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Abstract. An alternating permutation of length n is a permutation 7 = mmy-- -7,
such that m < my > 73 <74 > ---. Let A, denote the set of alternating permutations
of {1,2,...,n}, and let A, (o) be the set of alternating permutations in A,, that avoid
a pattern o. Recently, Lewis used generating trees to enumerate As,(1234), A, (2143)
and As,11(2143), and he posed some conjectures on the Wilf-equivalence of alternating
permutations avoiding certain patterns of length four. Some of these conjectures have

been proved by Béna, Xu and Yan. In this paper, we prove two conjectured relations
| Aoy 1(1243)| = | A2,11(2143)| and | A, (4312)] = |As,(1234)].
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1 Introduction

The objective of this paper is to prove two conjectures of Lewis on the Wilf-equivalence
of alternating permutations avoiding certain patterns of length four.

We begin with some notation and terminology. Let [n] = {1,2,...,n}, and let



Sy, be the set of permutations of [n]. A permutation m = mmy -7, is said to be an

alternating permutation if m; < m > 73 < 74 > ---. An alternating permutation
is also called an up-down permutation. A permutation 7 is said to be a down-up
permutation if m > m < w3 > my < ---. We denote by A, and A/, the set of

alternating permutations and the set of down-up permutations of [n], respectively. For
a permutation m = mmy - - - T, its reverse 7" = 7wy ---m is defined by 7] = 7,41

for 1 <7 < n. The complement of 7, denoted 7¢ = 7{n§ - -7, is defined by 7{ =
n+1—m for 1 <i <n. It is clear that the complement operation gives a one-to-one

correspondence between A, and A;.

Given a permutation m = mmy---m, in S, and a permutation ¢ = o109 0} €
Sk, where k£ < n, we say that m contains a pattern o if there exists a subsequence
Ty Ty -+ T, (1 <4y <ig < -+ < i < n) of 7 that is order isomorphic to o, in other
words, for 1 <! <m <k, m;, <m, if and only if 0; < 0,,. Otherwise, we say that =
avoids a pattern o, or 7 is g-avoiding. For example, 74538126 is 1234-avoiding, while
it contains a pattern 3142 corresponding to the subsequence 7486.

Let A, (o) denote the set of o-avoiding alternating permutations of [n], and let
Al (o) denote the set of o-avoiding down-up permutations of [n]. Mansour [8] showed
that for n > 0, |A2,(132)| = C,,, where C,, is the Catalan number

1 2n

n+1 ( n ) '

Meanwhile, Deutsch and Reifegerste showed that for n > 0, |A2,(123)] = C,, see
Stanley [9]. As pointed out by Lewis [5], |A,(c)] is a Catalan number for any n > 0 and
any pattern o € S3. To be more specific, for n > 0 and ¢ € {123,132,213, 231, 312},
we have |Ag,(0)| = C,. For n > 2 and o = 321, we have |Ay,(0)| = Cpq1. Forn > 1
and o € {123,213,312,321}, we have |Ag,_1(0)| = C,,. For n > 2 and o € {132,231},
we have Ay, _1(0)| = Cp_1.

Lewis [5l, [6 [7] studied the enumeration of alternating permutations avoiding a
pattern of length four. In [7], he constructed generating trees for A, (1234), A, (2143)
and the set of standard Young tableaux of shape (n,n,n). Then he showed that these
generating trees are pairwise isomorphic. From the hook-length formula for the number
of standard Young tableaux given by Frame, Robinson and Thrall [3], it follows that

2(3n)!

| Ay, (1234)] = | A2, (2143)| = nl(n+ Dl(n +2)!

(1.1)

The above number is called the n-th 3-dimensional Catalan number, and it will be
denoted by C%. Notice that O also equals the number of walks in 3-dimensions
using steps (1,0,0), (0,1,0), and (0,0, 1) from (0,0,0) to (n,n,n) such that after each
step we have z > y > x. Lewis also constructed a generating tree for Ay, 1(2143) and a
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generating tree for the set of shifted standard Young tableaux of shape (n+2,n+1,n).
It turns out that these two generating trees are exactly the same. Using the formula
for the number of shifted standard Young tableaux given by Schur [10], we have

2(3n + 3)!
nl(n+ Dl(n+2)1(2n +1)(2n +2)(2n + 3)°

|A2n11(2143)[ = (1.2)

The following conjectures were posed by Lewis [7].

Conjecture 1.1 Forn > 1 and o € {1243,2134,1432,3214, 2341, 4123, 3421, 4312},
we have

Conjecture 1.2 Forn >0 and o € {2134, 4312, 3214, 4123}, we have

|Agni1(0)] = |A2ny1(1234)]. (1.4)

Conjecture 1.3 Forn >0 and o € {1243, 3421, 1432, 2341}, we have
|[Aon+1(0)] = [Azn41(2143)]. (1.5)
By showing that a classical bijection on pattern avoiding permutations preserves
the alternating property, Bona [2] proved that

| Ag, (1243)] = | Az, (1234))], (1.6)

Xu and Yan [I1] constructed bijections leading to the following relations

| Az, (4123)] = | A2, (1432)| = | A2, (1234)], (1.8)
| Aoy 1(1432)| = | Ag,11(2143)], (1.9)
| Agps1(4123)] = |Agni1(1234))]. (1.10)

As for the above conjectures, there are essentially two unsolved cases, namely,
| Agpi1(1243)| = | Agpni1(2143)], (1.11)

and
| Ag,, (4312)| = | As,(1234)], (1.12)

because the remaining cases can be deduced by the reverse and complement operations.
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In this paper, we prove the relations and conjectured by Lewis. To
prove , we construct a generating tree for Ag,11(1243) which coincides with the
generating tree for Ay, 1(2143) as given by Lewis [7]. This construction can be adapted
to obtain a generating tree for As,(1243), which turns out to be isomorphic to the
generating tree for As,(1234) as given by Lewis [7]. This leads to an alternative proof
of relation (|1.6)) conjectured by Lewis and proved by Béna.

To prove , we show that the generating tree for Ay, 1(1243) constructed in
Section [2| is isomorphic to the generating tree for shifted standard Young tableaux of
shape (n+2,n+1,n) as given by Lewis [7]. We adopt the notation SHSY T () for the
set of shifted standard Young tableaux of shape A. A label (a, b) in the generating tree
for Ag,11(1243) corresponds to a label (a+1,b) in the generating tree for SHSY T (n+
2,n+1,n). By restricting the correspondence to certain labels of these two generating
trees, we obtain that |As,(4312)| = |SHSYT(n + 2,n,n — 2)|. Since SHSYT(n +
2,n,n—2) and Ay,(1234) are both enumerated by 07(13), we arrive at . Moreover,
we obtain a generating tree for A,,(4312), leading to another proof of relation (1.11]).

2 Generating trees for Ay, 1(1243) and A,,(1243)

In this section, we construct a generating tree Pjog3 for A, 1(1243) which turns out
to be the same as the generating tree for As,,1(2143) given by Lewis. This proves
(L.11), that is, |As,41(1243)] = [As,41(2143)] for n > 0. We also obtain a generating
tree (1243 for Ay, (1243) that is easily seen to be isomorphic to the generating tree for
A,(1234) given by Lewis. This provides an alternative proof of relation (1.6), that is,
| Agn(1243)| = | Az, (1234)] for n > 1.

Theorem 2.1 The generating tree Pioys for {Asn41(1243)},>0 is given by

root: (0,2), (2.1)

rule:  (a,b) = {(z,y)|1<zx<a+1landr+2<y<b+2}. '
Theorem 2.2 The generating tree Q1243 for {A2,(1243) },>1 is given by

root: (1,3), (2.2)

rule:  (a,b) = {(z,y)|1 <z <a+1andx+2 <y <b+2}. '

It is clear that the above generating tree (1243 is isomorphic to the following gen-
erating tree for {Ay,(1234)},>1 due to Lewis

{ root: (2,3),

2.3
rule:  (a,b) = {(z,y)|2<zx<a+landx+1<y<b+2}. (2:3)
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To present the proofs of the above theorems, let us give an overview of the ter-
minology on generating trees. Given a sequence {¥,},>; of finite sets with |X;| = 1,
a generating tree is a rooted, labeled tree such that the vertices at level n are the
elements of X,, and the label of each vertex determines the labels of its children. A
generating tree may be described by a recursive definition consisting of

(1) the label of the root,

(2) a set of succession rules explaining how to derive, given the label of a parent,
the labels of its children.

A generating tree for a sequence {¥,},>1 is also called a generating tree for the
set ¥,. To illustrate the idea of generating trees, we consider the construction of a
generating tree for S,,. We need to determine the children of each permutation in S,,.
Given 7 € S, we can generate n + 1 permutations in S, 1. For 1 <1 < mn+ 1, let
1 +— 7 denote the permutation 7 = 775 --- 7,11 in S, 1 generated by w, where 7 = ¢
and 7973 - -+ T,41 18 order isomorphic to w. Apparently, ¢ — 7 can be obtained from 7
by adding i to the beginning of m and increasing each element in {i,i+1,...,n} by 1.
For example, 3 — 3142 = 34152 is a child of 3142 in the generating tree.

Notice that Lewis [7] used the notation m < i to denote the permutation 7 =
TiTg*** Tpe1 in S,y such that 7,1 = ¢ and 775 - -+ 7, is order isomorphic to w. The
idea of a generating tree is to give succession rules for the structure of the generating
tree by assigning labels to the vertices. For the case of permutations, given © =
Ty -+ T, € Sp, we associate it with a label (m,n). Then we obtain the following
generating tree for .S,

{ root: (1,1),

rule:  (i,n) > {(Jj,n+1)|1<j<n+1}.

By the recursive construction of alternating permutations, Lewis [7] obtained gen-
erating schemes for Ay, and Aj, (o), where o is a given permutation pattern in Sy.
Here we describe the recursive constructions of Ag, and As,(c) by adding elements at
the beginning.

For n > 1, let u = wqus - --us, be an alternating permutation in As,. The gen-
erating tree is constructed based on the following procedure. Consider alternating
permutations w = wywaWs - - - Wop1o in Agyio such that wiwy - - - wey,y o is order isomor-
phic to u. Such permutations are set to be the children of u in the generating tree. One
can also use this recursive procedure to generate pattern avoiding alternating permu-
tations. Given u € Ay, (o), where ¢ is a permutation pattern in Sk, the set of children
of u is given by

{w | w=v;— (V2= u), we Ayyia(0)}.



Analogously, one can describe the procedure to generate pattern avoiding alternating
permutations of odd length.

We now proceed to construct the generating trees Pjoy3 and (1243 for Asgy,1(1243)
and A,, (1243), respectively. It turns out that these two generating trees have the same
succession rules, but with different roots. Here we shall only present the derivation of
the succession rules of Pjo43. First, we introduce two statistics on sequences of positive
integers. For n > 0, let s = 5185+, be a sequence of positive integers. We define

f(s) = max{0, s, | there exists ¢ such that i < j and s; > s,},
e(s) = max{0, s; | there exist j and k such that i < j < k and s; < s, < s;}.

For example, let s = 48152967, which is a permutation of [9]\{3}. Then we have
f(s) = 7 and e(s) = 5. In fact, for any permutation u € S,,, f(u) = 0 if u contains
no 21-pattern; otherwise, f(u) is the largest entry among the smaller elements of 21-
patterns of w. Similarly, e(u) = 0 if u contains no 132-pattern; otherwise, e(u) is the
largest entry among the smallest elements of 132-patterns of u. Since each 132-pattern
contains a 21l-pattern, we have f(u) > e(u). Moreover, f(u) = e(u) if and only if
u=12.---n.

To derive the succession rules of Pjou3, we need to characterize the set of 1243-
avoiding alternating permutations in Ay, 3 that are generated by an alternating permu-
tation u in Ag,11(1243). Recall that for an alternating permutation u in Ay, 1(1243),
a permutation w € As,3(1243) is said to be a child of u if w is of the form w = v; —
(vy — u). The following theorem shows exactly how to generate the set of children of
an alternating permutation in Ay, 1(1243).

Theorem 2.3 Forn > 0, given a permutation u = ujlsg - - Ugp i1 € Aopy1(1243), the
set of children of u consists of sequences of the form w = vy — (vy — ), where

e(u) < vy < vy, (2.4)
maz{ur + 1,f(u) + 1} < vy <2n 4 2. (2.5)

Proof. Suppose that w = wjws - - - we,y3 is a child of u, that is, w is an alternating
permutation in Ay, 3(1243) and it is of the form w = vy + (ve — u). We proceed to
prove relations and . Since w is alternating on [2n + 3], we have v; < vy <
2n+2 and vy > u; + 1. By the order of the insertions of v; and vs, we see that w; = v,
and wy = v9 + 1. Since w is 1243-avoiding, we claim that vy > f(u) + 1. Assume to
the contrary that vy < f(u). Then there exist i < j such that u; > u; and vy < w;.
This implies that wjwsow;;ow;1o forms a 1243-pattern, a contradiction. So the claim is
proved. We continue to show that v; > e(u). Assume to the contrary that v; < e(u).
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Then there exist ¢ < j < k such that v; < u; < u; and v; < ;. Using the fact that

Wite > u; > vy, we deduce that wjw;ow;owyo is of pattern 1243, a contradiction.
This proves that v; > e(u). Hence (2.4) and (2.5)) are verified.

Conversely, we assume that w = v; — (vy — u), where v; and vy satisfy con-
ditions and . We proceed to show that w is an alternating permutation in
Ao i3(1243). Since u is alternating, it is easy to see that w is alternating. It remains to
verify that w is 1243-avoiding. Assume to the contrary that w contains a 1243-pattern,
that is, there exist ¢ < ¢ < j < k such that w,aw;wj;wy, is of pattern 1243. Since u is
1243-avoiding, we deduce that t = 1 or 2. If wow,wjwy forms a 1243-pattern, then
ww;w;wy s also a 1243-pattern. Hence we can always choose ¢t = 1. To prove w is
1243-avoiding, we show that it is impossible for w,w;w;w;, to form a 1243-pattern.

We now assume that wyw;wj;wy forms a 1243-pattern. If ¢ = 2, we have wy < wy,.
Since wy = vy + 1 and wy < w9 + 2, we get vy < uy_o. Using the fact that uj_suj_o
forms a 21-pattern, we find that uy_o < f(u). It follows that ve < f(u), which
contradicts the condition that vy > f(u) + 1. Hence we get i > 2.

We claim that w; < u;_5. Assume to the contrary that wy > u; _o. Since w; = vy
and v; < w9, we see that u;_o < v; < v9. Moreover, we have w; = u;_s since w =
vy — (vg — w). This yields w; < wy, which contradicts the assumption that wyw;w;wy
forms a 1243-pattern. So the claim is proved. Clearly, w;_ou;_ou;_o is a 132-pattern. It
follows that u;_o < e(u). Thus vy = wy < u;—9 < e(u), which contradicts the condition
v1 > e(u). So the assumption that wyw;w;wy is a 1243-pattern is false. Hence w is
1243-avoiding and the proof is complete. |

In light of the above characterization, we are led to a labeling scheme for alternating
permutations in Ay, 1(1243). For u € As,11(1243), we associate a label (a,b) to u,
where

a=2n+2—max{u; + 1, f(u) + 1}, (2.6)
b=2n+2—e(u). (2.7)

For example, the permutation 1 € A;(1243) has label (0,2), and the permutation
2546173 € A;(1243) has label (3, 6).

The above labeling scheme enables us to derive succession rules of the generating
tree P1243 for A2n+1<1243)

Theorem 2.4 Forn > 0, given u = ujlg - - Ugpy1 € Aoni1(1243) with label (a,b) |
the set of labels of children of u is given by

{(zy)|1<z<a+1l,z4+2<y<b+2}



Proof. Assume that w = vy +— (vy — u) is a child of u. Write w = wyws - - - w1 3.
According to Theorem , we have e(u) < v; < vg and max{u; + 1, f(u) + 1} < vy <
2n + 2. Let (x,y) be the label of w. Since w € Asg,13(1243), from the labeling rules

(2.6) and (2.7)) it follows that
r =2n+4 — max{w;, + 1, f(w) + 1}, (2.8)
y=2n+4—e(w). (2.9)
To determine the range of the label (z,y), we proceed to compute f(w) and e(w).
Notice that the insertions of v; and vy to u may cause new 21-patterns and new 132-
patterns. Let s = wswy---wy,13. To determine f(w), it suffices to compare f(s)

with the smaller element in each new 21-pattern. Similarly, e(w) can be obtained by
comparing e(s) with the smallest element in each new 132-pattern. Here are two cases.

Case 1: e(u) < v; < wg. It is easily seen that e(s) = e(u). To compute e(w),
we consider new 132-patterns caused by the insertions of v; and vy into u. Since
wy = vg + 1 and vy > f(u), we find that ws does not appear as the smallest entry of
any 132-pattern of w. Since vy (vy + 1)vy is a 132-pattern and v; > e(u) = e(s), we see
that e(w) = max{vy, e(s)} = v;.

To compute f(w), we first determine f(s). There are two cases. If e(u) < v; < f(u),
then f(u) # 0. Noting that vy > f(u) > vy, we get f(s) = f(u) + 1. If f(u) < vy < v,
it is obvious that f(s) = f(u). Therefore, in either case we have f(s) < f(u) + 1.

We now consider new 21-patterns caused by the insertions of v; and vy into u. Since
v1 < vy and wy = vy + 1, we see that (vy+ 1)y is a 21-pattern of w. Moreover, it can be
seen that vy is the largest among the smaller elements of the newly formed 21-patterns.
From the fact that f(s) < f(u) + 1 < vy, we deduce that f(w) = max{vy, f(s)} = vs.

Hence from and we have
r=2n+4—max{w; + 1, f(w) + 1} = 2n + 3 — vg,
y=2n+4—e(w)=2n+4—v.

Since e(u) < vy < vo and max{u; + 1, f(u) + 1} < wy < 2n + 2, we obtain

1<z <2n+3—max{u +1, f(u)+ 1}, (2.10)
2n+5—vy <y <2n+3—-e(u). (2.11)

Since a = 2n + 2 — max{u; + 1, f(u) + 1} and b = 2n + 2 — e(u) as given in (2.6) and
(2.7), we may rewrite (2.10) and (2.11)) as follows

l<z<a+l1, (2.12)
r+2<y<b+l. (2.13)
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It is easily checked that for any pair (z,y) of integers satisfying conditions and
(2-13), there exists a unique child w = vy — (v2 — u) of u with the label (z,y) such
that e(u) < v; < vy. Consequently, the set of labels of children of u considered in this
case is given by

{(z,y)|[1<zx<a+landz+2<y<b+1}.

Case 2: v; = vy. By , namely, max{u; + 1, f(u) + 1} < vy < 2n + 2, we have
vy = ve > f(u). It follows that f(s) = f(u). Clearly, (vo + 1)(vy — 1) is a 21-
pattern of w. Moreover, it is obvious that vy — 1 is the largest among the smaller
elements in the newly formed 21-patterns. Since vy — 1 > f(u) = f(s), we have

f(w) =max{vy — 1, f(s)} = vy — 1.

By (2.4), namely, e(u) < v; < vy, we deduce that e(s) = e(u). Since vy = vy >
f(u), the insertions of v; and vy do not Create any new 132-pattern. It yields that
e(w) = e(s) = e(u). From the labeling rules and (2.9) we have

r=2n+4—max{w; + 1, f(w) + 1} =2n+ 3 — v, (2.14)
y=2n+4—e(w)=2n+4—e(u). (2.15)

Since f(u) > e(u), using and (2.5]) we get
max{u; + 1, f(u) + 1} < vy = vy < 2n+ 2.

This implies that
1 <z<2n+3—max{u +1, f(u)+1}. (2.16)

Combining (2.6) and - we get 1 <z < a+ 1. By the labeling rule ( . -
becomes y = b + 2. Conversely, for any pair (z,y) of integers satisfying 1 <z <a+1

and y = b+ 2, there exists a unique child w = vy — (v9 — u) of u with label (x,y)
such that v; = ve. Hence the set of labels of children of v considered in this case is
given by

{(z,y)|1 <z <a+1and y=0>b+2}.

Combining Case 1 and Case 2, the set of labels of children of u is given by
{(z,y)|1 <z <a+1, 2+2<y<b+2}

as required. 1

Using Theorem 2.4, we obtain the generating tree Piay3 given in Theorem [2.1]
Figure gives the first few levels of the generating tree Pjo3.



1
label(0,2)

132 231
label(1,3) label(1,4)

24153 25143 34152 35142 45132
label(2,4) label(1,4) label(2,5) label(1,3) label(1,5)

Figure 2.1: The first few levels of the generating tree Pjoy3

Comparing the above description of the generating tree Pjo43 and the generating
tree for As,1(2143) as given by Lewis [7], we arrive at the assertion that there is a
bijection between Asg,1(1243) and Ag,,1(2143). This proves relation ((1.11]).

The construction of the generating tree Pjo43 can be easily adapted to give the
generating tree (Q1043. The following theorem provides a similar characterization of
the set of 1243-avoiding alternating permutations in As,,,o that are generated by an
alternating permutation u in Asg,(1243).

Theorem 2.5 For n > 1, given a permutation u = ujus - - - Ug, € As,(1243), the set
of children of u consists of sequences of the form w = vy +— (vy — u), where

e(u) < vy < vy, (2.17)
mar{u; + 1,f(u) + 1} < vy < 2n+ 1. (2.18)

Based on the above characterization, we assign a label (a,b) to an alternating
permutation u = ujug - - - Uz, € Ag,(1243), where
a=2n+1—max{u + 1, f(u) + 1},
b=2n+1—e(u).
It is easy to check that the succession rules of ()1043 are exactly the same as the

succession rules of Pjay3. Note that 12 € Ay(1243) has label (1,3). So we obtain the
generating tree Q1943 as given in Theorem

It is clear that the generating tree (01243 is isomorphic to the generating tree for
Ay, (1234) given in (2.3) via the correspondence (a,b) — (a + 1,b). This gives another
proof of relation (1.6, which was proved by Béna [2] by a direct bijection.
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3 A restriction of the generating tree o3

In this section, we give a proof of relation conjectured by Lewis. We notice that
the generating tree Pjoy3 for Ag,11(1243) is isomorphic to the generating tree for the set
of shifted standard Young tableaux of shape (n+2,n+ 1,n) as given by Lewis [7]. By
restricting this isomorphism to certain labels of these two generating trees, we obtain
a bijection between a subset of Ay, ,1(1243) and a subset of SHSY T (n + 2,n + 1,n),
which leads to the following assertion.

Theorem 3.1 Forn > 2, we have |As,(4312)| = |SHSY T (n + 2,n,n — 2)|.

By the formula for the number of shifted standard Young tableaux of a given shape,
we have |[SHSYT (n+2,n,n—2)| = ¥, where CY is the n-th 3-dimensional Catalan
number as given by . Lewis [7] proved that |As,(1234)] = C'¥. So by Theorem
3.1, we obtain |As,(4312)| = |A3,(1234] for n > 2. Note that this relation also holds
for n = 1. This proves the relation ((1.12]).

Let us recall some notation and terminology on partitions and shifted standard
Young tableaux. A sequence A\ = (A1, Ag, ..., \,) of positive integers is said to be a
partition of nif n =X\ + X+ ---+ X\, and \y > Ay > --- > A\, > 0, where each ); is
called a part of \. A Young diagram of shape \ is defined to be a left-justified array
of n boxes with \; boxes in the first row, \y boxes in the second row and so on. If \ is
a partition with distinct parts, then the shifted Young diagram of shape \ is an array
of cells with m rows, where each row is indented by one cell to the right with respect
to the previous row, and there are A; cells in row 1.

A standard Young tableau of shape A is a Young diagram of A whose boxes are
filled with the numbers 1,2,...,n such that the entries are increasing along each row
and each column. A shifted standard Young tableau of shape X is a filling of a shifted
Young diagram with the numbers 1,2, ..., n such that the entries are increasing along
each row and each column. We denote by SHSYT(A) the set of shifted standard
Young tableaux of shape A. Figure gives examples of a standard Young tableau
and a shifted standard Young tableau.

As shown by Lewis [7], As,(1234) is enumerated by the n-th 3-dimensional Catalan
number C¥. To prove relation , it suffices to demonstrate that A, (4312) is also
counted by C®. In light of the correspondence between 4312-avoiding alternating per-
mutations and 1243-avoiding down-up permutations via complementation, we proceed
to consider the generating tree for Ay, 1(1243).
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1131719 1 1214|810
215 31516
416 719
8 11

Figure 3.1: A standard Young tableau of shape (4, 2,2, 1) and a shifted standard Young
tableau of shape (5,3,2,1)

It turns out that the generating tree Pjo43 is isomorphic to the following generating
tree for SHSYT(n + 2,n 4+ 1,n) obtained by Lewis [7]:

root: (1,2), (3.1)
rule:  (a,b) = {(z,y)|2<z<a+land z+1<y<b+2}. '

The above generating tree is based on the following labeling scheme. Assume that
T e SHSYT(n+2,n+1,n), and let T'(4, j) denote the entry of 7" in the i-th row and
the j-th column. We associate T with a label (a,b), where

a=3n+4-T(2,n+2), (3.2)
b=3n+4—T(1,n+2). (3.3)

The isomorphism can be easily established by mapping a label (a, b) in (3.1)) to a label
(a —1,b) in (2.1). Thus for n > 0, we have

The above isomorphism between the generating tree Pjos3 and the generating tree
for SHSYT(n + 2,n + 1,n) can be restricted to certain labels. Let P, be the set of
alternating permutations in Ag,1(1243) with labels of the form (1, b) and @,, be the set

of shifted standard Young tableaux in SHSYT'(n+ 2,n+ 1,n) with labels of the form
(2,b). By the isomorphism between the two generating trees, we see that |P,| = |Q,].

To prove Theorem [3.1], we shall show that for n > 1,
| Pa| = [A2n—1(1243)| + [ A2, (4312)], (3.5)
and for n > 2,

|Qn| = [SHSYT(n+1,n,n—1)|+|SHSYT(n+2,n,n — 2)|. (3.6)
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Substituting (3.4]) with n replaced by n — 1 into (3.5), we find that n > 1,
|P,| = |SHSYT(n+ 1,n,n — 1)| + | As,(4312)]. (3.7)

Since | P,| = |@Qy| for n > 1, comparing (3.6]) and (3.7) yields | A2,(4312)| = |SHSYT (n+
2,n,n — 2)| for n > 2, as asserted in Theorem [3.1]

To prove (3.5]), we need a characterization of alternating permutations in P,.

Lemma 3.2 Forn >0, an alternating permutation u = ujus - - - Ugp 1 € Agpy1(1243)
15 in B, if and only if ug = 2n + 1, that is,

P, = {U | U= ULU2 * * * Ugp+1 € A2n+1(]—243)7 Uy = 2n + 1} (38)

Proof. Assume that u = ujus - - - U9,y 1 is an alternating permutation in P,. By the
definition of P,, we see that u has a label of the form (1,5). Using the labeling scheme of
Pioy3, we have 2n+2 —max{u; +1, f(u)+1} = 1. It follows that uy = 2n or f(u) = 2n.
When u; = 2n, we have us = 2n + 1 since u; < us < 2n+ 1. When f(u) = 2n, by
the definition of f(u), we find that 2n + 1 precedes 2n in u since (2n + 1)(2n) is the
only 21-pattern in w with 2n being the smaller element. We claim that uy, = 2n + 1.
Assume to the contrary that us < 2n+ 1. Then ujus(2n+1)(2n) forms a 1243-pattern
of u, a contradiction. Hence the claim is valid. So we have shown that uy, = 2n + 1.

Conversely, assume that u € Ag,11(1243) and uy = 2n+1. We proceed to show that
u € P,, namely, 2n+2—max{u;+1, f(u)+1} = 1. Here are two cases. If u; = 2n, by the
definition of f(u), we have f(u) < 2n. It follows that 2n+2—max{u; +1, f(u)+1} = 1.
If uy # 2n, from the assumption that uy = 2n+ 1 we see that 2n appears after (2n+1)
in u, that is, (2n + 1)(2n) forms a 21-pattern of u. Hence we have f(u) = 2n. It can
be checked that in this case we also have 2n + 2 — max{u; + 1, f(u) + 1} = 1. This
completes the proof. 1

The following correspondence implies relation (3.5)).
Theorem 3.3 Forn > 1, there is a bijection between P, and As,(4312)U Ay, _1(1243).

Proof. We divide P, into two subsets P, and P,/, where

Pl ={u|u=wuug- - ugyi1 € Agps1(1243),u3 = 2n+ 1 and u; > us},

Pg = {u ’ U = ULU2 - * - U2p+1 € A2n+1(1243),u2 =2n+1 and u < Ug}.

We proceed to show that there is a bijection between P! and As,(4312) and there is a
bijection between P/ and Aj,_1(1243).
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First, we define a map ¢: P, — A9,(4312). Given v = vjvg---vapq1 € P, let
p(v) = ¢, where ™ = vjv3vV4 - - - Uap41. Clearly, we have m € A}, (1243). It follows that
p(v) = 7° € A, (4312).

To prove that ¢ is a bijection, we construct the inverse of . Define a map
¢ A9p(4312) — P). Given w = wyws - - - Way, € Ag,(4312), let

pw)=7=02n+1—-w)2n+1)2n+1—wy)---(2n + 1 — wy,).

We claim that 7 is 1243-avoiding. Since w is 4312-avoiding, by complementation we
see that 77374 - - - Topa1 18 1243-avoiding. Note that 75 = 2n 4+ 1 does not occur in any
1243-pattern of 7. So the claim is verified. Evidently, 7 is alternating, and hence we
have 7 € As,41(1243). Since w is alternating, we have w; < we, and so 7, > 73. It
follows that 7 € P!. Moreover, it can be checked that ¢ is the inverse of ¢. So we
conclude that ¢ is a bijection between P and A, (4312).

We next construct a bijection between P” and As,_1(1243). Given an alternating
permutation u = ujug - - - Ugp 41 in P, define ¢ (u) = st(r), where r = ujugusug - - « Uy Uop i1
and st(r) is the permutation of [2n — 1] which is order isomorphic to r.

We aim to show that ¢ (u) € Ay,—1(1243). Since u € P/, we find that u; < uz < uy
and uy = 2n + 1. We claim that usz + 1 = uy. Otherwise, ujusuy(ug + 1) would form a
1243-pattern of u, contradicting the fact u is 1243-avoiding. Since uy > us, we deduce
that ug > us. It follows that ¢(u) is an alternating permutation of length 2n — 1. It is
clear that ¥ (u) is 1243-avoiding. So we deduce that ¥ (u) € As,_1(1243).

To prove that 1 is a bijection, we describe the inverse of ¢. Given ¢ = q1¢2 - - - gop—1
in Ay, _1(1243), define 0(q) = p, where p = p1py - - - P2 11 is obtained from ¢ by inserting
2n + 1 after ¢; and inserting ¢ + 1 after ¢o, and increasing each element of ¢ which is
not less than ¢, + 1 by 1. For example, for ¢ = 34152 € A5(1243), we have p = 0(q) =
3745162.

We need to show that p = 6(gq) is an alternating permutation in P/. By the
construction of p, we have p; = q1, p2 =2n+1, p3 = @2, p1 = g2 + 1 and p5 = g3. Now
it is not difficult to check that p is alternating.

Next we show that p is 1243-avoiding. Assume to the contrary that p;p;p;py forms a
1243-pattern of p, where t < i < j < k. Since q is 1243-avoiding, from the construction
of p, we see that p;p;p;pr contains either ps or ps. Since py = 2n + 1 does not occur
in any 1243-pattern, p, appears in pyp;p;pr. Moreover, ps appears in pyp;p;pi. If not,
since p3 + 1 = py4, then there is a 1243-pattern which does not contain p, by replacing
ps With ps in pp;p;pr, which contradicts the fact that p, appears in pp;p;pr. Thus
pepip;pk contains both ps and py.
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To prove that p is 1243-avoiding, it is sufficient for us to show that p.p;p;pi does not
contain both ps and ps. Assume that both p;3 and ps appear in p;p;p;p. Since p3 < pa,
by the assumption that pip;p;pr forms a 1243-pattern, we have either p;p; = psps or

pip; = p3pa- If pep; = papa, that is, pspap;py is a 1243-pattern of p, then p;psp;py, forms
a 1243-pattern since p; < p3 < p4, contradicting the assertion that p, must appear in

any 1243-pattern of p as shown before. Hence we have p;p; # p3ps. It follows that
piDj = P3Pa, namely, p;pspaps, is a 1243-pattern of p. However, this is not possible since
p3 + 1 = p4. So the claim is verified, that is, p is 1243-avoiding.

It is easy to check that p € P”. By the definition of P/, we only need to verify

that p; = 2n 4+ 1 and p; < p3. But this is obvious from the construction of p. Thus 6
is a map from Ay, 1(1243) to P”. Moreover, it is not difficult to verify that § = 1.
Hence 9 is a bijection between P/ and As,_1(1243). |

The following theorem gives a bijection for relation (3.6)). Recall that @, is the set
of shifted standard Young tableaux in SHSYT'(n + 2,n+ 1,n) with labels of the form
(2,b).

Theorem 3.4 Forn > 2, there is a bijection between @, and
SHSYT(n+1,n,n—1)USHSYT(n+2,n,n—2).
Proof. By the definition of (),, and the labeling scheme of the generating tree for
SHSYT(n+2,n+ 1,n), we have
Q,={T|T e SHSYT(n+2,n+1,n), T(2,n+2) = 3n + 2}. (3.9)

Let

Q. ={T|TeQ,, T(3,n+1)=3n+1},

Qr={T|Te€Q,, T(l,n+2)=3n+1}.
Clearly, @), N Q" = (). We claim that

Qn=0Q,uQy

In other words, for any T € @Q,, we have either T'(3,n+1) = 3n+1 or T'(1,n+2) = 3n+1.

Let T be a shifted standard Young tableau in Q,,. By we have T'(2,n + 2) =
3n+2. Since T is filled with 1,2,...,3n+ 3 and T contains the cell (3,n+ 2), we have
T(3,n+2) = 3n + 3. Moreover, it can be seen that the element 3n + 1 appears in the
cell (3,n+ 1) or in the cell (1,n + 2). This proves @, = Q,, UQ". Figure gives an
illustration of the two cases when 7'(2,n + 2) = 3n + 2.
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3n+1

3n+2 oo 3n+2

* |3n+1|3n+3 L) 3n+3

Figure 3.2: The two cases when T'(2,n + 2) = 3n + 2

We now define a map x from @, to the set SHSYT(n+1,n,n—1)USHSYT(n+
2,n,n — 2). Let T be a shifted standard Young tableau in @Q,. If T € @', then let
X(T') = Ty, where T is obtained from T by deleting the boxes T'(2,n +2), T'(3,n + 1)
and T'(3,n +2). If T € @/, then let x(T) = T3, where T3 is obtained from T' by
deleting the boxes T'(1,n+2), T(2,n+2) and T'(3,n+2). It is easily verified that y is
a bijection between @,, and SHSYT(n+ 1,n,n —1)USHSYT(n+ 2,n,n — 2), since
we can recover the shifted standard Young tableau T" from 77 or T depending on the
shape of T} or T5. Thus y is the required bijection. 1

4 A generating tree for A,,(4312)

In this section, we construct a generating tree Q4312 for As,(4312). While this gen-
erating tree is not isomorphic to the generating tree for As,(1234) given by Lewis, it
leads to an alternative proof of relation (1.11)), namely, |Ag,1(1243)] = |Agp41(2143)]
for n > 0. To be more specific, by deleting the leaves of the generating tree (04312 and
changing every label (a,b) to (a — 1,b), we are led to the generating tree for Ay, (3412)
as given by Lewis [7]. By restricting this correspondence to certain labels, we obtain
relation ((1.11)).

Theorem 4.1 The generating tree Q4319 for {A2,(4312) },>1 is given by

root: (2,3),
rule:  (a,b) = {(z,y)|2<zx<a+1landa+2<y<b+2}
U {(b_‘;“l) occurrences of (0,0)}.

The construction of the generating tree Q4312 is analogous to the construction of the
generating tree Pgy3 given in Section [2] First, we introduce two statistics on sequences
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of positive integers. For n > 0, let s = s155---5, be a sequence of positive integers.
Define

g(s) = min{n + 1, s; | there exist j and k such that i < j < k and s; < s, < s;},

h(s) = min{n + 1, s; | there exists 7 such that ¢ < j and s; < s;}.

For example, given a permutation s = 65128743 € Ss, we have g(s) =5 and h(s) =
2. In fact, for any permutation u € S,,, g(u) = n+1 if u is 312-avoiding; otherwise g(u)
is the smallest among the largest elements of 312-patterns of u. Similarly, h(u) =n+1
if u is 12-avoiding; otherwise h(u) is the smallest among the larger elements of 12-
patterns of u. Since each 312-pattern contains a 12-pattern, we have h(u) < g(u).
Moreover, h(u) = g(u) if and only if u =n---21.

Let u be an alternating permutation in A,,(4312). An alternating permutation
w in Ag,y2(4312) is said to be a child of u, or generated by u if w is of the form
w = vy — (vg = u).

Theorem 4.2 For n > 1, given a permutation u = ujusg - - - Ug, € As,(4312), the set
of children of u consists of sequences of the form w = vy — (vy — u), where

1 <vy < vy, (4.1)
uy + 1 <wvy < g(u). (4.2)

Proof. Suppose that w = wyjws - - wy, 12 is a child of u, that is, w is an alternating
permutation in As,12(4312) and it is of the form vy — (vy — u). We proceed to prove
and . Since w is alternating on [2n + 2], we have 1 < vy < vy < 2n + 1 and
v > uy + 1. Moreover, we claim that vy < g(u). Otherwise, there exist ¢ < j < k such
that u; < up < w; and vy > u,;. This implies that wow; 9w, 2wy 2 forms a 4312-pattern
of w, contradicting the fact that w is 4312-avoiding. So the claim is verified and we

are led to the relations (4.1]) and (4.2)).

Conversely, we assume that w = v; — (v2 — u), where v; and vy are integers
satisfying (4.1) and (4.2). We need to show that w € Asg,2(4312). Clearly, w is
alternating since vo > u; + 1 and 1 < vy < vs.

It remains to check that w is 4312-avoiding. Assume to the contrary that w,w;w;wy
is a 4312-pattern of w, where t < i < j < k. We claim that we can always choose t = 2.
It is easily seen that w,w;w;wy contains either w; or wy. Moreover, if wyw;wjwy is a
4312-pattern, then so is wow;w;wy, since wy; < ws. So the claim holds. Now we may
assume that wow;w;wy is a 4312-pattern. Clearly, vy > wu;_o. Since u;_o > g(u), we
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get v > g(u), contradicting condition (4.2). Hence wow;w;wy does not form a 4312-
pattern. This implies that w is 4312-avoiding. So we conclude that w € Ay, 2(4312).
This completes the proof. 1

Notice that some alternating permutations in As,(4312) do not have any children.
Such permutations are leaves of the generating tree. Permutations having at least
one child are internal vertices of the generating tree. For example, the alternating
permutation 3412 € A4(4312) is a leaf and the alternating permutation 132645 €
Ag(4312) is an internal vertex, since 23154867 € Ag(4312) is a child.

Theorem 4.3 Forn > 1 and u = ujuy - - - ug, € Ag,(4312), u is an internal vertex in
the generating tree Qus12 if and only if h(u) = uy + 1.

Proof. Assume that v is an internal vertex. We proceed to show that h(u) = u; + 1.
First, we claim that u; < h(u). Otherwise, we may assume that u; > h(u). By the
definition of h(u), we see that there exist ¢ < j such that u; < u; and u; > u;. Hence
wu;u; forms a 312-pattern. By the definition of g(u), we get g(u) < w. In view
of Theorem [4.2] we see that if u has a child, then it is of the form v; — (vs — w)
satisfying conditions and (4.2)), namely, 1 < v; < vy and ug + 1 < v < g(u).
Since g(u) < wug, u has no child, which contradicts the assumption that u is an internal
vertex. So the claim is verified. Again, by the definition of h(u), it can be checked
that u; # h(u). It follows that u; < h(u). On the other hand, since u;(u; + 1) is a 12-
pattern, it can be checked that h(u) < u;+1. Thus we deduce that u; < h(u) < u;+1,
namely, h(u) = uy + 1.

Conversely, we assume that h(u) = u; + 1. We wish to show that u is an internal
vertex. Since h(u) < g(u), we obtain u; + 1 < g(u). By Theorem we see that if u
has a child, then it is of the form v; +— (ve +— u) subject to conditions and ,
namely, 1 < v; < wy and uy + 1 < vy < g(u). Since u; + 1 < g(u), we see that the set
of children of u is nonempty. So u is an internal vertex. Thus we reach the conclusion
that w is an internal vertex if and only if h(u) = u; + 1. ]

To construct the generating tree Quz12 for A,,(4312), we give a labeling scheme
for alternating permutations in As,,(4312). For n > 1, let u = wjuy---ug, be an
alternating permutation in Ay, (4312). The label (a,b) of u is defined as follows

if u is a leaf.
(a.b) = (0,0), 1 U ?s a e.a (43)
h(u),g(u)), if u is an interal vertex.

For example, let u = 46253817 € As(4312). Since h(u) # u; + 1, by Theorem [4.3] we
see that u is a leaf. So the label of w is (0,0). It is easily seen that 12 € A5(4312) is
an internal vertex with label (2, 3).
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The above labeling scheme enables us to give a characterization of the labels of
children generated by wu.

Theorem 4.4 Assume that u = ujug - - - ug, is an alternating permutation in As,(4312)
with label (a,b). If u is an interval vertex, then it generates (b_gﬂ) leaves and the set
of labels of the internal vertices generated by u is given by

{(y)2<z<a+1, a+2<y<b+2}.

Proof. Assume that w = v; — (vy — u) is a child of v and let w = wyws - - - Way 1 2.
According to Theorem we have 1 < v < vy and w3 + 1 < vy < g(u). Since u
is an internal vertex, it follows from Theorem that uy + 1 = h(u). Hence we get
h(u) < vy < g(u).

Let (z,y) be the label of w. To determine the range of (z,y), we consider when w
is a leaf. Recall that if w is a leaf, then (z,y) = (0,0), and if w is an internal vertex,
then (z,y) = (h(w), g(w)). We shall compute h(w) and g(w) based on vy, v and the
label (a, b).

Let s = wswy - - - wopyo. To determine h(w), it suffices to compare h(s) with the
larger element of each new 12-pattern caused by the insertions of v; and vy into u. The
computation of g(w) can be carried out in the same manner. Here are three cases.

Case 1: h(u)+1 <wv; <wvyand h(u)+1 < vy < g(u). By the construction of w, we see
that wy = v; and wy = vy + 1. Since h(u) + 1 < v; < vy, we have h(s) = h(u). Now
we consider the newly formed 12-patterns caused by the insertions of v; and vy into w.
Clearly, v1(v1+1) forms a 12-pattern of w and it can be verified that v;+1 is the smallest
among the larger elements of the newly formed 12-patterns. Since h(u) < v; + 1, we
deduce that h(w) = min{v; +1, h(s)} = h(u). Notice that h(w) # w;+ 1. By Theorem
4.3 we find that w is a leaf. Hence in this case u only generates leaves. Using the
labeling scheme for the generating tree (4312, we obtain that a = h(u) and b = g(u).
So the number of leaves generated by wu is given by

i (vp—a)=1+42+4--+(b—a)= <b—c2t+1>.

vo=a+1

Case 2: 1 <wv; < h(u) and h(u) +1 < vy < g(u). Clearly, we have h(s) = h(u)+ 1 and
g(s) = g(u) + 2. To compute h(w), we consider the newly formed 12-patterns caused
by the insertions of v; and vy into w. First, vi(v; + 1) is a newly formed 12-pattern
in w. Moreover, it can be seen that v; 4+ 1 is the minimum among the larger elements
in the newly formed 12-patterns. Notice that v; +1 < h(u) + 1 = h(s). So we have
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h(w) = min(h(s),v; + 1) = v; + 1. In view of Theorem [4.3] we see w is an internal
vertex.

To determine the range of (x,y), it suffices to compute g(w). Let us consider the
newly formed 312-patterns in w. By the assumptions of this case, we see that wy, = v; <
h(u). Thus w; does not occur in any 312-pattern of w. Moreover, by the assumption
vy > h(u)+1, we find that we = v9+ 1 is the largest entry of a 312-pattern in w. From
the fact that vo+1 < g(u)+2 = g(s), we obtain that g(w) = min(ve+1, g(s)) = v+ 1.
Therefore, the label of w is given by (z,y) = (v; + 1,09+ 1). From the assumptions of
this case, we get 2 <z < a+1and a+2 <y < b+1. Moreover, it can be easily checked
that for any pair (x,y) of integers satisfying 2 <z <a+1and a+2 <y < b+ 1, there
exists a unique child w = vy +— (vy — u) of u with label (x,y) such that 1 < vy < h(u)
and h(u)+1 < wvy < g(u). This implies that the set of labels of children of u considered
in this case is given by

{(z,y)|2<zx<a+1, a+2<y<b+1}.

Case 3: 1 <wv; < h(u) and v9 = h(u). Clearly, h(s) = h(u)+ 2. Notice that w;(w; +1)
is a 12-pattern of w and w; + 1 is the minimum of the larger elements in the newly
formed 12-patterns caused by the insertions of v; and vy. Since w; = vy < h(u), we
find that h(w) = min(w; + 1, h(s)) = min(w; + 1, A(u) + 2) = wy + 1. According to
Theorem [4.3] w is an internal vertex.

It remains to determine g(w). Recall that h(u) < g(u). Hence in this case we have
v; < vy < g(u). It follows that g(s) = g(u) + 2. Since v; < vy = h(u), we see that
neither w; nor ws can be the largest entry of a 312-pattern of w. This yields that
g(w) = g(s) = g(u) 4+ 2. Therefore, the label of w is given by (z,y) = (v1 + 1, g(u) +2).
From the assumptions 1 < v; < h(u) and vy = h(u) we deduce that 2 <z < a+ 1 and
= b+2. It is easily verified that for any pair (z,y) of integers satisfying 2 < x < a+1
and y = b+ 2, there exists a unique child w = vy — (vg — u) of u with label (x,y)
such that 1 <wv; < h(u) and v = h(u). Thus in this case the set of labels of children
of u is given by

{(zy)[2<z<a+ly=b+2}

Combining the above three cases, we see that an internal vertex u with label (a, b)
generates (b_;H) leaves and a(b — a + 1) internal vertices labeled by (z,y), where
2<zr<a+landa+2<y<b+2. ]

If we ignore the leaves in the generating tree (Q4312, then we are led to the following
generating tree

{ root: (2,3),

4.4
rule:  (a,b) = {(z,y)|2<zx<a+landa+2<y<b+2}. (4.4)
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The above generating tree turns out to be isomorphic to the generating tree for
Ay, (3412) as given by Lewis [7]

{ root: (1,3),

4.5
rule:  (a,b) = {(z,y) |1 <zx<a+landa+3<y<b+2}. (4:5)

Clearly, a label (a,b) in corresponds to a label (a — 1,b) in (4.5). Let U, be the
set of alternating permutations in As,(4312) with labels of the form (2,b) and V,, be
the set of alternating permutations in As,(3412) with labels of the form (1,b). The
isomorphism between the above two generating trees implies |U,| = |V,,|.

The following characterizations of U,, and V,, without using labels will be used to
give an alternative proof of relation ((1.11)).

Theorem 4.5 Forn > 1, we have

Up = {u|u=ujusg - ug, € As,(4312), uy = 1}, (4.6)
Vo = {u]u=ujug - ug, € As,(3412), uy, = 2n}. (4.7)

Proof. Recall that for a permutation w € A,,(3412) with label (a, b) in the generating
tree defined by Lewis [7], we have a = d(w), where

d(w) = 2n — max{w; | there exists j such that j > ¢ and w; < w;}. (4.8)

By Theorem , a permutation u = ujuy - - - g, € As,(4312) is an internal vertex if
and only if h(u) = u; + 1. Using the labeling schemes for As,(4312) and A,,(3412)
given in and respectively, we find that U, and V,, can be described in terms
of the functions h(u) and d(u), namely,

Up ={u|u=ujusg---ug, € A9,(4312), h(u) = uy + 1 and h(u) = 2}, (4.9)
Vo = {u]u=ujug---ug, € A2,(3412), d(u) = 1}. (4.10)

We first prove (4.6). Given u = wujug - - - ug, € U,, we have u; = 1. Conversely,
assume that u = ujus - - - ug, is an alternating permutation in A,,(4312) with u; = 1.
Since the subsequence 12 forms a 12-pattern of u, by the definition of h(u), we obtain
that h(u) = 2. So we have h(u) = uy + 1. It follows that u € U,. This yields (4.6).

We now consider . Assume that v = ujus - - - ug, is an alternating permutation
in V,,. Since d(u) = 1, we see that 2n — 1 is the largest among the smaller elements
of 12-patterns of u. It follows that 2n — 1 precedes 2n in w. If ug, # 2n, then
(2n — 1)(2n)ug,_1us, forms a 3412-pattern of u, which contradicts the fact that u is
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3412-avoiding. Thus we have uy, = 2n. Conversely, if ug, = 2n, then it is easy to
check that d(u) = 1. This completes the proof. |

Recall that |U,| = |V,|. To prove relation (.11, it is easy to establish a bijec-
tion between U,, and As, 1(1243) and a bijection between V,, and Ay, 1(3412). Then
relation ([1.11]) follows from the fact |Ag,—1(2143)| = |As,—1(3412)].

Define a map p: U, — Ay,_1(1243) as follows. Given an alternating permutation
W = wqWs - - - Wey, in Uy, let p(w) = 7¢, where m = (wy — 1)(w3 — 1) -+ - (wg, — 1). It is
routine to check that p is a bijection.

To define a map pu: V,, — Ay,_1(3412), we assume that u is an alternating permu-
tation in V,,. Let p(u) be the alternating permutation obtained from u by deleting the
last element. It can be verified that p is a bijection. This gives an alternative proof of
relation ((1.11)).

Note added in proof: After this work was announced (arXiv:1212.2697), Gowravaram
and Jagadeesan [4] proved the following Wilf-equivalence by the approach of shape-
Wilf-equivalence as used by Backelin, West and Xin [I]. They showed that for any
permutation 7 of {3,4, ..., k}, the patterns 127 and 217 are Wilf-equivalent for alter-
nating permutations. After the manuscript of Gowravaram and Jagadeesan appeared
on the arXiv, Yan [12] showed that for £ > 2, n > k + 1, and for any permutation
aof {k+1,k+2,...,n}, the patterns 12---ka and k- - - 21a are Wilf-equivalent for
alternating permutations.
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