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f(k)/g(k) is arational function of k. For similar hypergeometric terms f;(k), ..., fm(k),
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When the summands fi(k),..., fi(k) contain a parameter z, we further impose the
condition that the coefficients of F; in the linear relation are z-free. Such linear relations
with z-free coefficients can be used to determine the structure relations for orthogonal
polynomials and to derive recurrence relations for the connection coefficients between
two sequences of orthogonal polynomials. The extended Zeilberger algorithm can be
easily adapted to basic hypergeometric terms. As examples, we use the algorithm
or its g-analogue to establish linear relations among orthogonal polynomials and to
derive recurrence relations with multiple parameters for hypergeometric sums and basic
hypergeometric sums.
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1. Introduction

Based on Gosper’s algorithm, Zeilberger [15,16] developed a powerful method for prov-
ing identities on hypergeometric series and basic hypergeometric series. Let F'(n, k) be
a double hypergeometric term, namely, F(n + 1,k)/F(n,k) and F(n,k+ 1)/F(n,k)
are both rational functions of n and k. Zeilberger’s algorithm is devised to find a dou-
ble hypergeometric term G(n, k) and polynomials ag(n),a;(n),...,an,(n) which are
independent of k such that

ag(n)F(n, k) + -+ am(n)F(n +m, k) = G(n, k + 1) — G(n, k). (1.1)
Set
S(n) =Y _F(n,k).
Summing (1.1) over k, we deduce that -
ap(n)S(n) + -+ + an(n)S(n +m) = G(n,) — G(n,0). (1.2)

Thus the identity
> F(n.k) = f(n) (13)
k=0
can be justified by verifying that f(n) also satisfies (1.2) and both sides of (1.3) share
the same initial values.

The main idea of this paper is the observation that Zeilberger’s approach can be ex-
tended to a more general telescoping problem. Let fi(k,a,b,...,¢), ..., fu(k,a,b,... c)

be m similar hypergeometric terms of k with parameters a, b, ..., ¢, namely, the ratios

fi(k,a,b, ... c) and filk+1,a,b,...,c)

fj(k7aaba"'7c) fi(kaaaba-"ac)
are all rational functions of k and a, b, . . ., c. Find a hypergeometric term g(k, a,b, ..., c),
that is, the ratio g(k + 1,a,b,...,¢)/g(k,a,b,...,c) is a rational function of k£ and
a,b, ..., c, and polynomial coefficients a;(a,b,...,c), as(a,b,....c), ..., an(a,b,...,c)
which are independent of £ such that

ay fi(k) +aafo(k) + - 4 amfm(k) = g(k + 1) — g(k). (1.4)

For brevity, from now on we may omit the parameters a,b,...,c and write f;(k) for

filk,a,b,... c), a; for a;(a,b,...,c), and g(k) for g(k,a,b, ..., c). Let
F; = Zfl(k>7
k
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for 1 <7 < m. Once the telescoping relation (1.4) is established, summing over k often
leads to a homogenous relation among the sums F},

a1F1 +CL2F2—|— +amFm =0.

We were informed by one of referees that Paule independently obtained a para-
metric variation of Zeilberger’s algorithm in an unpublished manuscript [11]. Here
is a description of Paule’s algorithm. Given a hypergeometric term f(k) and ratio-
nal functions ry(k), ro(k), ..., Tm(k), find a hypergeometric term g(k) and coefficients
ai,as, ..., a, which are independent of k£ such that

arry (k) f(k) + agra(k) f(K) + -+ amrm (k) f (k) = g(k + 1) — g(k).

Clearly, the above formulation of Paule is equivalent to the general telescoping problem
(1.4) by setting fi(k) = r;(k)f(k).

It should be mentioned that for the purpose of computing the structure relations
for orthogonal polynomials, our algorithm has an additional feature that it requires
the z-free condition on the coefficients ay, ..., a,,.

We remark that equation (1.4) can be solved in more general contexts. Let (F, o)
be a difference field, i.e., a field F with an automorphism o: F — F. Let K = {a €
F: o(a) = a} be its constant field. When the field F is a II¥-extension of K, Karr [§]

gave an algorithm to solve the following equation for g € F and a4, ..., a,, € K,
arfi+-+anfm=0(g) — g, (1.5)
where f1,..., f, are given elements in F. Schneider [14] considered more general pa-

rameterized linear difference equations and provided a simplified version of Karr’s al-
gorithm.

We also note that Chyzak [5] extended Zeilberger’s algorithm to general holonomic
functions. Let O be an Ore algebra acting on f and 0y, ..., 0,0 € O. Chyzak provided
algorithms to find an element @) € O and x-free coefficients n; such that

Here the x-free condition corresponds to the usual k-free condition on the coefficients
m,---sMNm-

For the purpose of this paper, we assume that f;(k) are similar hypergeometric
terms. We show that under this assumption Equaiton (1.4) can be solved by using
the same technique as in Zeilberger’s algorithm. Notice that the algorithms of Schnei-
der and Chyzak rely on Abramov’s algorithm. Our algorithm is based on Gosper’s
algorithm.



As an application of our algorithm, we compute the coefficients of the structure
relations of orthogonal polynomials. For instance, let

Py(x) =) Pu(z)

be the hypergeometric representation of the Jacobi polynomials as given in (3.3). Set

fi(k) = Bug(x), fo(k) = Py (), f3(k) = By (x), fa(k) = By 4 (2),

where P, (r) denotes the derivative of P, x(x) with respect to . The extended Zeil-
berger algorithm enables us to give the structure relation for P, (x),

Po(7) = @ P, () + b, PL(x) + &, PL_ (). (1.6)

Sometimes it is necessary to impose an additional condition that the coefficients
ai,...,any in (1.4) are not only independent of £ but also independent of some other
parameters such as the variable x. For example, a,,, l;n and ¢, in (1.6) are required to
be independent of the variable x. Based on this parameter-free property, Chen and
Sun [4] have developed a computer algebra approach to proving identities on Bernoulli
polynomials and Euler polynomials.

It should be mentioned that Koepf and Schmersau [10] have presented two al-
gorithms for deriving the structure relations for orthogonal polynomials by utilizing
variations of Zeilberger’s algorithm. Our extended Zeilberger algorithm serves as a
unification of their algorithms and applies to more general cases. For instance, we are
able to derive relations involving orthogonal polynomials with different parameters.
Moreover, our algorithm can be used to derive recurrence relations for the connection
coefficients between two sequences of orthogonal polynomials.

There are two examples that are worth mentioning. One is an identity due to An-
drews [2] which is used in the evaluation of the Mills-Robbins-Rumsey determinant,
and the other is Jackson’s terminating g-analogue of Dixon’s sum 3¢5. While in theory
one can use Zeilberger’s algorithm and ¢-Zeilberger’s algorithm to derive recurrence
relations, it is practically difficult to accomplish these tasks. Using the extended algo-
rithm and its g-analogue, we easily find two simple recurrence relations with multiple
parameters.

Let us give a brief review of some notation and terminology. A function (k) is called
a hypergeometric term if t(k + 1)/t(k) is a rational function of k. A hypergeometric
series is defined by

al"“’ar > (al)k---(ar)k Zk
T‘FS = —_7
( bi,... by Z) Z (b1)g - (bs)i K!



where (a)r = a(a+1)---(a+ k — 1) is the raising factorial. The ¢-shifted factorial is
defined by

(a;q)k = (1 —a)(l—ag) - (1-ag"™")
and we write
(a1, am; @) = (a1; @k -+ (am3 Q-
A basic hypergeometric series is defined by

¢ a1y ...,0Qp
r¥s
by, ... bs

> k

q; z} — Z (a1, -+ a5 2 ((_1)’9(]('5))8”1‘

(b1, - bs; Qi (€3 0)k

2. The extended Zeilberger algorithm

Let fi(k), fa(k), ..., fm(k) be similar hypergeometric terms with parameters a, b, ..., c.
Recall that two hypergeometric terms f(k) and g(k) are said to be similar if the ratio
f(k)/g(k) is a rational function of k and the parameters. We assume that

Ak+1) (k)

A0 ok 21)

and for i =1,2,...,m,
fi(k) _ pi(k)
filk)  Qk)
where u(k),v(k), p;(k), Q(k) are polynomials in k& and the parameters a,b,...,c. Then
we have

(2.2)

filk +1) _ filk+1)/fi(k+1) fi(k+1)  pi(k+1)Q(k)u(k)

fi(k) fi(k)/ f1(k) fik)  pik)Q(k + 1)u(k)

and

AK)  FRAK)  pilk)

fitk)  fi(k)/ fr(k)  pi(k)
are rational functions of k and a,b,...,c. Thus (2.1) and (2.2) are equivalent to the
statement that fi(k), fo(k), ..., fm(k) are similar hypergeometric terms.

Our aim is to find k-free polynomials ag, ..., a,, in the parameters a,b,...,c and a
hypergeometric term g(k) with parameters a, b, . .., c such that
arfi(k) + azfo(k) + -+ + am f (k) = g(k + 1) — g(k). (2.3)
Since f1(k),..., fm(k) are similar hypergeometric terms, the sum
tr = a1 fi(k) + azfa(k) + - + am fn(F) (2.4)
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is a also hypergeometric term of k with parameters a,b,...,c. Like Zeilberger’s algo-
rithm, we can apply Gosper’s algorithm [7] to find k-free polynomials a4, ..., a, and
a hypergeometric term g(k) such that (2.3) holds. It follows from (2.4) that

T+l _ filk+1) >0 aifi(k+ 1)/ fi(k+1)
tk fi(k) Yoy aifi(k)/ fi(k)
uk)Q(k) >0, aipi(k +1)
v(k)Q(k+1) 377, aipi(k)

Suppose that
u(k)Q(k) a(k) c(k+1)

v(k)Qk+1) — b(k) (k)
is a Gosper representation, i.e., a(k), b(k), ¢(k) are polynomials such that ged(a(k), b(k+
h)) = 1 for all non-negative integers h. Then a Gosper representation of ¢/t is given
by

teer  a(k)c(k+1)P(k+1)
te  bk)  c(k)P(k)

where

P(k) = Zaipi(k)' (2.5)

Gosper’s algorithm states that g(k) exists if and only if there exists a polynomial x(k)
such that

a(k)x(k+1) — bk — 1)x(k) = c(k)P(k). (2.6)
Moreover, the degree bound d for z(k) can be estimated by a(k) and b(k). Suppose
that
d
z(k) = Z cik'.
i=0
By equating coefficients of £, we obtain a system of linear equations in a1, ..., a,, and
Co, C1, - . ., Cq. Solving this system of linear equations, we find the coefficients a4, ..., a,,
and bk — 1)a(k)
-1z
g(k) = ——————=f1(k).
In summary, the extended Zeilberger algorithm can be described by the following
steps. Given m similar hypergeometric terms fi(k),. .., fn(k), we wish to find k-free
coefficients ay, as, . .., a,, and a hypergeometric term g(k) satisfying (2.3).

Step 1. Compute the rational functions

A
fi()

_ filk+1)
Ak

ri(k) and r(k)



Set (k) to be the common denominator of r1(k), ..., m,(k), set
pi(k) = ri(k)Q(k),
and let P(k) be given by (2.5).

Step 2. Compute a Gosper representation of

(k) Q(k) :a(k‘)c(k’+1)
Qk+1)  blk) c(k)

Step 3. Compute the degree bound d for z(k) and solve Equation (2.6) by the method of
undetermined coefficients to obtain the k-free coefficients aq, . . ., a,, and the polynomial

Step 4. The hypergeometric term g(k) is then given by
b(k — D)x(k)

9k == mom)

Su(k).

We remark that when d < 0 in Step 3, we should set z(k) = 0 because we need the
solution g(k) = 0 in this case.

Suppose that F'(n, k) is a double hypergeometric term. Clearly, the extended Zeil-
berger algorithm reduces to Zeilberger’s algorithm by taking fi(k) = F(n+1i— 1,k).

As will be seen, in some applications it is necessary to require that the coefficients

ai, ..., a, be independent of some parameters, say, the parameter a. For this purpose,
we should express the solutions (ay,...,an,,g(k)) of equation (2.3) in the following
form,
a1 = V1,...,0r = Uy,
Apry1 = hr+1(1}1, c. ,UT), ey gy = hm(’Ul, c. ,'UT>, (27)
g(k> = h(k7v17 s ’UT)fl(k>’
where vy, ..., v, are variables and h,,1,..., hy, h are linear combinations of vy, ..., v,
with coefficients being rational functions of the parameters a, b, ..., c. Thus, for r+1 <

1 < m, the functions h; can be written as

hi = pi(v1,...,00,a,b,...,¢)/q;(a,b, ... c),

where p;, ¢; are relatively prime polynomials in a, b, ..., c. Now consider the additional
requirement that ay,as, ..., a,, are independent of the parameter a. This means that
all the coefficients of

pi(v1, .. U a,b, .. ) — aigi(a, b, ... c)
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in @ must be zero except for the constant term. This condition gives rise to a system
of linear equations in aq,...,a,, and vy,...,v.. Upon solving these equations, we
eventually find aq, as, ..., a, which are independent of k and the parameter a. The
above version of the extended Zeilberger algorithm is still called the extended Zeilberger
algorithm.

For example, the above algorithm can be used to derive linear relations on Cheby-
shev polynomials of the first kind and their derivatives.

Example 2.1 The Chebyshev polynomials of the first kind 7,,(z) are given by

1;x), (2.8)

see [9, Section 1.8.2]. We aim to find a structure relation of the form

—n,n

Th(z) = o1 < 1
2
T(z) = O‘HTAH (2) + Bu T (2) + T,y (),

where the coefficients a,, 8,7, do not depend on z. Let

rato) - Rt (5

be the k-th summand in (2.8). We first ignore the z-freeness requirement and ap-
ply the extended Zeilberger algorithm to the four similar hypergeometric terms with
parameters n and x

fi(k) = Tok(x), fo(k) = Topp(@), fs(k) =Tp 4 (x), fa(k) = T5 4 (2).

We find that

a1 = vy, Qg = Vg, agz_x(vl—l—%:;(n—l—l)), a4:vl+:2—_(n1+1), (2.9)
and
o(k) = k(2k — 1)((v1 + 2v9(n + 1))k — (v1 4+ 2v2)(n + 1))Tnk($) (2.10)

(1—2)n+1=k)n—14+k)n
Now we impose the z-freeness condition to get an additional equation
v1 + 2ua(n+ 1) =0,

which yields



and
k(2]{7 — 1)'111

I = T = =1 k)

ka(fﬂ).

It follows that

U1 (%1

T x(z) — mTr/LJrl,k(x) + m

T ap(@) = g(k+1) — g(k).

Summing over k, we deduce that

1 1

S e (@) T (). (2.11)

Tn(@) = 2(n—1) "

3. Hypergeometric series

It is easy to see that the method to derive the relation in Example 2.1 is valid in the
general case. So we can use the extended Zeilberger algorithm to express the derivatives
of orthogonal polynomials in terms of the polynomials themselves, and vice versa.

Let P,(x) be a sequence of continuous orthogonal polynomials. Let P, j(z) be
the k-th summand in the hypergeometric representation of P,(z) and P, ,(x) be the
derivative of P, (). It is easily seen that P, ,(z) is similar to P, x(x). This enables
us to derive the structure relations for P,(x) as given below

o(x)P)(z) = anPri1(z) + b, Po(x) + ¢ Pooi(2), (3.1)

and
Pn(x) = an/H_l(:):) + Bnprlb(x) + Enpalm—l(x)a (3.2)

where o(x) is a polynomials in x of degree less than or equal to 2 and a,,, by, ¢y, Gy, by, Cp
are constants not depending on z. To derive (3.1), we set

fi(k) = o(@) B, (), fa(k) = Posan(), fs(k) = Pan(x), fa(k) = Py n(z).

To establish (3.2), we set
fi(k) = Pug(x), fo(k) = Py y(2), f3(k) = By i(x), fa(k) = By 4(2).

Example 3.1 The monic Jacobi polynomials are given by

(a+1),2" —n,n+a+b+1|1—x
2F1 9
(n+a+b+1), a+1 2

Po(z) = (3.3)



see [9, Section 1.8]. Let P, () denote the k-th summand. Its derivative with respect
to x equals

Pl(a) = — 0t D" <—mﬂn+a+b+1%(1—w)_.

mtatbtl), 2a+ Delk—1) 2
Consider the similar terms
filk) = (1 =a?) Py (), folk) = Payap(2), fs(k) = Pur(2), fa(k) = Po-1x(2),
and
filk) = Poi(x), fo(k) = Ppyi(@), fs(k) = Py (x), falk) = P,_4(2),

respectively. By the extended Zeilberger algorithm with parameters n and z, we find
that

2n(a—b)(n+a+b+1)
Gnt2tatb@ntary "

4n+b)(a+n)(n+a+b+1)(n+a+bn

(1= 2P, (x) = —nPpps(z) +

P, .
2n+a+b+1)2n+a+b—1)2n+a+b)? 1(@)
and
1 2(a —b)
Pn :—Pl Pl
(z) n+1 ”+1<x>+(2n+2+a+b)(2n+a+b) ()
4(n+0b)(a+n)n ,

— P (x).

2n+a+b+1)2n+a+b—1)2n+a+b)?2 "'
The following example is concerned with expressing orthogonal polynomials with
shifted parameters in terms of the original polynomials and their derivatives.
Example 3.2 Let

+1),2"
plab) — (a n F
w0 () (n+a—|—b—|—1)n2 !

—n,n+a+b+1|1—-x
a—+1 2

be the Jacobi polynomials as in Example 3.1. By applying the extended Zeilberger
algorithm to fi(k) = Pé?;l’b)(:p) (fr(k) = Pqi?l;bﬂ)(x), respectively) and

fok) = B0 @), fa(k) = BGY (), falk) = P (2),
we are led to the known relations

2(a+1+n) pla.t)
2n+2+a+b)2n+a+b+1) "

a 1 a,b
Pt O(@) = g P @)+
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and

1 P(a7b)/( )_ 2(b+1+n) P(aab),

P(a,b+1) —
n (z) n+4+1 "t 2n+24+a+b)(2n+a+b+1) "

(),

which are due to Koepf and Schmersau [10]. Moreover, we can deduce the following
relations which seem to be new,

_ 1 d(a+1+n)
platlb=1) .y _ plab)s plab) s
4(a+1+n)(a+n)n (a,b) /
+ _ 2° n—1 (.I'),
Cn+a+b—-1)2n+a+b+1)2n+a+Db)
and
1 40b+1+n)
pla—1,b+1) _ plab)s _ pla,b)s

4b+1+n)b+n)n (a,b) s
+ n—yl
2n+a+b—1)2n+a+b+1)(2n+a+b)?

The extended Zeilberger algorithm can also be employed to compute the connec-
tion coefficients of two sequences of orthogonal polynomials. Ronveaux [13] developed
an approach to the computation of recurrence relations for the connection coefficients
by utilizing structure relations of orthogonal polynomials. The extended Zeilberger
algorithm can be directly used to serve this purpose. As an example, let us consid-
er the connection coefficients of two sequences of Meixner polynomials with different
parameters.

Example 3.3 Let M\"*)(z) be the monic Meixner polynomials defined by

M () = (V)n (L)n 2F1 ( - i) ;

pw—1 g
see [9, p. 45]. We wish to find a recurrence relation for the connection coefficients C,, (n)
defined by

M (z) = zn: Crn(n) M) (). (3-4)

To this end, we first find a difference operator which eliminates M (). This task
can be accomplished by applying the extended Zeilberger algorithm to the similar terms

fi(k) = MO (@), folk) = MO (@ + 1), and f3(k) = MU (x — 1),

11



where

M) = o (1) e (1Y

From the telescoping relation generated by the extended Zeilberger algorithm, we de-
duce that

(zp+ py + o —n+np) MO (2) — p(y + ) MO (4 1) — M (2 — 1) = 0.
Let
S () = (xp + py + & — n+np) MO (2) — p(y + 2) MO (x4 1) — MO (z — 1).
It follows from (3.4) that
i Crn(n)Sy,(z) = 0. (3.5)
m=0
Suppose that we can express Sp,(x) in terms of a suitable basis {B,,(x)}, namely,
S () = amBmy1(x) + by B (@) + ¢ Bin—1 (), (3.6)

where a,, b, and ¢, are independent of x. Substituting (3.6) into (3.5), by the linear
independence of B,,(x), we see that the coefficients of B,,(x) are all zeros. This implies
that

Am-1Cm-1(n) + 0,Cri(n) + ¢ne1Cryr(n) = 0. (3.7)

It remains to find the polynomials B,,(z) in order to determine the coefficients ay,, by,
and ¢,,. In view of relation (3.6), we assume that B,,(z) is a hypergeometric term that
is similar to S,,(x) so that we can solve the equation

S () — @y Bi1(x) — by By () — ¢y Bi—1(x) =0
by using the extended Zeilberger algorithm. In fact, we may choose
By(z) = AMRY Y (x)) = MY (@ +1) = M3 (x).

It is easily checked that B,,(z) satisfies (3.6) and the corresponding coefficients are
given by

= Dm-m) (= p)E+m— D

m = m+1 o (1—v)? ’
— —vpum —mp 4 2my + vy —vn+vo — v+ [ — vpd — wy + vnp
" 1—v '

So we obtain a recurrence relation (3.7) for the connection coefficients C,,(n).

12



In general, we can use the following procedure to derive a recurrence relation
for the connection coefficients of two sequences of orthogonal polynomials P,(x) and
Qn(z). We first derive a linear differential or difference operator L, which annihi-
lates P,(x), i.e., L,P,(x) = 0. Then we try to find a suitable basis B,,(z) for the
space of polynomials such that L,Q,,(x) can be expressed as a linear combination of
Bp—w(z), Bypi1(x), ..., Bpir(x) for a fixed integer r, say,

LoQm(z) = ) aiBy_(x).

1=—7

We may consider Q,,(z), Q.. (x), and AQ,,(x) as a choice of B,,(z). Let Cp,(n) be the
connection coefficients between P, (z) and @, (x) defined by

Py(z) = Crn(n)Qum(x).
m=0
Then we are led to a recurrence relation for C,,(n) as given by

ZT: am,iC’m,i(n) = 0.

i=—r

Let F'(n,k) be a hypergeometric term with parameters a,b, ..., c. In Zeilberger’s
algorithm, we only shift the variable n. While in the extended Zeilberger algorithm,
the shifts of other parameters are allowed so that one may expect simpler recurrence
relations. For example, we consider the following identity due to Andrews [1,2], which
was used in the evaluation of the Mills-Robbins-Rumsey determinant.

1):@ (3.8)

Let f(n,z,z) be the sum on the left hand side. The extended Zeilberger algorithm
gives the following recurrence relation

Example 3.4 For n > 0, we have

el T2 9y 420 +2,20 — 22 + 1

—2n—1,:)3+2n+2,:1:—z~|—%,:B+n+1,z+n+1
51y
T2 02

f(n,l',Z) :clf(n—1,$,z)+02f(n—1,93+1,2~|—1),

where
n(2z +2n+1)(2n + 2z — x)(n + 3z — 2x)
C1 =
YT @1+ 20)@2n+ 14 2) (20 4+ 1 — 22 + 2n)(—x + 62 + 8n)’
(2z — z)nP(z,z,n)
Cy =

(x+D)(z+14+2n)2n+1+2)2x+1—22+2n)(—x + 62+ 8n)’
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and

P(x,z,n) = 22> — 8na® — 12227 — 2* + 20 — 4n’x — 3nx + ldnzz —
4 182%x + 8n + 49nz + 98n?z + 62 + 1222 + 43n? 4 60n® 4 42n22.

Hence (3.8) is valid since it holds for n = 0.

4. g-Hypergeometric series

The extended Zeilberger algorithm can be readily adapted to basic hypergeometric
terms t; with parameters a,b,...,c, that is, the ratio ¢;41/tx is a rational function of
¢" and the parameters. Let fi(k), fa(k),. .., fm(k) be similar ¢-hypergeometric terms,
namely, f;(k)/f;(k) and fi(k+1)/fi(k) are rational functions of ¢* and the parameters
for 1 < 14,7 < m. The objective of the g-analogue of the extended Zeilberger algorithm,
called the extended g-Zeilberger algorithm, is to find a ¢g-hypergeometric term g(k) and
k-free polynomial coefficients aq, ao, ..., a,, such that

arfi(k) + azfo(k) + - - + am fm(k) = g(k + 1) — g(k). (4.1)

The detailed description of the extended ¢-Zeilberger algorithm is similar to that of
the ordinary case, hence it is omitted. We shall give two examples to demonstrate
how to use the extended g-Zeilberger algorithm to compute the structure relations for
g-orthogonal polynomials.

Example 4.1 The discrete g-Hermite polynomials are given by

-1

n gz
Ho(z) = q1%) 20, [ 0 4 —q:r] :
- (" elz50)
M (" @)k 59k k
H, .(x) = q(2) —qx
#(2) (4 D (Za2)
be the k-th summand, and let D, denote the g-difference operator, that is,
f(zq) — f(z)
D, f(x) = —"——=.

By applying the extended ¢-Zeilberger algorithm to the similar terms

meHn,k(l')a Dan-l—l,k(x)a Dan,k(x)a Dan—l,k(x)7
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we obtain
D H,(v) = ———

Using the similar terms
Dquk(af), Hn—i—l,k(x)a Hn,k’(m)> Hn—17k(x)7
the extended g-Zeilberger algorithm gives the relation

_1=q"

Dy H,(x) 1—¢

Hn_l(l').

Example 4.2 The ¢-Laguerre polynomials are defined by

1 qina —Z
LI(z) = ———a¢ g q"
(=) (4 Dn 0
It is known that
() q(aH) a+1)
Dan (‘Z.) = _1_an—1 ( q)v

see [9, Section 3.21]. This relation can be easily verified by using the extended ¢-
Zeilberger algorithm. Notice that the right hand side of the above identity involves
shifts of three parameters n, o and x. By choosing other shifts of parameters, we obtain
the following identity

1
DL\ () = —————— (LD () — LY (2)). 4.2
L) = e ) - L) (12)
The right hand side involves only the shift of the parameter o, where we do not require
the coefficients to be z-free.

As the last example of this paper, we consider a g-series identity due to Jackson.
In view of the terminating condition of the ¢-Zeilberger algorithm, there exists a re-
currence relation for the summation on the left hand side. However, the ¢-Zeilberger
algorithm, which was implemented by Koepf [3] and Riese [12], did not seem to be
practically efficient to deliver a recurrence relation. Our algorithm gives a recurrence
relation with multiple parameters.

Example 4.3 Jackson’s terminating g-analogue of Dixon’s sum reads

5 q " b,c
3%2
q1—2n/b’ q1—2n/c

15
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| _ (b @)nlg, bes @)an (4.3)
be (qa bC, q)n(ba & Q)Zn ’



see [6, p. 237]. Let f(n,b, c) be the sum on the left hand side and

_ (q_Qn;q)k(b; q)k(c; q)k q2—n k
frlhe = (@ @rlg 2" /b (a2 ¢ ) ( be )

be the k-th summand. By applying the extended ¢-Zeilberger algorithm to the terms

Fn,k<b7 C)a Fn—l,k(bQ7 C)J Fn—l,k(ba CQ)? Fn—l,k<bQ7 CQ)?

we deduce that

f(n,b,c) =ayf(n—1,bq,¢c) +asf(n—1,b,cq) +asf(n —1,bq,cq), (4.4)

where ) s ,
g+ g (AP = @) (—q + cq™)(bg*"c — q)
a1 = —
q"(cg® — q)(cg® — ¢*)(—c+b)e
ay = L0 = O+ a"B) (g + D) (bg™c — q)
(—c+0)g"(bg® — q)(bg>* —¢*)b
and

(cq"b —1)(=gq + cq"b)
beg™ '
Then (4.3) can be justified by verifying that the right hand side satisfies the same
recurrence relation since the identity holds for n = 0.
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