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Abstract. Let p(n) denote the partition function. DeSalvo and Pak proved

that 2 ;’E;)l) (1+1) > pggi)l) for n > 2, as conjectured by Chen. Moreover,

they conjectured that a sharper inequality 2 gz;)l) <1 + i /2) > pﬁfz)l) holds

for n > 45. In this paper, we prove the conjecture of Desalvo and Pak
by giving an upper bound for —A?logp(n — 1), where A is the difference
operator with respect to n. We also show that for given » > 1 and sufficiently
large n, (—1)""*A"logp(n) > 0. This is analogous to the positivity of finite
differences of the partition function. It was conjectured by Good and proved
by Gupta that for given r > 1, A"p(n) > 0 for sufficiently large n.
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1 Introduction

A partition of positive integer n is a nonincreasing sequence of positive in-
tegers Ar, Ao, ..., A such that ', A\; = n. Let p(n) denote the number
of partitions of n. In particular, we set p(0) = 1. The Hardy-Ramanujan-



Rademacher formula for p(n) states that

pln) :24f 1 é/‘lk(n)@ Kl — %) erm/k 4 (1 + %) e_”(")/k]
+ Ry(n, N),

where Aj(n) is an arithmetic function, Ry(n, N) is the remainder term and

p(n) = %\/2471 1, (1.1)

see, for example, Hardy and Ramanujan [11], Rademacher [I§]. Note that
Ai(n) =1 and Ay(n) = (—1)" for n > 1. Lehmer [14] [15] gave the following
error bound

a9 <205 | () 5+ (5t) |

which is valid for all positive integers n and V.

Employing Rademacher’s convergent series and Lehmer’s error bound,
DeSalvo and Pak [§] proved the following inequality conjectured by Chen [6].

Theorem 1.1. For n > 2, we have

1) (. 1\ pln)
p0) (”n) CEn) (12

The above relation has been improved by DeSalvo and Pak [g].

Theorem 1.2. Forn > 7, we have

p(n—1) 240 p(n)
p(n) (1 i (24n)3/2) ” (1.3)

They also proposed the following conjecture.

Conjecture 1.3. For n > 45, we have

pln ) i p(n)
o () 0

It should be mentioned that by using Lehmer’s error bound for the re-
mainder term of p(n), Bessenrodt and Ono [5] proved the following inequality.

Theorem 1.4. For any integers a,b satisfying a,b > 1 and a +b > 9, we
have

p(a)p(b) > p(a +b).



In this paper, we shall prove Conjecture[1.3 by giving an upper bound for
—A?log p(n — 1) for n > 5000. Moreover, for any given r, we give an upper
bound for (—1)""*A"logp(n).

In 1977, Good [9] conjectured that A"p(n) alternates in sign up to a cer-
tain value n = n(r), and then it stays positive. Using the Hardy-Rademacher
series [19] for p(n), Gupta [I0] proved that for any given r, A"p(n) > 0 for
sufficiently large n. In 1988, Odlyzko [16] proved the conjecture of Good and
obtained the following asymptotic formula for n(r):

6
n(r) ~ —27“2 log®r as T — 00.
T

Knessl and Keller [12], [13] obtained an approximation n(r)’ for n(r) for which
In(r) —n(r)] < 2up tor = 75. Almkvist [2, B] proved that n(r) satisfies
certain equations.

By using the bounds of the modified Bessel function of the first kind, we
shall prove that for any given r > 1, there exists a positive integer n(r) such
that (—1)""'A"logp(n) > 0 for n > n(r).

2 Proof of Conjecture 1.3

In this section, we give a proof of Conjecture by using an inequality of
DeSalvo and Pak [8]. Let

pa(n) = 2logp(n) — logp(n — 1) — logp(n + 1),

DeSalvo and Pak have shown that for n > 50,

247 2887(—3 + m4/24(n — 1) — 1)

pa(n) < @Mn—n—lw?+@qn—n—ﬂﬁﬂvﬁ+ﬂv@@5fﬁt7y
B 864 o BVE (2.1)

24(n+1)—1)2

We shall give an estimate of the right hand side of (2.1]), leading to a proof
of the conjecture.

Proof of Conjecture (1.3 The conjecture can be restated as follows

p2(n) < log (1 + (2.2)

T
v 24n3/ 2) 7
where n > 45. We proceed to give an estimate of each term of the right hand

side of ([2.1]).



We begin with the first term of the right hand side of (2.1). We claim
that for n > 50,

247 L 247 \? L3 23
(24(n —1) —1)3/2 ~ (24n)3/2 (24n)3/2 2n5/2° '
For 0 < x < %, it can be easily checked that
3 3
m <14+ §ZC + gﬂf?’/z. (24)
For n > 50, we have % < 4—18, and hence we can apply 1) to deduce that
241 B 241
—1)—=1)32 25 \3/2
(24(n—1) - 1) (24n)3/2 (1 — 2)

24r 75 3/ 25\%?
—_ 1+ —+ = | — . 2.5
(24n)3/2< +48n+8<24n) > (2:5)
For n > 50, we have
3 (25 3/2<325 32
8 \ 24n 8\ 24 501/2n’
247 - 247
(24n)32 (24)372501/2n,"

It follows that

24 75,325 3/2+ 24
(24n)3/2 \ 48n ~ 8 \ 24n (24n)3/2

U 25 3 /25\%% 1 U
< [=Z42(= +
= (2an)32n \ 16 T 8 \24) 50172 " (24)3/2501/2
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Combining ([2.5) and ([2.6)), we obtain ({2.3)).
As for the second term of the right hand side of (2.1)), it can be shown
that for n > 50,

2887 (—3 + 11/24(n — 1) — 1) LI (2.7)

(24(n — 1) — 1)¥2(—6 + m1/24(n — 1) — 1)2 <oz T A

(2.6)




To this end, we need the following inequality for o > % and 0 <z <c<1,

ﬁ <14 <1 ! C)QH az. (2.8)

f(x)=ﬁ—1— (1;)%1%

ForozZ%and0§x§c<1,weseethat

« 1 o+l
f/(x): (1—x)a+1 — <1—C) aSO.

Since f(0) = 0, we obtain that f(z) < 0 under the above assumption. This
yields that f(z) <Ofor0 <z <c¢<1land o > %, and hence (2.8) is proved.

The left hand side of (2.7 can be rewritten as

Let

14472 \/24n — 25 L 2n(-3+ 5V %)
(24n — 25)3/2(—6 + m/24n — 25)2  (24n — 25)3/2(—6 + m/24n — 25)2’

which can be simplified to

1

_|_

(2.9)
5 2 25 \2 6
w2 (1= 2) (1- i) 4 (1-350) (1~ rat=s)

Setting z = 5,a:2andc:ﬁ,fornZ5O,wehaveO<x<c<1and
aZ%. By ,We find that for n > 50,
1 48\* 25
— <1 — ] —. 2.10
( _%)2— +<47) 12n (2.10)

Setting z = Wﬁi—%’ a=2andc= 1—15, for n > 50, we also have 0 < = <

¢ <1and a > 3. Again, using (2.8), we see that for n > 50,

1 6 24

15\°
<l+ (=) —m———— <1
)2 (14) m/24n — 25 m/24n — 25

(2.11)

Combining (2.10) and (2.11]), we deduce that for n > 50,

2
12 (1= 2)° (1- i)



1 48\* 25 24
< —11 — ] — 1+ —. 2.12
— 4n? ( - (47) 12n) ( * 7r\/24n—25> (2:12)
It is easily seen that

24 u 1 013
/240 — 25  m(24n)1/2 (1- &)1/2' ‘

24n

25 1

Setting z = a=121andc= for n > 50, we have 0 < z < ¢ < 1 and

4n? 2 E’
a > . By (2.8), for n > 50, we get

1 48\ %% 25
_ <1 — —_— 2.14
( 25 )1/2 <+ (47> 48n ( )

T 24n

Combining (2.12)), (2.13) and (2.14)), we find that for n > 50,

2 2
a2 (1- 2)° (1- )

_ 1 - 48\® 25 . 24 - 48\ /% 95
~ 4n? 47 ) 12n 7(24n)1/2 47 48n ) |-

(2.15)
The right hand side of (2.15]) can be expanded as follows
1+\/6 25 (48\°  25V6 (48\%?
4n? = 2mnd/2  48n3 \ 47 96mn™/2 \ 47
25v6 [(48\% 25224 [48\” )16
247rn7/2 \ 47 48222 \47) (2.16)
Clearly, for a > g and n > 50,
1 < 1
E — 50a—5/2p5/2’
which implies that for n > 50,
1 1
= B0 317
1 1
W = 50l (218)
1 1
n9/2 < 502n5/2° (2'19)
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Applying (2.17)), (2.18) and (2.19) to the last four terms of (2.16|), we obtain

that for n > 50,

1 1 1
< — 4+ —. 2.20
21— 2y (18 Y mE " e (2.20)
n 24n 2An—25

a=1and c= for

: _ 6 1
For the second term of (2.9)). Setting = = T 5

n250,wehave0<x<c<1anda2%. By ,Weseethatforn250,

— <1+

1 ( 5)2 6 PP
1 - e 14) 7/24n — 25 m/24n — 25°

Using (2.21]) and the same argument as in the derivation of (2.20)), it can be
shown that for n > 50,

(2.21)

1 1 1

<+ —". (2.22)
25 \2 6 4n?  2nb/2
an? (1 - 35) <1_7r\/m> " "

In view of (2.20) and (2.22)), we arrive at (2.7)).

To estimate the third term of the right hand side of (2.1]), we aim to show
that for n > 50,
864 1 3

- 2 2.2
24(n +1) — 1) " 2032 22 (223)

It is easily verified that for « > 1/2 and 0 <z < 1,

1
1>—— >1-ax. (2.24)
(L+x)*
So for n > 50, we have
L m
(1 + %) - 12n

Consequently, for n > 50,

B 864 - 3 3 3 _ 1 3
(24(n+1) —1)2 9,2 (1+ ﬁf ~ 8nd  2n% T 2n%/2 2n?’

Utilizing the above upper bounds (2.3), (2.7) and (2.23) for the three
terms of the right hand side of ([2.1)), we conclude that for n > 50,

247 241 \° 1 3 o myE
P < gy~ \(anp) “ 2 Faar TV
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Next we show that for n > 5000,

241 2Ur \?
pa(n) < an)iE ((24n)3/2) : (2.25)
Clearly, for n > 100,
1 3 2
n? + ns/2 3n?2
To prove that for n > 5000,
2 s n
T3 + 26_ﬁ\/% <0, (2.26)

let 5
_r /2
g(q;):—@—{-Qe 10 3 .

The equation g(z) = 0 has two solutions

2
_ 2400 [ T2
e " 0\ Tq0.3%1 ) ) ¢
2
2400 ™2
Ty = Wo | ——7 ;
2 40 - 33/4

where Wy(z) and W_y(z) are two branches of Lambert W function W(z),
see Corless, Gonnet, Hare, Jeffrey and Knuth [7]. More explicitly, we have
x1 ~ 0.64 and x9 ~ 4996.47. It can be checked that g(5000) < 0. Thus for
x > 5000,

g(x) < 0.

This proves (2.26)). Hence (2.25)) holds.

Using ([2.25)), we shall show that inequality (2.2)) in the theorem holds for
n > 5000. It is easily verified that for x > 0,

z(1 —z) <log(l+ x). (2.27)
Let
h(z) =log(1 +z) — o + 2%

For x > 0, we see that
x + 222
h(x) = > 0.
(z) 1+2 —
Since h(0) = 0, we have h(z) > 0 for x > 0. Combining (2.25)) and (2.27)),

we deduce that for n > 5000,

pa(n) < log (1 + L) .
\V/24n3/2
Since DeSalvo and Pak [8] have verified the above relation for 45 < n < 8000,

we reach the conclusion that inequality (2.2]) holds for n > 45 and hence the
proof is complete. i



3 An upper bound for (—1)""!'A"logp(n)

The conjecture of DeSalvo and Pak can be formulated as an upper bound
for 2logp(n) —logp(n — 1) — log p(n + 1), namely, for n > 45,

— A%logp(n — 1) < log (1 + (3.1)

T
V/24n3/ 2) ’
where A is the difference operator as given by Af(n) = f(n+1) — f(n).

In this section, we give an upper bound for (—1)""*A"logp(n). When
r = 2, this upper bound reduces to the above relation . In the following
theorem, we adopt the notation (a) for the rising factorial, namely, (a)y = 1
and (a)y =ala+1)---(a+k—1) for k> 1.

Theorem 3.1. For each r > 1, there exists a positive integer n(r) such that
forn > n(r),

(—=1)"'A"log p(n) < log (1 + % (5) ;1) :

4 (n+1)2

In the proof of the above theorem, we shall use Hardy-Ramanujan-Rademacher
series for n > 1,

p(n) = ( ) ZAk Yk /L3/2(£z( i)) (3.2)

and the following estimate for Ay(n),
| Ar(n)| < 2K°%, (3.3)

see Rademacher [19]. In particular, we have A;(n) = 1 and As(n) = (—1)™.
The function L, (z) in (3.2) is defined by

o0 m

x
L, = )
(@) mz:omlf‘(m%—y—i— 1)

(3.4)

where ['(m + v + 1) is the Gamma function.

With the notation of p(n) as in (1.1, we have

(o 1) _rm
6 24 ) 4 7

and so (3.2]) can be rewritten as
p*(n)
pn) = 2 (5 ) ZAk k2 Ly ( o ) , (3.5)

9




Denote the kth summand in (3.5) by fx(n), namely,

) = 2 ()" Aok 2L4 (‘Z,ﬁ?) . (36)
Writing as
fo(n) S )
pn) = Aln) (1 ! f1<n)) (1 R+ ;‘2<n>) ‘ (37)
It is known that L4 ‘ h2\/_
L3po(z) = N (T) ,

see Abramowitz and Stegun [I] or Almkvist [2]. Since A;(n) =1, fi(n) can
be expressed as

fi(n) = 24\2?1 [(1 - ﬁ) ') 4 (1 + ﬁ) e”(”)} . (3.8)

Recall As(n) = (—1)", by (3.4) and (3.6) we obtain that for n > 1,

filn) = [ fa(n)| = 2 (%)3/2 2 (4im Bl 25/2116m) m!F/En?(f?’)ﬂ)'

m=0

1

Clearly, 7= — > (0 for m > 0. Hence for n > 1,

fi(n) = 1f2(n)] >0, (3.9)

1
25/21gm

which implies that for n > 1, fi(n) is positive and

fi(n) + fa(n) > 0.

524 fuln)

It is also clear that, for n > 1, both of pu(n)—1 and 1+ O]

Applying (3.8]) to (3.7]), we obtain that for n > 1

are positive.

log p(n) = log 6”73 ~ 3log u(n) + log(yu(n) — 1) + u(n)

+log (1 + %e—zmn)) 4 log <1 N ﬁzi)

2 kzs Jr(n) )
fi(n) + fa(n) )

+ log (1+

Hence
(=1)"'A"logp(n) = H, + Fy + Fy + F, (3.10)

10



where
Hy = (=177 (=3logu(n) + log(u(n) — 1) + u(n).

1
= i aiog (1 B ),

p(n) —1
_ (_1\r—1 "o fQ(n)
A= 0 (1 pE ).
Let
G, =F, + Fy+ F;. (3.11)

To estimate (—1)""*A"log p(n), we shall give upper bounds for H, and G,.
We first consider G,.

Theorem 3.2. For n > 50, we have

pln)

G| <5-27Fie "5 (3.12)

To prove Theorem [3.2] we recall a monotone property of the ratio of two
power series, see Ponnusamy and Vuorinen [I7]. We also need a lower bound
and an upper bound on the ratio of L,(x) and L,(y), which can be deduced
from known bounds on the ratio of two modified Bessel functions of the first
kind.

Proposition 3.3. Suppose that the power series

f@) =) anz™ and g(z) =Y Bpna™
m=0 m=0

both converge for |z| < oo and B, > 0 for all m > 0. Then the function
% is strictly decreasing for x > 0 if the sequence {ou,/Bm}oo_, is strictly

decreasing.

Let I,(z) be the modified Bessel function of the first kind as given by

I(z) = (g)y Z myr(gfj v+1)

m=0

see Watson [20]. It is known that for v > 1/2 and 0 < = < y, I,(z) increases

with  and ,
e" Y (E) < L) <e" (g>ya
y 1,(y) T

11




see Baricz [, inequalities 2.2 and 2.4]. For = > 0, from (3.4]) we see that
L,(x) can be expressed by I,(x),

L,(x) = 27"%L,(2/x).
Thus the above properties of I, (z) can be restated in terms of L, (z).

Proposition 3.4. Forv >1/2 and 0 < x < y, we have

a2 Ll aiayy (g)”
Ly(y) z
We are now ready to prove Theorem [3.2

Proof of Theorem[3.4 Since |G,| < |Fi| + |Fs| + |F3|, in order to estimate
G, we shall estimate |Fy|, |F3| and |F3|. By the definition of fx(n), we have

)] = 27 () At =2 (ui:f) |

It follows from (3.3) that for n > 1,

2
) < 1 (35)" e (M),

which yields that

Zlf;c |<47r< )3/2C(7/4)L3/2 (”(3?2), (3.13)

where ((z) is the Riemann zeta function. For convenience, we denote by g(n)
the right hand side of the above inequality, so that (3.13)) becomes

> )] < g(n). (3.14)

un)+1 e—2u(n)
(m)-1¢ '

decreases Wlth n for

To estimate F}, F5 and F3, we shall make use of the monotonicity of

|f2(n)] g9(n) p(n)+1 e‘2“

fi(n) [f2(n) u(n)—1

n > 1, since y—f} 2y decreases with y for y > 0 and p(n) increases with n.
Yy

By (3.6), we have

and I . It is easily seen that

[f2()] _ Laja(p*(n)/16)
filn) 252 Lg5(p2(n) /4)
The ratio of coefficients of 2™ in L (u?(n)/16) and Lss(p*(n)/4) is g

By Proposition we see that % decreases with y for y > 0. Notice

12



2 z ‘
% decreases with z for

x > 1. This implies that % decreases with n.

that u?(z) increases with x for x > 1. So

Next we prove the monotonicity of %. Recall that

n)
g(n) (T4 Las(i*(n)/36)
A1)~ 1)~ Lapa(2(n)/4) — 25 Lol (n) /16)

The ratio of coefficients of 2™ in Ly/o(y/36) and Lsjs(y/4) — 272 Ly /5(y/16)
equals

1

36™m
1 1 7
qm 25/216m

which decreases with m for m > 0. By Proposition [3.3] we deduce that for

y >0,
Ls2(y/36)
Laa(y/4) — 27°/2L32(y/16)
decreases with y. Hence % decreases with n for n > 1.

Using the above monotone properties, we proceed to derive upper bounds
for |Fy|, |F»| and |F3|. It is known that for 0 < z < 1,

-
log(l —xz) > 1
81— 1) > T (3.15)
|log(1 £ z)| < —log(1l — z), (3.16)
see also DeSalvo and Pak [§].
We first estimate F}. Since
. o
A fm) = S0 () ok
k=0
we have
- +k)+1 _
P o= k(T 1 pi(n 2pu(n+k)
1= 2D (1) (1 S
It follows that
— (1 pn+k)+1 o
Fi| < 1 14—t . 3.17
By the monotonicity of %6_2“("), we see that forn > 1and 0 <k <,
pn+E) +1 pn) +1 o)
1 14—t <1 1+ ———e ). 1
og( +,u(n+k)—1€ <log +#(n)_1e (3.18)

13



Applying (3.18) to (3.17), we find that for n > 1,

1
|Fy| < 2log 1+ Me—%(n) '
pu(n) —1

Since log(1 4+ z) < x for x > 0, we see that for n > 1,

1
|Fy| < zr%ewnl (3.19)
p(n) —

To estimate F5, we begin with the following expression
- + k)
By =3 (—1)4! (T) lo (1 + M"—) . 3.20

It follows from ((3.9) that
|f2(n)]

O0<1l——==<1.

fi(n)
Using (3.16)), we find that for n > 1,

log (1 v %) ‘ < —log (1 _ —’JEEZ j: l]z;’) . (3.21)

Combining (3.20)) and (3.21]), we obtain that for n > 1,

Bl<-Y <Z) log (1 - %) |

k=0

|f2(n)]
fi(n) ?

By < —2" log (1 - %) .

Hence, by (3.15]), we obtain that for n > 1,

|f2(n))|
(n) = [fa(n)|

In view of the monotonicity of we see that forn > 1,

IRy <2 (3.22)
hi

To estimate F3, we use the following expression

h g(_”kﬂ (1) s (1+ ﬁ(nz - 5>fi(?2<+nkl g) 6w

14



By Proposition [3.4] we find that for n > 1

and

Consequently, for n > 1,

For n > 50, it can be checked that

or equivalently,

e B e
27 2e f1(n) 2¢
“(”) g( ) u(n)
2¢(7/4)e” 0 (7/4)e”

o) | 9(n) _ 5 e (o)
fi(n) +f1( ) 2e + 54¢(7/4)e” i
V2e "5 4 54¢(T/4)e " < 1.
Combining and , we obtain that for n > 50,

[2(n)] | g(n)
ORI
fi(n) — | fa(n)| — g(n) > 0.

Combining (3.14) and (3.28)), we see that for n > 50,

fi(n)

— | fo(n |—|ka )| >0,

which can be rewritten as

~ filn) =1 f2(n)]

k>3

|ZZ°23 fk(”)’ 5 0.

Thus, we can use ([3.16]) to deduce that for n > 50,

| 2 ks fu(n))]

’10g (1 +

2 kzs fr(n)
fi(n) + fa(n

>N§”%O‘ﬁw—

Ifz(n)l) '

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

Since —log(1 — x) is increasing for x > —1, according to (3.14]) and (3.29)),
we deduce that for n > 50,

|2 res fr(n)]
fi(n) —

— log (1 —

| f2(n)

g(n)

15

0<”%O‘ﬁw—

|f2(n)]

)

(3.30)



Combining (3.29) and (3.30]), we see that for n > 50,

P%O+%%%%%NS”%O‘ﬁW%&mO' (331)

It follows from ((3.23) and (3.31]) that for n > 50,

|Fy| < —i (;) log (1 - fl(n+i§n—Jr|J”lz)(n+k)]> '

k=0

Based on the monotonicity of #TJ)%(M’ we find that for n > 50,

ot (1 9)
|[F5| < =271 g(l fi(n) — |f2(”)|>

Hence, by (3.15]), we obtain that for n > 50,

, g(n)
B e T R —gln) (3.52)

By Proposition we see that for n > 1

25 ¢ (T/4)e " < |f(( ))| < 27V3¢(7/4)e 5" (3.33)
In view of (3.19) and (3.24]), we obtain that for n > 50,
[Fil  jsp(n) +1 s
<22 —emakn) 3.34
Fy p(n) —1 ( )

where F} is defined by
|f2(n)]
filn)

As a consequence of (3.22)) and (3.24)), it can be checked that for n > 50,

Fy=2"

| Fy| 1
< 2
Fy 1—+v2e 2

Applying (3.24), (3.25) and (3.33) to (3.32), we obtain that for n > 50,
| F3] - 27V/2((7/4)

(3.35)

e e (3.36)
Fy o — 2e 5 — 54¢(7/4)e”
Combining (3.34)), (3.35) and (3.36]), we conclude that for n > 50,

16



It follows from (3.24) that for n > 1,

p(n)

Fy <227, (3.38)

Thus (3.37) and (3.38)) lead to an upper bound for |Fi| + |F3| + |F3|. This
completes the proof. |

To prove Theorem 3.1} we still need to estimate H, and we shall use
two relations due to Odlyzko [16] on the relations between the higher order
differences and derivatives.

Proposition 3.5. Let r be a positive integer. Suppose that f(x) is a function
with infinite continuous derivatives for x > 1, and (—=1)*"1f®)(z) > 0 for
k> 1. Then forr > 1,

(1) O+ r) < (Z)HAf(e) < (1) (@),
Proof of Theorem [3.1, First, we treat the case r = 1, which states that for

n > 12,
Vir ) . (3.39)

Alogp(n) <log [ 1+ —T
gp(n) g( 6(n—|—1)1/2

Since we have estimated |G|, we only need to estimate H, for r = 1. By
Proposition [3.5] we have

2 36 12
H, < - + : (3.40)
V2an =1 24(n+1) -1 (24n—1)(1 - =)
We claim that for n > 50,
6 1 5
H < Vo (3.41)

6(n+ 1) n+1l 4(n+1)"?

We proceed to estimate each term of the right hand side of (3.40]). For the
first term, we need to show that for n > 50,

2 N 3
< — . (3.42)
VaIn =1 6(n+ 1) 2(n+1)
Setting:z::%,azlﬂamdc:4i8,forn250,wehave0<x<c<1
and o > 1. Tt follows from (2.8) that for n > 50,
2m B 2w
V2an —1 1/2
V2i(n+ 1) (1= 58)

17



2 <48)3/ > 25
< 1+ = — .
T V2a(n+1)Y? A7) 48(n+1)
This proves (3.42)).

For the second term of the right hand side of (3.40]), for n > 50, we have

36 3

T Ut —1" 2mt1) (3.43)

For the last term of the right hand side of (3.40]), using the same argument
as in the derivation of (2.20]), we obtain that for n > 50,

12 PO S (3.44)
(24n = 1)(1 - ——=) 2n+1)  2(n41)"* '

Combining (3.42)), (3.43)) and (3.44]), we obtain (3.41]).

By the estimate of H; in (3.41) and the estimate of G in (3.12)), we
obtain that for n > 50,

6 1 5 SN/
Alogp(n) < Vo - + + 10V/2e~ 12V 24n=1),

6(n+ 1) n+1l 4(n+1)"?

Notice that for n > 200,

3 < 12 — 2
4(n+1)**  24Mn+1)

and for n > 50,

)
10v2e V@D o 22T

24(n + 1)
Hence, for n > 200,

\/67r 2

Al < - .
og p(n) 6 (n + 1)1/2 12(n+1)

(3.45)

Moreover, it can be easily checked that for x > 0,
x
x <1 — 5) < log(1 + z).
Thus, forn > 1,

\/67? B 2
6(n+1)"? 12(n+1)

< log <1+

18



Combining the above relation and (3.45)), we reach (3.39) for n > 200.

It can be checked that (3.39) is valid for 12 < n < 200, and so Theorem
3.1 holds for r = 1.

We now turn to the case r > 2. We proceed to show that there exists an
integer n(r) such that for n > n(r),

(—=1)" A" logp(n) < U,, (3.46)

where

0 (T 6 )

Since z(1 — z) < log(1 + x) for z > 0, we have that for n > 1,

U, < log <1 + % <§)r—1 m) )

Thus (3.46) implies Theorem [3.1| for r > 2.
By (3.10)), we see that for n > 1,

(1) A"logp(n) < H, + |G, .
To prove ([3.46)), it suffices to show that for n > n(r)
H, +|G,| < U,. (3.47)

Since Theorem gives the upper bound for |G, |, we need an upper bound
for H,. Recall that for n > 1,

H, = (=1)""'A" (=3log p(n) + log(u(n) — 1) + p(n)). (3.48)

For x > 1, write

o0

log(u(x) — 1) =log u(z) — Y ku
k=1

By exchanging the order of two summations with one being finite, it can be
seen that for x > 1,

. 1
ATlog(p(z) — 1) = Alog p(n) — Z A" (W) .
k=1 H
Hence (3.48)) implies that for n > 1,
r— T - 1
Hy = (=1)""A7 (u(n) — 2log p(n)) = Y (~1 (W)
k=1 ki
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The rth derivatives of p(z) = 2+/24z — 1,log p(z) and p(x)™* are given as

follows,

(=) (5)ra24'm
M (y) —
we) 12(242 — 1)z
)

(—1)'(r — 1)1247

log" (u(z)) = Gl

(o) = () vt

Therefore, the functions p(x) = £v/24x — 1,log p(z) and —p(x) ="

conditions of Proposition for r > 1 and k > 1. Hence,

(3)r—124"7 (r—1)124"
12(24n — 1)~z (24(n+7) - 1)

+Z ( ) 144" -

kmk(24n —

To bound the first term of (3.49)), we note that

(3)r—124'm (Vord)

12(24n — 1) 2 1 T3
( ) (n+1)2 <1 - 24(3z5+1)>

We claim that for n > 48r — 3,
Vo (3)r1

1
r—l r_§
6(n -+ 1) (1 - 25s)

where

1 A8\ "2 %r w2 (/1 2
a = | = — 2r—1 +—1{l3 T3
=) () er-nip 6((2),_) T

Setting © = %, a=r—1/2and ¢ = &,

satisfy the

(3.49)

for n > 48r — 3, we have

0<zx<c<land a> % Invoking 1' we find that for n > 48r — 3,

1 48\ "% 95(2r — 1)
<1+ S
(1 o5 ) =12 = 47 48(n +1)
T 24(n+1)
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It follows that for n > 48r — 3,
\/67-((%)7“—1

1
r—l T_E
6(n -+ 1) (1 - 25)

2
(W) - @), ()
=~ r + 6(n+ 1)27.71 243/2 (n+ 1)7"+1/2 :

It is easily seen that for n > 48r — 3,

1 1
< .
(n+ 17" 7 (n+ 1)V (48 — 2) 732

So we arrive at (3.50)).
As for the second term of ([3.49)), notice that

(r—1)t247 (r—1)!

(24(n+1)—1) (n+1) <1 _ 2221(”—4_215)>

and for n > 48r — 3,
24r — 25

< — <
24(n + 1)
Consequently, for n > 48r — 3,

1.

(r—1)124" (r—1)!
(24(n+r)—1)r = (n+1) (3:51)

Next we proceed to estimate the last term of (3.49)). It can be checked
that

i(k) 1447 o (k) 6
—\2/, knk(24n —1)577 £ \2 . >k+

T k L
kmk242 (n+1)2" (1 ~ 24(nt1)

We aim to show that for n > 48r — 3,

= [k 6"
Z<§> S (35Y)

—+r r+l7
k=1 " kmk243 (n+ 1)§+r (1 - 24(3LB+1)> 2 T

where

k—1
> [k 1 2 6k
"o ; <5) (487” - 2) krh24%
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) _i k 1\ P48\ 25 64+ 5)
o 2/ q \ 487 =2 47 krko45+l

k=1

Note that for given r, a; and a3 are convergent. Setting x = ﬁ, a =

l{;/2+randc:%, for n > 48r — 3, Wehave0<x<c<1anda2%. By
(2.8), we find that for n > 48r — 3,

k/2+r+1
1 <1+ 48 M (3.53)
25 r—1/2 47 48(n + 1)
(1 B 24(n+1)>
Clearly, for n > 48r — 3 and k > 1,
1 1
— %7 —, (3.54)
(n+ 1) (n+1)"Y? (487 — 2)' 7
1 1
(3.55)

(n+ D)2 T (1) (agr — 2)

Thus, (3.52)) follows from (3.53)), (3.54) and ({3.55)).
Combining (3.50)), (3.51)) and (3.52)), we obtain that for n > 48r — 3,

(r—1)! a;+as+as

Hy(n) < Uy = (n+1)"  (n+1)rtz

Let
4(ay + ag + az)?
((r—1)Y?
Notice that for given r ,a; is a finite number and as + a3 is convergent, so
a1 + as + as is a number for given r. It can be verified that for n > u; + 1,

Uy =

a1 + as + asg (T—l)'

Thus, for n > max{48r — 3, u; + 1},

(r—1)!
2(n+1)"

Employing the above inequality and (3.12)), we deduce that for n > max{50, 48r—
37 Uy + 1}7

H.(n) < U, —

(7’—1)! 1 _pn)
H +|G|<U ——2 +5.2+ .
+’ |< 2(n+1)T—|— 27 2

Observe that for n > 1,




It follows that for n > max{50,48r — 3, u; + 1},

2\ (1)1 win
H, + |G, <Ur—(48)(—r)+5-2’"+56_%. (3.56)

2(n—3)
To deduce (3.47) from (3.56|), we consider the following equation
ZY" (= 1)
(%H—rlr) =5.-2"3e7 2, (3.57)
2 (z - 5)

Keep in mind that u(z) is defined for x > 1/24. We claim that equation
(3.57) has two real roots. Recall that the Lambert W function W(z) is

defined to be a function satisfying
W(z)eW® = 2, (3.58)

for any complex number z, see Corless, Gonnet, Hare, Jeffrey and Knuth [7].
So a solution of (3.57)) has the following form

2
2 N 2
x:i+6i W _\/4_67r (r—1)!
24 72 A8r 102
It is known that W (z) is a multi-valued function. In particular, W (z) has
1

two real values Wy(z) and W_i(z) for —; < z < 0. Using the following
inequality, see Abramowitz and Stegun [1],

ml < V2rm™t e " (3.59)

we see that for r > 2,

I

e
Hence (3.57) has two real roots. Let uy be the larger real root. Clearly, for
sufficient large =z,

1
5. 2T+§€_ 2 <

It follows that for n > us + 1,

s am () (r—1)

5.2Meem e < M8 o (3.60)
2(n = 3)
Combining (3.56) and (3.60]), we conclude that (3.47)) holds for n > n(r),
where
n(r) = max{50,48r — 3,u; + 1,us + 1}.
This completes the proof for the case r > 2. |
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4 The positivity of (—1)""'A"logp(n)

In this section, we prove the positivity of (—1)""'A"logp(n) for r > 1 and
sufficiently large n. This is analogous to the positivity of the differences of
the partition function conjectured by Good [9] and proved by Gupta [10].
The proof relies on the estimates of H, and G, in the previous section.

Theorem 4.1. For each r > 1, there exists a positive integer n(r) such that
forn > n(r),
(—=1)""'A"logp(n) > 0. (4.1)

Proof. The case r = 1 is obvious since p(n + 1) > p(n) for n > 1. For
r = 2, DeSalvo and Pak [§] have shown that sequence p(n) is log-concave for
n > 25, or equivalently, for n > 25,

—A?logp(n) > 0.
We now consider the case r > 3. Recall that
(—=1)""'A"logp(n) = H, + G,
where H, and G, are given in and . Hence, we see that for r > 1,
(=1)"'Alogp(n) > H, — |G, |. (4.2)

An upper bound for |G,| has been given in Theorem so we only need a
lower bound for H,. By the definition of H,, we find that

Applying Proposition to the right hand side of the above equation, we
get

H > (3)r—124"m . (r —1)!1247
12(24(n+r)—1)""2 (24n —1)"

o (F 1447
’ kz; (§>r krk(24(n + 1) — 1)%+T' (4.4)

The first term of the right hand side of (4.4) has the following lower bound
for n > 48r — 2,

1 r
1224(n+r)—1)""2 n"

o=
3
3
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where

6 2

b Yy

b — m/48r — 2 (1
2T 243 2) .
Setting x = 2‘;2;1 and a« =1 — 1/2, for n > 48r — 2, we have 0 < x < 1 and

o > 1. Tt follows from (2.24) that for n > 48r — 2,

1 24r — 1 < 1>
1 Z 1— r—=1,
(1+ 247’—1)T_§ 24n 2

24n

or equivalently,

(3)r—124" _ Vor (1) 1 or (1) 2Ur — 1

12(24(n+7)—1)—3 6 2), 24+

2

Observing that for n > 48r — 2,
1 1

<
n'tz ~ /48r — 2nv’
we obtain (4.5) for n > 48r — 2.

For the second term of the right hand side of (4.4]), we claim that for
n > 48r — 2,

(r—1)124" by
- <= 4.
(24n —1)" — n"’ (4.6)

by = (r —1)! (1 + i (4&%) (j—i)ﬂ> .

Settinga::m,a:randc:ﬁ,forn248r—2,wehave0<:v<c<1
and o > . By (2.8)), we see that for n > 48r — 2,

L, (48)T+1 r
(1-52)" ~ A7) 24n
So we obtain (4.6) for n > 48r — 2.

Since the last term of the right hand side of (4.4) is positive, combining
(4.5) and (4.6), we deduce that for n > 48r — 2,

by b+

r—

where

H, >

n

(4.7)

n’/‘

N
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To derive a simpler expression for a lower bound of H,, let
_ 4A(by + bs)?
1 — b% .
Then we have that for n > mq + 1,
by + b b
2 + 03 - 1
n’ 2n"~
It follows that for n > max{48r — 2, m; + 1},
by
on’"z

Combining (4.2) and (4.8]), we find that for n > max{50,48r — 2, m; + 1},

N

H,(n) > (4.8)

(—1)" A" log p(n) > LS ianToute ol (4.9)
Notice that for r > 1 and n > 1,
1 (%)
=
" (n = 33)
Thus, for n > max{50,48r — 2, m; + 1},
23\ b L u)
r—=1 AT 1 r+5 — 5"
_ — - — . 2 . .
(=) A"logp(n) > (24) 5 5-2"T2e” 2 (4.10)
n' "2

To prove that the right hand side of (4.10]) is positive for sufficiently large n,
consider the following equation

23\ b ua
i B O T (4.11)
24 22772

2

The solution of (4.11)) can be expressed in terms of the Lambert W function,
namely,

(4.12)

L, 6(r- 1)2 Vibr  (7(3),_, 7"
24 72 24(2r — 1) \' 206

2
obtain that for r» > 3,

1 e (w(%h)“d

For r > 1, we have (l)r < rl. Using the estimate of r! as given by ({3.59)), we

e~ -1\ 206
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Thus (4.11) has two real roots. Let my be the larger real root of equation
(4.11]). Clearly, for sufficiently large x,

923\ 2 by 0
— — 5.2 2¢e™ > (. 4.13
(24> 2072 e ( )

It follows that for n > mgy + 1,

1
23 T2 b1 1 p(n)
— —5-2"3e7 2 > (. 4.14
<24) QHT_% ze 2 ( )

Let
n(r) = max{50,48r — 2,m; + 1,my + 1}.

Combining (4.9) and (4.14)), we conclude that for n > n(r),
(—=1)""'A"log p(n) > 0. (4.15)
This completes the proof. 1
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