to show that

(m,m — 4k)|4k. (2.17)

10



However, the fact that m is odd implies that ((m, m — 4k),4) = 1. Thus, from (2.17) we see
that (m,m — 4k)|k. It follows that (m,m — 4k)|(m, k) and (m, k) > 1. Hence

()~ (a2a)-

To prove (2.16), we also consider two cases. If m and 4k — m are coprime, then we have

() ) a2) - (22 (422)
() - () (22)- () -(2)

If (m,4k —m) > 1, then we get
m
4k —m

e

Since (m, 4k — m)|m, (m,4k — m)|(4k —m) and m + (4k — m) = 4k, we find

We shall show that

(m, 4k — m)|4k. (2.18)

But m is odd, we see that ((m,4k —m),4) = 1. From (2.18) it follows that (m,4k —m)|k.
This implies that (m,4k — m)|(m, k) and (m, k) > 1. Consequently,

) (o)

Sm(2) = zt: ( i ) cos(4k)x + sin(m — 4k)x

cosmax

Thus we obtain

B i k\ cos(2m — 4k)x + sin(4dk — m)x
cos mx ’

This completes the proof. |

Proof of Theorem 2.3. Since m = 2 (mod 4), by using the expansion (2.10) for (J‘Tm) and
(42), we obtain

11



Hence

(]

_2 (k)
\/modd k<m k o 4m 7
2
L_, — C
= Um

(F)em (5):

odd k<m

$m(x) = ém(z) + dp(z) = Z (—;n) cos(m — k)x + Z (%) sin(m — k)x.

odd k<m

Writing m = 4t 4 2, since

we obtain

bm(z) = 4tz+1 (<‘Ij‘> cos(m — k) + <m”j k) sin(k:):v) .

k=1
odd k

Finally, it follows from —k = m — k (mod m) that

()-(:2

for 1 <k <4t + 1. Hence we conclude that

sm() = 45:“ (—m> cos(m — k) + sin(k)a

cosmx

This completes the proof. |

For m = 5,6, 7, the generating functions s,,(x) have been given in the Introduction.

3 Computation for s, (r) when m is not square-free

In this section, we obtain an expression for s,,(x) for the case when m is not square-free.
Assume that m can be divided by a square u? and u > 1. Recall that the constant K is
given by (1.4).

Theorem 3.1 Suppose that m = bu?, where b is square-free and u > 1. Then we can express
sm(x) as a linear combination of the four functions

w(b, t) sec(btz) (% cos((b — p)tx) £ sin(ptx)),

where p is a nonnegative integer not exceeding b, tlu? and w(b,t) = Kyt/u.

12



The idea of the proof is to establish two recursive relations (3.21) and (3.22) between s, ,,
and sp,,. Then we express s,,(x) as a linear combination of the functions ¢(tz) and dy(tz)
by considering the two cases according to whether there exist odd prime factors u; of u with
residues 3 modulo 4. Since b is square-free, ¢p(tx) and dp(tx) can be evaluated by using the
formulas in the previous section.

Proof. Let us start with the following relation given by Shanks [15]
() = L) [T (1- (=2) & (3.20)
m — L ‘ u; Uf ) .
Ui | U

where the product ranges over odd primes u; (if any) that divide u. To be precise, in case
there are no odd prime factors, the empty product is defined to be 1. From the definitions
(1.2) and (1.3) it follows that

2n+1
. b |
Cmpn = Kbu(UQ)QnH (u? +1 _ <u)> <H u) Chbns (321)

Ao = Kyu(u?)?" 1H< _ < >> (H i>2n diy . (3.22)

For the purpose of computing s,,(x) for the case when m is not square-free, we need to
consider the two cases according to whether there exist u; = 3 (mod 4) among the k£ odd
factors uy, us, ..., u; of u.

Case 1: u; =1 (mod 4) for 1 <14 < k. In this case, we see that

()= ()

Suppose that among the factors wuy,us,...,u; there are ki primes uy,uo, ..., ux, satisfying
b _ . . o . b _
(uﬁ) = 1for 1 < ¢ < ky, ko primes ug, 41, Uk, 42, - - -, Uk, +k, Satisfying (Uk1+j) = —1 for
. . . . b
1 < j < ko, and k3 primes Up, 4ky+1, Uky+kot2s - - - s Uky+ko+ky Satisfying (’U«k1+k2+l> = 0 for

1 <1< ks, where k1 + ka2 + k3 = k. From (3.21) it is clear that

k
T (2 = 1) < T2 (w2 4 1)

Hk1+k2 2n-+1 Cb7n'
i=1 U

Cmn = Kyu(u?)?" (3.23)

Let
k
T (u2" = 1) < 152, (it + 1)

Hkl +ko Qn-‘rl
i=1 Y

fc:

In this notation, (3.23) can be rewritten as

Cmn = Kbu(u2)2nfccb,n7

13



which implies that

(u2$)2n
= Kbu f Cyp, . (3.24)
TLZZO eron (2n)!
Since
- w2 2tl o n+l k
i=1 =1
and
ko ko 2n+1
H( i?—tyl + 1) Z?j:jl + Z (H Uky+1 - - - Uk +j—1Uky +54+1 " "~ uk1+k2> +-- 41
Jj=1 Jj=1
we can expand fC as follows
1 1 k1 )
fe=1 +Z 2n+1 oot sz 2n+1 Z 2n+1 ZZ 2n+1 w2t +-
Uy +5 j=1 Uk 45 =1 Y i—1j=1 Y Uky 45
kl k
1 (=™
-3 REP DT . R (3.25)
2n+1 2t kitks  2n+1
i=1 Ug m H] 1 k?ﬂ [ w™

Plugging (3.25) into (3.24), we find that ¢, (z) is a linear combination of the functions
cp(tz), where t|u? and the coefficient of ¢, (tx) equals Kyt /u.

Similarly, we have

k k
o2m—1 Hzll(u2n - 1) X Hg2 1(U%?+] + ]‘)d

dm,n = Kbu(u2) e, 277, bn- (326)
Hz 1Y
Let N
f Hzll( ;- )XH] l(uk1+]+1)
d = b1tk ;
[ ui”
then (3.26) can be rewritten as
dm,n - Kbu(u2)2n_1fddb,n;
which leads to the following relation
(u2x)2”_1
dn(x) = Kypuy Jadbn 7 (3.27)
n>1 ’
Again we may expand fa as follows
k1 k2
fd=1+Z 2 ; Z un -2 W
k1+J H] 1 uk1+j i=1 i=1 j=1 k1+j
(=™
Z - NI ET sl (3.28)

k
i=1 u2”H 2 =1 Uk +j [121 7 v

14



Substituting (3.28) into (3.27), we find that d,,(x) is a linear combination of the functions
dp(tx), where t|u? the coefficient of dy(tx) equals Kyt /u. Furthermore, we see that ¢, (z) and
dp () have the same coefficients for the linear combinations. In other words, the relation for
cm () and ¢p(tx) is still valid after changing ¢, (z) and ¢p(tx) to dp,(z) and dp(tx), respectively.
Therefore, in this case, s,,(z) can be expressed as a sum of the functions w(b,t)(cp(tz) +
dy(tz)), where t|u? and w(b,t) = Kyt/u.

Case 2: Among the k primes uy,ug, ..., ug, there exists ¢ primes w;,, us,, ..., u;, with
residue 3 modulo 4. To compute s,,(z), we first consider the case when ¢ = 1, and then
argue that the case ¢ > 1 can be dealt with in the same way.

Since ¢ = 1, we assume that the first £ — 1 odd primes uy,us,...,up_1 satisfy u;
1 (mod 4) for 1 <i < k—1, and suppose that the last prime wuy satisfies uy = 3 (mod 4), or

()= ()

We now define the indices ki, ko and k3 as in Case 1 except that k; + ko + ks =k — 1
since there are k — 1 primes with residue 1 modulo 4. This leads us to consider two subcases

according to whether (;—:) equals 0. Keep in mind that we have ¢ = 1 in these two subcases.

On the one hand, in order to use the two recursive relations (3.21) and (3.22) between
Sm,n and sp,, We may assume that (;—:) = 0. Therefore, the term u; on the denominator

and the same term on the numerator cancel each other in (3.21). This argument also applies
to the relation (3.22). In other words there is no need to consider the occurrence of the term

u;"™ in (3.21) and the terms u2" in (3.22). In this sense, it remains to consider the other k—1
primes uq,ug, ..., ur—1 such that u; =1 (mod 4) for 1 <14 < k—1. By the argument in Case

1, we see again that s,,(x) can be expressed as a sum of the terms w(b, t)(cp(tx) + dp(tx)),
where t|u? and w(b,t) = Kyt /u.

On the other hand, we should consider the case when (‘—b> =1or <_—b) = —1. Since the

U U
proofs for these two cases are similar, we only give the proof for the case ;—: = —1. From
(3.21) it follows that

k k
Tty (" = D T2 () +1) w1

_ 2\2
n _Kbu(u ) ! Hkl—lﬁ-kQ u2n+1 X in-l-l Co,n
1=
k 2n+1 k 2n+1 k 2n+1 k 2n+1
=K 2n Hzll( "t - 1) H32 1(“k?ij +1) Hlll( " ) Hf 1(uk711jrrj +1)
=Kyu(u”) Hk1+k2 n+1 + n+1 Hk1+k2 2n+1 €b,n
=1 U u;

Let

Kbuz

k k
( o 1)H321<“i?i}+1)>c (u?z)?n
b,n
n>0

[T e
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then we have
1
em(z) = go(z) + ufkgb(w/wﬁ)- (3.29)

In fact, by the argument in Case 1, we see that g,(x) is a linear combination of the functions
cp(tz), where t|u? and the coefficient of ¢, (tz) equals Kyt /u.

Similarly, by (3.22) we find

k
Hzll(u%_l)nj 1(uk1+J +1) y Uin—l

— 2\2n—1
dm,n —Kbu(u ) HflJ{b u?n in db,n
k k k &
gyt (0 = DTGy +1) TS 0 = DI Gy +1))
e kitks g on B 2n TTkLt+k2 20 bn-
™ we TTit ™ v
Let .
=K, Z iz (e 1) HJ (gt + 1) d (u?x)?" 1
n-= 1= 3
We get

dm () = hp(x) — ulkhb(x/uk). (3.30)

Again, from the reasoning in Case 1 it follows that hy(z) is a linear combination of the func-
tions dy(tz), where t|u? and the coefficient of dy(tz) equals Kyt/u. Combining the equations
(3.29) and (3.30) yields the following relation

sm(x) = (@) + ho(x) + ulk(gb(x/uk) = by fug)).

Thus we obtain that s,,(z) can also be expressed as a linear combination of the functions
w(b, t)(ep(tz) + dy(tz)), where tju? and w(b,t) = Kyt/u.

Finally, as mentioned before we shall show that the justification for the above two subcases
can be applied to the case for ¢ > 1. Let us give an example for ¢ = 2. Suppose that ug_; and

ug, are the last two primes such that ux_1 = 3 (mod 4), up = 3 (mod 4), and (ukb ) = -1,

(;—:) = —1. Using the functions gy(z) and hy(z) as given before, we can deduce the following
formula for s, (z),

sm(x) =gp(z) + hp(z) +

/i) = /i) + o (anl/ ) — o)

+ (gb(x/up—1up) + hy(x/up—1ug)).

Up—1UE

Clearly, s,,(z) can also be written as a linear combination of the functions w(b, t)(%cy(tz) £
dy(tz)), where t|u? and w(b,t) = Kut/u. For the other conditions on wuj_; and wuy, the
computation can be done in the same spirit.
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In summary, s,,(x) can be expressed as a linear combination of the functions w(b, t)(£ep(tz)£
dp(tx)), where t|u? and w(b,t) = Kyt/u. Since b is square-free, c,(tx) and dp(tx) can be writ-
ten as a linear combination of the functions sec(btz)cos((b — p)tx) and sec(btzx) sin(ptx),
respectively, by using the formulas in the previous section. This completes the proof. |

Here we give three examples corresponding to the above three cases. For Case 1, suppose
that m = 3(5 x 13)? = 3(65)% = 3 x 4225 = 12675. Then we have

812675(.%) = 65s3 (42251‘) — 533(325{5) -+ 1383(845%) - S3(65$),

where
s3(x) = sec(3x)(sin 2z + cos x).

For the first subcase of Case 2, suppose that m = 6(5 x 3)? = 3(15)? = 6 x 225 = 1350.
Then we get

81350(1}) = 1586(225.%') — 386(451'),

where
s¢(x) = sec(6x)(cos bz + sin x) + sec(6x)(cos x + sin 5x).

For the second subcase of Case 2, assume that m = 225 = (5 x 3)2. We find

28225(%) :15(61 (225(1?) + d1(22537)) — 3(61 (45(13) + d1 (45(6)) + 5(01(75%) — d1(75x))
— (c1(152) — dy1(15x)),

where
c1(x) =secx, di(x)=tanx.

4 A combinatorial interpretation for s, ,

In this section, we aim to give a combinatorial interpretation of s,, , when m is square-
free based on its generating function formula s,,(z). Let us recall the known combinatorial
interpretations of s,, , when m =1,2,3,4.

For m =1, (S1n)n>0 is called the sequence of Euler numbers. Let E,, be the n-th Euler
number, that is, the number of up-down permutations on [n] = {1,2,...,n}, which are also
called snakes of type A,_1 by Arnol’d [2]. The following generating function is due to André

[1]:

xn

E En—' =secx + tan .
n!

n>0

Note that Springer also gave an explanation of the Euler numbers in terms of the irreducible
root system A, 1 and derived the generating function of André in this context.
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For m = 2, the sequence (S2,)n>0 turns out to be the sequence of Springer numbers of
the irreducible root system B,, [20]. Purtill [13] has found an interpretation of this sequence.
Let P, be the n-th entry of this sequence, whereas Purtill used the notation EF. He has
shown that P, equals the number of André signed permutations on [n]. On the other hand, it
has been shown by Arnol’d [2] that .S,, also counts the number of snakes of type B,,. Hoffman
[7] has derived the generating function of the number of snakes of type B,, by giving a direct
combinatorial proof.

For m = 3, the sequence (s3,)n>0 has been studied by Ehrenborg and Readdy [4].
Let F,, denote the n-th Ehrenborg and Readdy number, which was denoted by |ER,|, see
Hoffman [7]. It has been shown that F,, equals the number A-alternating augmented 3-signed
permutations on [n]. Meanwhile, Hoffman [7] presented another combinatorial interpretation
of the sequence in the case m = 3 in terms of FR,-snakes in the spirit of the snakes of type
A, _1 and B,,.

For m = 4, the sequence (s4,,)n>0 has also been studied by Ehrenborg and Readdy [5, P.
719]. In fact, they introduced the concept of non-augmented André R-signed permutations
on a finite set N with |[N| = n, where R = (r;);en is a vector indexed by N. They have
shown that the exponential generating function for the number of non-augmented André R-
signed permutations with the n-tuple R = (r,7,...,r) is sec(rz) + tan(rz). Therefore, for
the n-tuple R = (4,4,...,4), it follows that the number of non-augmented André R-signed
permutation is counted by s4 .

We proceed to give a combinatorial interpretation for s, , when m is square-free based on
the generating function s,,(x). More precisely, in this case we shall show that s,,(z) can be
expressed by the generating function A,, ,(x) for the numbers A,, , , defined by Ehrenborg
and Readdy [4]. Consequently, when m is square-free, the numbers s,, , can be written as a
linear combination of the numbers A,, , , with coefficients being 1 or —1. With the aid of
the combinatorial interpretation of the generating function due to Ehrenborg and Readdy,
we see that s,,, can be explained in terms of maximal chains in the m-cubical lattice.

When m is not square-free, write m = bu?. The numbers Sm,n O 28, can be written
as a linear combination of the numbers Ay ¢, With integer coefficients, where t]u2 and
0 < p < b. However, these integer coefficients are obtained from the generating function of
Sm(x). It would be interesting to find a combinatorial explanation of these coefficients when
m is not square-free.

We now need some definitions. Ehrenborg and Readdy [4] defined a poset called the
Sheffer poset, which can be viewed as a generalization of the binomial poset introduced
by Stanley [21]. As an important example, they studied the r-cubical lattice, which is a
set of ordered r-tuples (Aj, Ag, ..., A,) of subsets from an infinite set I together with the
reverse inclusion order and with a minimum element 0 adjoined. Note that the r-cubical
lattice has been studied by Metropolis, Rota, Strehl and White [10]. Ehrenborg and Readdy
further generalized the concept of R-labelings to linear edge-labelings. By considering the
set of maximal chains in the interval [0, 1] on the Hasse diagram of the r-cubical lattice, they
derived a formula for the number of A-alternating augmented r-signed permutations.
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To describe the definition of A-alternating augmented r-signed permutations, Ehrenborg
and Readdy constructed a linear edge-labeling on the Hasse diagram of the r-cubical lattice.
To be more specific, for an edge corresponding to the cover relation A < B with A # 0, let
(7,7) denote its label where i equals the unique index such that A; # B; and j takes the
singleton element in A; — B;. Let G be the label of the edge corresponding to 0 < A, which
is called the special element by Ehrenborg and Readdy. Then an augmented r-signed per-
mutation is a list (G, (i1, j1), (i2,72), - - - (in, Jn)), Where i1, io, ..., i, € [r], and (j1, j2, - - -, jn)
forms a permutation on [n]. In other words, r-signed permutations are permutations on [n]
in which each element is assigned one of r signs.

To define the descent set of r-signed permutations, let A be the set of such labels of the
edges on the Hasse diagram of the r-cubical lattice. As is easily seen,

A= ([r] x [n]) U{G}.

Let p be an integer such that 0 < p < r. For fixed positive integers r, n and p, we can define
a linear order on A which satisfies the following conditions

(t,j) <an G=1i<r—p, (4.31)

and
(,7) >A G =1i>r—p, (4.32)

where (7, ) is the label of the edge corresponding to the cover relation A < B such that A
covers 0, and G is the special element. For the remaining labels, we may arrange them in the
lexicographic order. The descent set of an augmented r-signed permutation (go, g1, - ., gn) is
defined as the set {k: gx—1 > gr}, where go = G and g = (i, ji) for 1 < k < n. Therefore,
for an A-alternating augmented r-signed permutation, that is, permutation having descent
set {2,4,6,...}, it is necessary to have the condition (i1,751) >a G, or i1 > r — p. In other
words, the labels above G in this ordering are those whose first coordinate may take p possible
values from the set {r —p+1,r —p+2,...,r}.

Recall that A, , ,, denotes the number of A-alternating augmented 7-signed permutations.
Since there is a one-to-one correspondence between the set of maximal chains in the r-cubical
lattice and the set of augmented r-signed permutations, A, , , also equals the number of
maximal chains with descent set {2,4,6,...} in the r-cubical lattice for which the first non-
special edge has label (i1, j1) with r—p+1 < iy < r. Here the first non-special edge is defined
as the edge corresponding to the cover relation A < B such that A covers 0. Based on this
observation, Ehrenborg and Readdy derived the following generating function for A, ,

A p(z) = ZAT,p,n% _ cos((r —Cﬁizsgx—; Sin(px)‘

n>0

(4.33)

In view of the above formula (4.33) and the generating functions for the generalized
Euler and class numbers s,, , in the previous sections, for any square-free m we can give a
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combinatorial interpretation of s,,, in terms of the augmented m-signed permutations, or
equivalently, in terms of the maximal chains in the Hasse diagram of the m-cubical lattice.

When m is square-free, as is shown in Section 2, s,,, is a linear combination of the
numbers A, , , with integer coefficients being 1 or —1. For example, when m = 7, since

cos3x +sindxr cosx +sinbx  cosbx + sin 2z
s7(x) = + — ,
cos7x cos 7x cos Tx

we obtain that
stm=MN76,n — A7, 2 n + A7 4 0.

When m is not square-free, write m = bu? and u > 1. By Theorem (3.1), Kb_lsmm can

be written as a linear combination of the numbers Ay ¢, With integer coefficients. Recall
that Kl_1 =2 and Kb_1 =1 for b # 1. For instance, we have

2s9(x) = 3(sec(9zx) + tan(9z)) + (sec(3z) — tan(3x)),

which implies
259, =3Mg,9.n+ (—1)"A3 3 pn.
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