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Abstract. We present an algorithmic approach to the verification of identities on mul-

tiple theta functions in the form of products of theta functions [(—1)%a$*a$? - - - % ¢*; ¢'] oo,
where q; are integers, d = 0or 1, s € Q, t € Q*, and the exponent vectors (o, s, . .., ;)

are linearly independent over Q. For an identity on such multiple theta functions, we
provide an algorithm to compute a system of contiguous relations satisfied by all the
involved multiple theta functions. Using Stanley’s lemma on the fundamental paral-
lelepiped, we show that a multiple theta function can be determined by a finite number
of its coefficients. Thus such an identity can be reduced to a finite number of simpler
relations. Many classical multiple theta function identities fall into this framework,
including Riemann’s addition formula and the extended Riemann identity.
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1. Introduction

Theta functions arise in the study of the Riemann zeta functions, the Weierstrass
elliptic functions and the g-gamma functions. There are many identities on the classical
Jacobi theta functions including Jacobi’s triple product identity, the quintuple product
identity and the septuple product identity due to Farkars and Kra [11,12]. For more



properties of theta functions, one can see [1,2,5,25].

Assume that |¢| < 1. The theta function #(z) is defined by

0(2) = [2;dloe = (2,4/% Q) (1.1)

where the ¢-shifted factorial (z;¢)s is given by

(100 = [[(1 - 20,
k=0
A multiple theta function is defined by
[Z17 R2y -y 2n; Q]oo = [Zl; Q]oo[z2; Q]oo T [Zm Q]oo' (12)

In this paper, we are concerned with identities on a special class of multiple theta

functions. Assume that aq, as, . .., a, are complex variables. For a vector a = (o, as, . .
of integers, we adopt the common notation a® = aj"a5? - --a®". We shall restrict our

attention to multiple theta functions of the form:

0(a) = a” [ ] fila), (1.3)
i=1
where 7 € Z", 1 < m < r and

fila) = [(=1)%a"¢"; ¢"), (1.4)

such that for 1 < ¢ < m, v = (Vi1,%2,---,%,) is a vector of integers, §; = 0 or
1, s;, € Q, and t; € Q. We further assume that the exponent vectors y1,7s, ..., Vm
are linearly independent and 7 is a linear combination of 1,79, ..., 7, over Q. For
example,

0(a,b,c,d) = (ab, q/ab; q)ss(a/b,bq/a; q)o(cd, q/ cd; q)oo(c/d, qd/¢; @)oo (1.5)

is a multiple theta function in the form of (1.3). The exponent vectors in the factors
of 8(a,b,c,d) are

M= (17 17070)7 Y2 = (17 _17070)7 Y3 = (0707 17 1)7 Y4 = (0707 ]-7 _]->7

which are linearly independent over Q.

Many identities on multiple theta functions arise as generalizations of theta function
identities. Winquist [26] found an identity on bivariate theta functions which plays an
important role in proving Ramanujan’s congruence for the partition function modulo
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11. Carlitz and Subbarao [7], and Hirschhorn [14] obtained further generalizations of
Winquist’s identity. Liu [17] derived an addition formula for the Jacobi theta functions
by using the theory of elliptic functions, which specializes to the Ramanujan cubic
theta function identity and Winquist’s identity. Ewell [9] found a sixfold infinite-
product identity on multiple theta functions with three variables. Shen [21] obtained a
collection of addition formulae of theta functions by using Fay’s trisecant identity, which
plays a vital role in the study of Riemann surfaces (see, for example [13]). Bailey [3]
deduced an identity on four multiple theta functions with five variables by applying the
basic hypergeometric series g¢7. Slater [22] extended this identity to seven multiple
theta functions with six variables by using the j9¢9 series. Malekar and Bhate [18]
employed the discrete Fourier transform to derive several fourth order identities on
the Jacobi theta functions such as the extended Riemann identity. Recently, Cao [6]
established a correspondence between identities on the Jacobi theta functions and
integer matrix exact covering systems, which can be used to produce identities on
products of Ramanujan’s theta functions.

For a multiple theta function 6(ay, as, ..., a,), a contiguous relation is meant to be
a relation of the form
0(a1g™, asg™, ..., a:q") (=1)”
= v1 V2 Y (]‘6)
0(ay,as, ..., a,) aay? - - alrq®

where p = 0 or 1, x;,s € Q and v; € Z. The vector v = (v1,v2,...,v,) in the
denominator of the contiguous relation (1.6) is referred to as the exponent vector. Note
that once the exponent vector (vy,vs,...,v,) is determined, there may be different
vectors (z1, s, ...,x,) satisfying the contiguous relation (1.6). Nevertheless, if we
wish to derive a recurrence relation on the coefficients of 6(a) from the contiguous
relation (1.6), we will be mainly concerned with the exponent vector (v, vs,...,v,).
For example, for 6(a,b,c) = (a,q/a;q)o(a/be,beq/a; q) s, we have

0(aq,bq,c)  6(aq,b,cq) 1

= = ——. 1.
0(a,b,c) 0(a,b,c) a (17)
Note that 6(a, b, c) can be expanded by using Jacobi’s triple product identity
s k
(0.2,4/% Q) = Y (—1)%ql2)" (1.8)
k=—0o0

Let
O(a,b,c) = Z h(n,m, k)a"b™c".
(n,m,k)€Z3
Applying (1.8), we see that the above sum ranges over integer vectors (n,m, k) such
that
(n,m, k) = £,(1,0,0) + £5(1, -1, 1),
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where (1,0, € Z. It can be checked that the two contiguous relations in (1.7) lead to
the same recurrence relation

h(n+1,m, k) = —¢""™h(n,m, k),

where n,m, k € Z.

For a vector x = (z1, 2, ...,,), let -7; denote the inner product of x and ;, that
is,
T =Tt 2% o+ TV
For a given multiple theta function 6(a) of the form (1.3), we show that #(a) satis-

fies a contiguous relation of the form (1.6) if and only if there exists a vector z =
(w1, 72,...,2,) € Q" such that = are integers for 1 <i < m and

v = AxT, (1.9)

where T" indicates the transpose of a vector, and A is an r x r matrix defined by

i, 2,1 . Om,l Ce
t ta tm Y1 V1,2 Y-
Y2 Y22 . Om.z2 ..
t1 ts tm Y21 72,2 V2,r
A= . (1.10)
Y1,r Y2, Ym,r
_tl _t2 DR _tm ’Ym’l fym72 DRI ’Ym””

By showing that the rank of A is m, we can derive m contiguous relations with linearly
independent exponent vectors satisfied by #(a). Denote the exponent vectors of these
m contiguous relations by vy, s, ..., v,. It can be shown that any exponent vector of
a in the expansion of §(a) can be represented as a linear combination of vy, s, ..., v,
with rational coefficients. Then by applying Stanley’s lemma on the fundamental
parallelepiped, we see that all the coefficients of 6(a) can be reduced to a finite number
of initial values by using the m recurrence relations derived from these m contiguous
relations of 6(a).

We shall present an algorithmic approach to the verification of multiple theta func-

tion identities of the form .

Onir(a) = cubi(a), (1.11)

k=1
where a = (ay,a9,...,a,), n > 1, each ¢ is a nonzero complex number, and for
1 <k <n+1,each i(a) is of the form (1.3) which is given by

m

O(a) = a™ TTI(=1)% 0" g o)., (1.12)

=1
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where Tk,”}/i(k) €L, bk =0o0r1, s; €Qty; €QF, 75’“),75’“), e ") are linearly
independent, and 7, is a linear combination of %k), yék) e ,%(q]f) over Q. Furthermore,
we assume that 6;(a),0(a),...,0,(a) are linearly independent. In fact, this restriction
occurs often in the literature, and it can be verified by direct computation. For each
1 <k <n+1,let Ay be the matrix associated with 6;(a) as defined by (1.10). We

show that, if

A=Ay == A, (1.13)
there are m contiguous relations with linearly independent exponent vectors satisfied by
all of 01(a),05(a),...,0,+1(a), which lead to m recurrence relations on the coefficients

of each 0i(a). Then, by applying Stanley’s lemma on the fundamental parallelepiped,
such an identity can be reduced to a finite number of simpler relations on the coefficients

of 01(a),0s(a),...,0L1(a).

Let us use the following example to illustrate the steps to verify (1.11):
2(ab, ¢*/ab, aq/b, bq/a; ¢*)
(: %)%

This addition formula can be found in Berndt [4, p.45]. Clearly, the identity (1.14) is

of the form (1.11), that is, r = n = m = 2, and it can be written as

2

(4;6*)%

(CL, q/av _b7 _Q/b ; q)oo + (—CL, _Q/aa b> Q/b ; Q)oo = . (1'14)

93 — —91 + 92,

where

61 = (—CL7 —Q/CL, ba Q/b ) Q)ooa
0, = (ab, ¢*/ab, aq/b,bq/a; ¢ ) s,
63 = (CI,, Q/CL, _bu _Q/b ; Q)oo

It is easy to see that 60,6, are linearly independent and A; = As = As, where each A;
is given as (1.10). The identity (1.14) can be proved via the following steps.

Step 1. For a fixed 1 < k < n+1, let 6x(a) be given as (1.12), where yfk),yék), e 7%(;::)
are the exponent vectors in the factors of 0;(a). We first show that if 6,,,1(a) satisfies
a contiguous relation of the form

Onii(ag”) _ (=1)°

= , 1.15
Oi(0) g (1.15)
xwy("H) . .
then tn:“_ are integers for 1 < i < m and
v = Aot (1.16)
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where ag® = (a1¢4™, a2q™,...,a,¢""),p=0o0rl,s € Q,v € Z"and z = (x1,x9,...,7,) €
Q" is a nonzero vector. By showing that the rank of the matrix A, ,; is equal to m, the
relation (1.16) will lead to m contiguous relations with linearly independent exponent
vectors satisfied by 6,41 (a).

Next, under the assumption that A, = Ay = --- = An+1, it is always possi-

(k)
ble to multiply x by a sufficiently large number N such that ~ ?’ is an integer

forany 1 < k < n+1and 1 < i < m. Consequently, the relatlon (1.16) leads
to a contiguous relation with exponent vector Nv satisfied by all the multiple theta
functions 0;(a),6(a),...,0,+1(a). This procedure gives m contiguous relations with
linearly independent exponent vectors satisfied by all the multiple theta function-
s 01(a),0s(a),...,0,+1(a). We shall use W = {wy,ws,...,w,} to denote the set of
the exponent vectors of these contiguous relations.

For example, for 65 in the identity (1.14), we have

P 10
" lo1 )

B = {(17 0)7 (17 1)}a

the relation (1.16) gives two contiguous relations:
03(@(], b) _ 1

Choosing x from

e ~ (1.17)
HS(G(L bq) 1
0s(a,b)  ab (1.18)

While 0; and 6, also satisfy the contiguous relation (1.18), they do not satisfy the
contiguous relation (1.17). By replacing (1,0) with (2,0) in B, we derive the following
contiguous relation satisfied by all of 6y, 6, and 6s:
93(aq2ab) _ 1
93(@7 b) N a2q'
So we obtain two contiguous relations (1.18) and (1.19) with linearly independent expo-
nent vectors that are satisfied by 6y, 65, and 03, where W = {wy,ws} = {(1,1), (2,0)}.

(1.19)

Step 2. From the m contiguous relations associated with the vectors in W, we can
produce m recurrence relations satisfied by the coefficients of each 6x(a). Note that,
for 1 < k < n+1, 0(a) can be expanded by using Jacobi’s triple product identity
(1.8). More precisely, 8i(a) as defined in (1.12) can be expanded as follows:
& *)
Or(a) = a™ [JI(=1)a7" g ')

=1



o0

T 1 ; i (4 (k) Sk i L
= Q k H _(qtk,i; qtk’i)oo Z (_1)(5k,1+1)£zqtk,1(2) (a’h q k,z) ) (120)

{i=—00

which can be written as a multiple sum:

O(a) = > hpya”, (1.21)

newL”

where the sum ranges over the vectors 7 such that
n="1+ 07 + 6y 4t P (1.22)

with ¢; € Z (1 < i < m). By the assumption that 7 is a linear combination of

fy{k),’yék), ey W) over Q, we see that any n as given by (1.22) can be represented

as a linear combination of fyfk),’yék), ey ™) Wwith rational coefficients. For each k,
we also show that n can be expressed as a linear combination of wy, ws, ..., w,, with
rational coefficients. Using Stanley’s lemma on the fundamental parallelepiped and
the recurrence relations derived from these m contiguous relations, we find that the
coefficients in the expansion of 6 (a) can be reduced to a finite number of initial values

with exponent vectors in the set
HW:{)\lw1+>\2w2+-«~+>\mwm | OS)\z < 1, 1 SZSTTL}QZT

For a given set W consisting of linearly independent integer vectors, we also provide
an algorithm to compute Il .

For example, for the contiguous relations (1.18) and (1.19), we have
W= {(17 1)’ (27 0)}
and

My = {0 (1,1) 4+ A2(2,0) | 0 < A, A < 13N Z% = {(0,0),(1,0)}. (1.23)

Step 3. Assume that Iy = {51, 2, ..., Ba}. For 1 <k <n+1, let hyp, denote the
coefficient of @’ in the expansion (1.21) of 6)(a). Applying the recurrence relations
obtained form the m contiguous relations satisfied by 0 (a) and using Stanley’s lemma,
we see that the coefficients hy,,, of 0(a) can be determined by the coefficients of a with
exponent vectors 3; € Ily,. Thus the identity (1.11) can be proved by verifying the

relations
n

hosr = D cklngs, (1.24)

k=1



for all ; € Ily. For any exponent vector 1 of a in the expansion of 0;(a), it can be
uniquely expressed in the form (1.22), that is,

n=1i+ 0N+l + - by,
where ¢; € Z. Then the coefficient hy,,, of 8i(a) equals

" (— ]_)(5k,i+1)€iqtk,i(%)Jrsk,izi

(s g (1.25)
i=1 ’ &

Thus, to prove (1.11), it suffices to verify (1.24) for all the j3; € .

For example, for the addition formula (1.14), we have IIy, = {(0,0),(1,0)}. Let
p1 = (0,0) and 3 = (1,0). By Jacobi’s triple product identity (1.8), we have

hsg, = [a°°] 05 = [a%°] (a,q/a; @)oo (—D, —q/b; @)

1 n n
= [a%) — Y (~1)"qBa Y (-1)7) ()"
(q7 q)oo n=-—o00 n=-—o00
1
= : 1.26
(43 9)% 120
Similarly, we find that
1 1
hipg, = —, hop = 5,
gk T ()%
and
1 1
" 0 e
Thus the relations
hsp; = —hup; + mhwi (1.27)
hold for 1 < i < 2. This proves (1.14). |
It should be noted that theta functions satisfying the contiguous relation
4 1
fea) 1 (1.28)
flz) 2

with r,n being positive integers and m being a nonnegative integer, form a vector
space of dimension n over C. This is a classical result in algebraic geometry (see,
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for example, [20, p.212, Theorem 1]). In fact, for the contiguous relation (1.28), our
approach also gives

Oy ={A-n]0<A<1}={0,1,2,...,n—1}.

This implies that a theta function satisfying the contiguous relation (1.28) can be deter-
mined by the coefficients of 2%, z',..., 2""!. Thus an identity on such theta functions
can be reduced to relations on the coefficients of 2%, 2!, ..., 2"~!. This approach applies
to many classical theta function identities, such as Watson’s quintuple product iden-
tity [24] and the septuple product identity due to Farkars and Kra [12]. Our method
can be seen as the extension of this approach for the verification of identities on theta
functions in one variable.

This paper is organized as follows. The objective of Section 2 is to show that for
a multiple theta function #(a) in the form of (1.3), there exist m contiguous relations
with linearly independent exponent vectors satisfied by #(a). In Section 3, applying
Stanley’s lemma on the fundamental parallelepiped, we reduce the coefficients of 6(a) to
a finite number of initial values. Section 4 provides a procedure to obtain m contiguous
relations with linearly independent exponent vectors satisfied by all the multiple theta
functions in an identity of the form (1.11). Examples are given in Section 5, including
the extended Riemann identity and addition formulae on the Jacobi theta functions.

2. Contiguous relations

Assume that 6(a) is a multiple theta function in the form of (1.3), namely,

0(a) = a” H[(—l)‘sia%qsi; 7o,
i=1
where 7 € Z", 1 <m <r,and, for 1 <i<m, v = (Vi1,%2s---,%r) €EZ",6;=0o0r 1,
s; € Q, t; € QF. We further assume that v, 7s, ...,V are linearly independent and 7
is a linear combination of vy, s, ..., v, over Q. For the above multiple theta function
0(a), we define the matrix A(6), or simply A if no confusion arises, as follows:

1,1 72,1 Jm,1

T o T Y11 2 ot Mg
L2 22 Om2 ..
TR tm V21 722 V2,
A= , (2.1)
Y1,r v2,r Ym,r
H tim TYm1 Tmz2 - VYmyr

which is an r X r matrix of rank m.



In this section, we provide an algorithm to produce m contiguous relations with
linearly independent exponent vectors satisfied by 6(a) which are of the form (1.6),

namely,
0(aq” —1)°
0(a) qsav
where x = (21, x9,...,2,) € Q", ag® = (a1¢™, a2¢™, ..., a,q""), p=0or 1, s € Q, and
v = (v1,v2,...,v,) € Z". Bear in mind that, for the purpose of this paper, we are only

concerned with contiguous relations of 6(a) that are of the form (2.2). It can be shown
that 0(a) satisfies a contiguous relation of the form (2.2) if and only if there exists a

vector © = (21, 2,...,7,) € Q" such that =% are integers for 1 <7 < m and
vl = Azt (2.3)
Under the assumption that v;,7s, ..., v, are linearly independent, it is easy to see

that the rank of A is m. Using this fact along with the relation (2.3), we can derive
m contiguous relations of #(a) in the form of (2.2) with linearly independent exponent
vectors. To this end, we need the following lemma.

Lemma 2.1. Let

fla) = (a",¢"/a"; ¢")oo
be a theta function, where v is an integer and t is a positive rational number. Assume
that f(a) has a contiguous relation of the form

flaq®) = —=f(a), (2.4)

where w € Z, p=0 or 1 and o,u € Q. Then v|w and av is an integer multiple of t.

Proof. By means of Jacobi’s triple product identity (1.8), f(a) can be written as

oo

a :; —1)" t(g)avn
1@ = o > (1) . (2.5)

n=—oo

Substituting a with ag® in (2.5), we get an expansion of f(aq®). Observing that the
powers of a in the expansions of both sides of (2.4) are all multiples of v, we find that
v|w. Plugging the expansions of f(a) and f(ag®) into the contiguous relation (2.4)
and equating coefficients of a"", we are led to

(_1)p+an(3)+a”" = (_1)"+?qt( 2" )u

t(Z) +avn:t(n—g 5) —u,
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and whence

w w
(t— —av>n+t(”) —u=0
v 2
for all n € Z. It follows that ¢% = awv. This completes the proof. |

The following theorem gives a necessary and sufficient condition on the existence
of contiguous relations of the form (2.2) for a given multiple theta function of the form
(1.3).

Theorem 2.2. Let 0(a) be a multiple theta function in the form of (1.3) and let A be
the r x r matriz given by (2.1). Then if 6(a) satisfies a contiguous relation of the form

0(ag”) _ (1)

= , 2.6

O 20

with x = (x1,x9,...,2,) € Q" being a nonzero vector, p = 0 or 1, s € Q, and v =
(v1,v2,...,v,) € Z", then =X are integers for 1 <i < m and

v = AxT. (2.7)

Conversely, if there exists a nonzero vector x such that =% are integers for 1 <i <

m, then (2.7) leads to an integer vector v = (vy,va,...,v.) which corresponds to a
contiguous relation of 6(a) of the form (2.6).

Proof.  First, assuming that 6(a) satisfies the contiguous relation (2.6), we proceed to
show that X are integers for 1 <14 < m and the relation (2.7) holds. Recall that

m

0(a) = a” H[(—l)‘sia%qsi; 7" oo,
i=1
where 1,79, . ..,V are linearly independent and 7 is a linear combination of vy, va, ..., Yim

over Q. Substituting the above expression of §(a) into (2.6), we obtain that
[[[(~Do g g
0(aq") i=1

N e I sares g
i=1

By Lemma 2.1, we find that % are integers for 1 <i < m. Let {; = % forl1 <i<m.
Then we have

m

1_[ [(_1)5iawq&'ti+8i; qti]oo

[T[(=1)%a"q*; ¢"]o



(_ 1)(5i+1)5¢

m
o xT
! o

(_1)Z£1(5i+1)€i ( )
= . 2.8
qzlﬁil eiSH—([Qi)ti_x'Tael’Yl-&-b“fz-l-"~+Em’7m

Comparing the above expression with (2.6), we get

v="Uy Ll + A Y,

T - T Ym
e

which can be rewritten in the form of (2.7).

Conversely, if there exists a nonzero vector z = (z1,xs,...,x,) € Q" such that wt—jl
are integers for 1 < ¢ < m, then it follows from (2.7) that

ol = AxT
1,1 V2,1 Ym,1
o T o, 711 M2 ot Vi
71,2 V2,2 Ym,2
o T o Y21 V2,2t Ve
T
= x
e 2 . Omyr Ce
0 to tm Tm,1  Tm,2 Ym,r
7
_ (£ # ST IR Iy
t to tm :
Ym
r-m r Y2 T T Ym T
= 71 _'_ 72 +oeee m*
t1 to tm,

Under the assumption that v; € Z" and z“_“ are integers for 1 < ¢ < m, we see
that v € Z". Following the procedure as given in (2.8), we deduce that 6(a) satisfies a
contiguous relation of the form (2.6) with exponent vector v. This completes the proof.

|
As an example, let us consider the multiple theta function as given by (1.5), namely,
0(a, b, c,d) = (ab, q/ab; q)c(a/b, bq/a; q)oo(cd, q/cd; @)oo (c/d, qd/ ¢; 4o
So we have v; = (1,1,0,0), 72 = (1,—1,0,0), v3 = (0,0,1,1), 74 = (0,0,1,—1) and
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t, =ty =t3 =t, = 1, which leads to

1 1 0 0 1 1 0 O 2000
1 =1 0 O 1 =10 O 0 200
0 0 1 1 0 0 1 1 00 20
0 0 1 -1 0 0 1 -1 0 00 2

By the above theorem we see that, for each nonzero rational vector x = (z1, 2, T3, T4)
such that wt% are integers for 1 < i < 4, there is a contiguous relation of #(a) in the
form

9 x1 b X2 T3 d Tq —1)°
0(a,b,c,d) qeavibvzcvs dva
where p=0or 1, s € Q, and v = (vq, v2,v3,v4) is an integer vector such that
vl = AxT. (2.11)

For example, = = (1,0, 0, 0) is a feasible vector subject to the above conditions. By
(2.11), we have v = (2,0,0,0), which leads to the following contiguous relation:

0(aq, b, c,d) 1
— = . 2.12
O(a,b,c,d)  a? (2.12)

In general, the following theorem shows that it is possible to construct m contigu-
ous relations with linearly independent exponent vectors satisfied by a multiple theta
function of the form (1.3).

Theorem 2.3. Let 0(a) be a multiple theta function of the form (1.3) and A be the
matriz given by (2.1). Then there are m contiguous relations of the form (2.2) with
linearly independent exponent vectors satisfied by 0(a).

To prove the above theorem, we need the following lemma.

Lemma 2.4. Let §(a) be a multiple theta function of the form (1.3) and let A be the
matriz given by (2.1). Then the rank of A is m.

Proof.  Given the expression (1.3) of 6(a), define

Y121 . Ymal
t1 to tm
L2 22 . Om2
t1 to tm
B= (2.13)
Yi,r V2, . Ym,r
t1 to tm
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and

Y11 Y12 ot Vi

Y2,1 V2,2t Vo
C = ' . _ , (2.14)

Tm,1 Tm,2 - Tmr
so that A = BC. We follow the common notation r(D) to stand for the rank of a matrix
D. Since 1 < m < r, under the assumption that v, v, . .., ¥, are linearly independent,

we see that r(B) = r(C) = m. Consequently, 7(A) < min{r(B),r(C)} = m. By
Sylvester’s inequality, we deduce that r(A) > r(B) + r(C) — m = m, and whence
r(A) = m. This completes the proof. |

Now we are ready to prove Theorem 2.3.

Proof of Theorem 2.3. By Theorem 2.2, we see that from a vector x = (z1, 22, ...,2,) €
Q" such that $t7 are integers for 1 < ¢ < m, one can obtain a contiguous relation of
0(a) in the form of (2.2) with an integer exponent vector v satisfying

vl = AxT. (2.15)

Next, we show that (2.15) gives m contiguous relations of §(a) if we choose z out of a
set of r linearly independent vectors in Q". To this end, we assume that puy, pa, ...,
are linearly independent vectors in Q". Moreover, we may assume without loss of
generality that % is an integer for each k and 1.

For each 1 < k < r, since “Lt”— are integers for 1 < i < m, by Theorem 2.2 we find
that

vl = Auf (2.16)

is an integer vector which leads to a contiguous relations of f(a) in the form of (2.2).

It remains to show that there are m linearly independent vectors among vy, vs, . . ., ;.
Let C' be the r x r matrix formed by the column vectors vy, s, ...,1v,, and let D be
the r x r matrix formed by the column vectors py, pio, ..., i, It follows from (2.16)
that C'= AD. Since 1, lio, - . ., it are linearly independent, that is, D is invertible, we
deduce that r(C') = r(A) = m. This means that one can choose m linearly indepen-
dent vectors out of vy, vy, ..., v,.. Hence there are m contiguous relations of #(a) with
linearly independent exponent vectors. This completes the proof. 1

For example, for the matrix A as given by (2.9), we have r(A) = 4. Take four
linearly independent vectors pu; = (1,0,0,0), u2 = (0,1,0,0), u3 = (0,0,1,0), and
iy = (0,0,0,1). Now, L% are already integers for all k£ and 7. As shown before,

t;
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leads to the contiguous relation (2.12). Applying (2.11) to pe, us, and pu4, we are led
to the following three contiguous relations of 0(a, b, ¢, d):

0(a,bq,c,d) 1

0(a,b,c,d)  bq’

0(a,b,cq,d) 1
9(a,b,c,d) 2’

0(a,b,c,dq) 1

O(a,b,c,d)  d>q

These four contiguous relations have linearly independent exponent vectors: (2,0, 0,0),
(0,2,0,0), (0,0,2,0), and (0,0,0,2).

Denote by wy, ws, . .., w,, the m linearly independent vectors among vy, vs, ...,V as
given by Theorem 2.3, which correspond to m contiguous relations of §(a) with linearly
independent exponent vectors. The following theorem shows that any exponent vector
in the expansion of #(a) can be represented as a linear combination of wy, ws,. .., wy,
with rational coefficients.

Theorem 2.5. Let 0(a) be a multiple theta function of the form (1.3), which can be
expanded as follows by applying Jacobi’s triple product identity,

0(a) =Y hya", (2.17)

where
77:T+£1’)/1+£2’}/2+"'+€m’}/m

with ; € Z for 1 < i < m. Then any n in the expansion (2.17) can be represented as
a linear combination of wy,ws, ..., w,, with rational coefficients.

Proof. Recall that in the definition of f(a), 7 is a linear combination of vy, s, ..., Ym
over Q. Thus any 7 in the expansion (2.17) can be represented as a linear combination
of 1,72, ..., 7m with rational coefficients. Suppose that

n=rkim+keya+-+ knym, (2.18)

where k; € Q.

To show that 1 can be represented as a linear combination of wq,ws, ..., w,, with
rational coefficients, let us consider the following system of linear equations in the
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variables x1,xs, ..., 2, and &:

;

x -y — ekt =0,
T - yp — ekaty =0,

(2.19)
\ T Ym — €kmlm =0,
where x = (z1,x9,...,2,). We claim that there is a solution such that z € Q" and
e #0.
Let M denote the coefficient matrix of (2.19), that is,
M1 Y2 o My —kit
Yo Vo2 o Vo —halo
M =
Tm,1 Tm,2 " Tmr _kmtm mx (r+1)
Then (2.19) can be expressed as M (21, 29,...,2,,6)T = 0. Since 1 < m < r and
Y1525 - - - Ym are linearly independent, we have (M) = m. Thus the solution space P
of (2.19) in variables x1,xs, ..., ., & has dimension r + 1 — m.
Consider another system of linear equations
(2.7, =0,
Ty =0,
(2.20)
[ 2 m =0.
Let @ denote the vector space of solutions (x1,xs,...,z,) of (2.20). Let @ be the
vector space obtained from ) by substituting every vector (z1,xs,...,x,) € @ with
(x1,22,...,2.,0). Since v1,%2,...,%n are linearly independent, we see that dim @' =
dim @ = r — m. Clearly, any solution (z1,xs,...,z,) of (2.20) gives rise to a solution

(x1,22,...,2,,0) of (2.19), which means that @' is a subspace of P. Since dim @’ <
dim P, there exists a solution (z1,xs,...,z,,&) € P\ @ such that & # 0.

If (z1,29,...,2,,¢€) is a solution of (2.19), so is an integer multiple of (xy,za, .. .,
x,, €). Consequently, we may assume without loss of generality that ck; are integers
for all ¢, and hence

m 0i 4 Vi1 V3,2 i, kiti+si. ti
g(aqu17 azq™, ... 7a1”qxr) _ T H [(_1) Zall a22 R T Z]OO

9((11, a2, e 7a7‘) i1 [(_1)§Za'1)/z,la/’2ﬁ,2 PN a;}ji‘rqsi; qt1]oo
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m (_1)(514»1)5]6‘1

¢’ H
i=1 qas'kﬁ( 2 )t'(azz’lagl’z SeapT )k

(_1) o (8i+1)ek;

k.
ng’il Esiki"‘(Ezz)ti_x'Taé(klw+k2’)/2+~~~+kmvm)

(—1)2?;1(51'4*1)6]%
RS .7} PR— (2.21)
q =1 e 2 i aen

By Theorem 2.2, it follows that (en)” = Az”, where the matrix A is given by (2.1).
Following the proof of Theorem 2.3, by the assumption that py, po, ..., u, are linearly
independent over Q", we see that

T = cCipy + Cofba + -+ F Cr iy,

where ¢; € Q for 1 <1 < r, or equivalently

ol =] +eopy + oo+ ep)

It follows that
(en)' = 1 Apt + oAl + -+ e, Aul
:clyf+02V2T+---+crz/f,

where v = Apul as given by (2.16). Since wy,ws,...,w, are the m linearly inde-
pendent vectors among v, s, . .., v, we deduce that en can be represented as a linear
combination of wy,ws, ..., w,, with rational coefficients, so can 7 since ¢ # 0. This
completes the proof. |

3. Stanley’s lemma and the initial coefficients

In this section, we apply Stanley’s lemma on the fundamental parallelepiped to reduce
the coefficients of a multiple theta function in the form of (1.3) to a finite number of
initial values.

Recall that a multiple theta function 6(a) in the form of (1.3) can be expanded as
0(a) = Z hya”,
nez”
where

n=T1+bm+Lly+ -+ Llnrm
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with ¢; € Z for 1 < i <m.

By Theorem 2.3, we can find m contiguous relations with linearly independent
exponent vectors satisfied by #(a). Denote the exponent vectors of these m contiguous
relations by wq, ws, . .., w,,. According to the contiguous relation with exponent vector
w, there is a recurrence relation on the coefficients of #(a) in the form

hy = (=1)%q7 P hy (3.1)

where 1 <i < m, §; =0 or 1, and ¢;(n) € Q which is related to n. Substituting n by
1 + w;, the above recurrence relation can be rewritten as

hy = (—1)%g ey, (3.2)

Let b; be a positive integer for 1 < ¢ < m. By iterating recurrence relation (3.1) b;
times, we obtain

hTI = (_1)b¢5iq<i(bi)hnibiw“ (33)

where (;(b;) € Q which is related to b;. On the other hand, iterating (3.2) b; times, we
are led to
hn = (_1)bi6iqg(_bi)h”f7+biwi'

Thus (3.3) holds for all integers b;. For i from 1 to m, by iterating the recurrence
relations (3.3), we obtain that the m recurrence relations associated with wy, wy, . . ., wy,
can be condensed as follows:

h77 = (_1)§qshn—b1w1—--~—bmwm7 (34)

where 6 = 0 or 1, and s € Q. Using Theorem 2.5, we find that n can be uniquely
expressed as
N= g1w1 + Gows + -+ - + G W, (3.5)

where g; € Q for 1 < i < m. Applying Stanley’s lemma with b; = |g;] for 1 <i < m,
we see that n — byw; — - -+ — b,w,, falls into a finite set of initial values. Thus the
coefficients of #(a) can be determined by a finite set of initial values.

For example, let

0(a) = (a1a27q2/a1a27a1Q/QQaGQQ/a1;q2)ooa

where a = (ay, az). The procedure in Theorem 2.3 generates the following two contigu-
ous relations:
0(a1q, asq) 1

—— , 3.6
9(611, GQ) @102 ( )
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0(a1q?, as) 1

0(ar,a2)  alq’ (3.7)

where the exponent vectors wy = (1,1) and we = (2,0) are linearly independent. Let
0(a) = Z hya”,
nez?

where 7 ranges over linear combinations of the vectors v, = (1,1) and 7, = (1,—1)
with integer coefficients. The contiguous relation (3.6) leads to the recurrence relation

hy = —q""" "y, - (3.8)
Replacing 1 by 1 + wy, (3.8) can be rewritten as
hy = —q ety (3.9)
Let by be a positive integer. By iterating recurrence relation (3.8) b; times, we obtain
hy = (~1)ngrro-(ove=2g, (3.10)
On the other hand, iterating (3.9) b; times, we get
hy = (_1)b1q—b177~w1—(b12+1)w1~w1+2b1 T (3.11)
Comparing (3.10) and (3.11), we conclude that (3.10) holds for all integers b;.

Similarly, the contiguous relation (3.7) implies that

bo+1

hﬂ — qbzn-w2*( A )WQ-W2+b2hn_b2w27 (312)

where by is an integer. Replacing by 7 — bjw; in (3.12) and combining it with (3.10),
we deduce that

hr] = (_1)b1qu.wl_(b%)wl'wl_%l hn*blun
_ (_1)b1 qn-(b1w1+b2w2)—(b21)w1-w1—(bzgl)wzwz—blbzwl-w2—2b1+b2 hn—b1w1—b2w27 (313)

where by, by are integers. By Theorem 2.5, we see that 1 can be represented as a linear
combination of w; and wy with rational coefficients. Let

n= gl(lv 1) + 92(27 0)7 (314)

so that ¢g; and 2g, are integers. Using the recurrence relation (3.13) with b; = g; and
by = | 92|, we see that h, can be reduced to the coefficient with the following exponent
vector:

n— blwl - b2w2 = gl<17 1) + 92<27 O) - b1<17 1) - b2<2> O)
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= (292 — 2[92J, 0), (3.15)
which equals (0,0) or (1,0) since 2gs is an integer.

The above reduction of the coefficients of §(a) turns out to be the same procedure
as given by Stanley’s lemma on the fundamental parallelepiped. A fundamental par-
allelepiped is defined to be the area generated by linearly independent integer vectors
U1, Vg, . . ., Ug with coefficients belonging to [0, 1), that is,

I = { vy +Agvg + -+ Agug | 0< N < 1 for 1 <id <d}.

In the study of nonnegative integer solutions of linear homogeneous diophantine equa-
tions, Stanley [23, Lemma4.5.7 (i)] showed that each element of a simplicial monoid
F' can be determined by an integer point in the fundamental parallelepiped II. Recall
that a simplicial monoid with quasigenerators vy, vs, ..., vy is defined to be the set of
integer vectors which can be represented as linear combinations of v, v, ..., vg with
rational coefficients, namely,

F={y€eZ |vy=cv1+ g+ -+ cqua, ¢; € Qfor 1 <i < d}. (3.16)

Lemma 3.1 (Stanley’s lemma). Let v1,vs,...,v4 be linearly independent integer vec-
tors of dimension r over Q and let F' be the simplicial monoid with quasigenerators
V1, V2, ...,0q. Then every element v € F' can be expressed uniquely in the form

Y= ﬁ + b1v1 + bgUz + -+ bd'Ud, (317)

where B € IINZ" and by, bs, ..., by are integers. Conversely, any vector v in the form
of (3.17) belongs to F.

For example, any integer vector n in the form of (3.14) belongs to the following
simplicial monoid:

F={yveZ|vy=ci(1,1)+c(2,0), c1,c0 € Q}.
Thus, by Stanley’s lemma, any vector 7 € F' can be written as
v =0B+bi(1,1)+b(2,0),
where by, by € Z, 3 € II N Z2, and the fundamental parallelepiped II is given by
IT={A(1,1) + X2(2,0) | 0 < Ap, Ao < 1}

It is easy to see that 11 N Z?* = {(0,0),(1,0)}, which is the set of the initial values as
given by (3.15).

By Stanley’s lemma, we have the following algorithm.
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Theorem 3.2. Let 6(a) be a multiple theta function in the form of (1.3). Assume
that 6(a) has m contiguous relations with linearly independent exponent vectors wy,
Wa, ..., Wn. Then any coefficient h,, in the expansion (2.17) of 6(a) can be determined
by the recurrence relations derived from the m contiguous relations combined with one
of the initial values in the set

Hy={hg,, hg,,..., hs,}, (3.18)
where d = |y |, B1, B, - ., Pa € My, and
Proof.  Applying Jacobi’s triple product identity (1.8) to the factors of 6(a) in (1.3),

we get

fila) = [(=1)"a"¢"; "]

oo

e W Z (_1)(1+61)k2th(2)+ i Lakz’}’z. (320)
) %) fer—— o0
Hence
m 1 o0 .
0(@) = a ] i Do (~1) kg () eabighon
i=1 (q Z? q Z)OO ki:—OO
m (1+5 )kzqtl( )+51k2
- H a’, (3.21)
neZ” \ (ki,k2,....km)EZ™ i=1 )
where n = (91,72, ...,m) and the inner sum ranges over (ki, ks, ..., ky,) € Z™ such
that
n=T1+kiyn+kya+-+ knym. (3.22)

Comparing (2.17) and (3.21), we obtain that

1)(1+0)k t( S )+siki

hy= > H : (3.23)

(k1,k2,....km)

where the sum ranges over (ky, ko, ..., k») € Z™ such that the relation (3.22) holds.
Since y1, 72, - - ., Ym are linearly independent, we see that for a given exponent vector 7,
there is a unique vector (ki, ks, ..., k) € Z™ that satisfies (3.22). By the assumption
that 7 is a linear combination of 1,72, ..., 7, over Q, it follows from (3.22) that n is
a linear combination of v, 7, ..., 7, with rational coefficients.

21



By Theorem 2.5, we see that 1 can be expressed as
N = 1wy + oWz + * - + G W, (3.24)
where g; € Q. On the other hand, Stanley’s lemma yields
n =B+ biwi + bywy + -+ + bW, (3.25)

where [ € Il and by, by, ..., b, are integers.

Using the above expressions of 7, we shall establish recurrence relations on the
coefficients of A(a). For 1 < i < m, assume that w; corresponds to the following
contiguous relation of §(a):

O(ag™)  (=1)*

ORRTT (3.26)
where a; € Q". Rewriting (3.26) as
0(a) = (~1)"q"a"0(ag™)
and equating the coefficients on both sides, we obtain that, for 1 <i < m,
hy = (—1)%guitert-wip (3.27)
Replacing 1 by 1 + w; in (3.27) gives that, for 1 <1i < m,
By = (1) (3.28)
Let b; be a positive integer for 1 < i < m. Iterating (3.27) b; times, we obtain
hy = (—1)Wigpeitbioin=(" iy (3.29)
On the other hand, iterating (3.28) b; times, we arrive at
S C) L (3.30)

Thus (3.29) holds for all integers b;.

Employing the recurrence relations (3.29) repeatedly for i = 1 to m, we find that

h — (_1)27;1 bidiqzﬁl (biui—(bigl)ai.wi—i-bi (aﬂ?—z;;ﬁ bjai-wj)) hn—b1w1—"'—bmwm . (331)

n

Now, applying (3.31) with by, bo, . .., b, being determined by Stanley’s lemma as given
in (3.25), we deduce that

hn — (_1)2?;1 biéiqZZ’Ll (biui_(bi;1>ai‘wi+bi(ai‘/8+biai'wi+z;n:i+1 bjai‘wj)) hﬁ
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o

bbb B S b)) o (3.82)

= (—1)2?;1 biéiqzﬁl (ai;ﬂi b?_

where 8 belongs to Ily,. Clearly, Iy is finite. Thus any coefficient h,, in the expansion
of f(a) can be reduced to a coefficient hg with g € IIy,. This completes the proof. 1§

For the fundamental parallelepiped Iy, of the linearly independent integer vectors
in W = {wy,ws, ..., w,}, as pointed out by Stanley [23], [Ty is a finite set, since it is
contained in the intersection of the discrete set F' as defined in (3.16) with the bounded
set of all the vectors \jwi 4+ Aswo + - - - + A\, w,, € Q" with 0 < \; < 1. In fact, Iy can
be determined by the following procedure.

Let w; = (wj1,w; 2,...,w;,) for 1 < i < m. First, we find two vectors ¢ =
(c1,¢2,...,¢) and d = (dy,ds, ..., d,) such that for any v = (vy, va,...,v,) in Iy, we
have

Cj S Uj S dj, (333)

where 1 < j < r. To define ¢; and d; for 1 < j < r, we assume that the entries
Wy j,Waj, - .., W ; can be rearranged as follows:

/ / / / !/
Wiy S Wy S SWey SOS Wy 5 S v S Wiy,

where 0 < s < m and we set wy ; = w,,,,; = 0. Let

¢j = min{w) ; +wy ; + -+ +w; + 1,0},
dj = max{w;-i-l,j + w;+2,j +eee w;n,j — 1,0},

and let
V:{(Ul,UQ,...,UT)EZT‘ngngdj,léjgr}.

Obviously, Iy C V. For any v € V', consider the following system of linear equations
in x1,xo,...,Tn,:
T1Wy + Towy + - + Ty Wy = V. (3.34)

Since wy, ws, ..., w,, are linearly independent, (3.34) either has no solution or has a
unique solution. If 0 < z; < 1 for 1 <1¢ < m, then v € Ilyy; otherwise, v & Iy .

Note that there are various ways to check whether a system of linear equations (3.34)
has a solution (x1,z,...,x,,) with 0 < z; < 1 for each ¢, such as Collins’ cylindrical
algebraic decomposition (CAD) algorithm [8,15] and integer linear programming [19,
Sections 12.2 and 13.4].
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4. Contiguous relations for multiple theta function
identities

In this section, we are concerned with identities on multiple theta function identities
of the form (1.11), namely,

Onsr(a) = cibi(a), (4.1)

where each ¢ is a nonzero constant and, for 1 < k < n+ 1, §;(a) is given by (1.12).
Furthermore, we assume that 6;(a),02(a),...,0,(a) are linearly independent. Indeed,
it is not difficult to check the linear independence by direct computation. However, as
will be seen, for the purpose of verifying an identity, this step may be skipped.

For 1 < k <n+ 1, denote by Ay, the r x r matrix associated with 0(a) as given in
(2.1), namely,

(k (k) (k)

Jip J2a 0 Oma k k k
tk,l tk,2 tk’,m ’7}_,1) 7](.,2) fy](.,’r?
(k (k) (k)
Y1,2 V2,2 Tm,2 (k) (k) (k)
T T e T Y2, V22 V2,
Ay = tr,1 k.2 tkm r (4‘2)
AT O 0 S B A
th1 tk,2 tk,m
For the identity (4.1), it is often the case that
Al = A2 == An+1, (43)

which ensures that there exist m contiguous relations with linearly independent expo-
nent vectors satisfied by all the multiple theta functions in the identity (4.1).

Theorem 4.1. If a multiple theta function identity of the form (4.1) satisfies that A; =
Ay = --- = A, 1, then there exist m contiguous relations with linearly independent
exponent vectors satisfied by all the multiple theta functions 01(a), 02(a), ..., O,11(a).

Proof. First, by Theorem 2.3 we see that there are m contiguous relations with linearly
independent exponent vectors satisfied by 6,,.1(a). We proceed to show that, from a
contiguous relation of 6,,,1(a) with exponent vector v, one can construct a contiguous
relation satisfied by all of 6 (a),02(a), ..., 0,1(a) with exponent vector Nv for some
positive integer N. This leads to m contiguous relations with linearly independent
exponent vectors satisfied by all the multiple theta functions 6(a),02(a),. .., 0,+1(a).
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Assume that we have the following contiguous relation for 6,1 (a):

0n+1(aqx> _ (_1)6 (44)

9n+1 (a) q°a” ’

where © = (x1,22,...,2,) € Q" is nonzero, v € Z"', § = 0 or 1, and s € Q. By Theorem
At . .
2.2, this contiguous relation of 6,,,;(a) implies that TT are integers for 1 <i < m,

and
vl = A, ot (4.5)

We now proceed to construct a contiguous relation with the exponent vector being a
multiple of v that is satisfied by all the multiple theta functions 6, (a), 62(a), ..., 0,1(a).
To this end, we first determine a positive integer N such that

Nx-%k) Nx-yék) Nx-%gf)

(4.6)

Y AR

tr1 r2 tieom

are integers for 1 < k < n + 1. Clearly, 0,,1(a) satisfies the following contiguous
relation: N

uin(ag™™)  (<1)°

Ont1(a) q alNv’

where p =0 or 1, and u € Q. Then we shall show that all the multiple theta functions
01(a),05(a),...,0,(a) also satisfy the contiguous relation (4.7).

(4.7)

Consider a multiple theta function y(a), where 1 < k < n. We claim that i (a)
satisfies a contiguous relation with exponent vector Nv. We further prove that this
contiguous relation is indeed the same as (4.7). From the relation (4.5), we directly
see that

(Nv)'' = A, (N2)T.

Then, by the assumption that A} = Ay = --- = A, 1, we have that
(Nv)T = Ay (N2)". (4.8)
)
Since ka—% is an integer for any 1 < ¢ < m, by Theorem 2.2, the above condition

ensures that there exists a contiguous relation of 6 (a) of the following form:

Or(ag™™)  (=1)"
Op(a) — qualNv’

(4.9)

where pr = 0 or 1, and u; € Q.

Next we show that if the identity (4.1) holds, then the numbers (—1)” and ¢“* can
be uniquely determined. As a result, the contiguous relation (4.9) satisfied by 0 (a)
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turns out to be exactly the same as the contiguous (4.7) satisfied by 6,,11(a). In doing
so, let d = (_q—lu)p and dj, = (_qi):k. Then the contiguous relations (4.7) and (4.9) can be
written as

9n+1 (anas) _ d

= 4.10
0n+1 ((Z) (INV ) ( )
and, for 1 < k <n,
Or(ag™® d
tlag’?) i (4.11)
Ox(a) alv
Substituting a with a¢¥® in (4.1), we get
Ony1(ag™®) = Z cr0r(ag™®).
k=1
Applying (4.10) and (4.11) for 1 < k < n, we find that
d ~ d
(@) =3 - (),
k=1
which simplifies to
A, i1(a) = crdibi(a).
k=1
Invoking the identity (4.1), we deduce that
d Z cka(a) = Z ckdka(a),
k=1 k=1
so that
> cr(d — di)bi(a) = 0.
k=1
Since 61(a),0s(a),...,0,(a) are linearly independent and ¢y, o, ..., ¢, are all nonzero,
we conclude that
d:dlzdzzzdn
Therefore pp = p, and ux, = u for 1 < k < n. This implies that all of 6,(a),02(a), ...,
0, (a) satisfy the contiguous relation (4.7), and hence the proof is complete. ]

We remark that when we attempt to prove an identity in the form of (4.1), we do
not have to verify the linear independence of 0;(a),6s(a),...,0,(a) as the first step.
Instead, we may try to derive the contiguous relations (4.11) for 1 < k < n, and one
should expect that d = d; = dy = --- = d,,. 1f it is indeed the case, then we may skip
the step of justifying the linear independence of 0;(a), 0(a),. .., 0,(a).
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5. Examples

In this section, we give examples to demonstrate how to prove multiple theta function
identities by using our approach.

As the first example, let us consider Riemann’s addition formula (see Krattenthaler
[16]). Weierstrass showed that it is equivalent to an identity on sigma functions (see
Whittaker and Watson [25, p.451]). Addition formulas for theta functions play an
important role in the theory of elliptic functions. More examples can be found in
[4,21,25].

Example 5.1. We have
0(zy)0(x/y)0(uv)f(u/v) — O(xv)0(x/v)0(uy)d(u/y)

- g@(yv)e(y/v)e(xu)ﬁ(x/u). (5.1)

Proof. Denote the multiple theta functions in (5.1) by 6y, 62, and 63, namely,

0, = (zy,q/xy, x/y, qy/z, wv, q/uv,u/v, qu/u; q)oo,
92 - (l”l), q/xv, I/’U, qU/LU, Uy, Q/Uy, U/y, qy/u7 Q>007

N

O = g(yv, q/yv,y/v,qu/y, xu, q/TU, T /U, QU T; Q) o0

Then (5.1) can be written as
93 - 91 - 92. (52)

By the definition (4.2), for each 6,

A =

o O O N
S O NN O
S N O O
D O O O

Choosing the vector x from
B =1{(1,0,0,0),(0,1,0,0),(0,0,1,0),(0,0,0,1)}

and applying Theorem 2.2 and Theorem 2.3, we find that 6, satisfies the following four
contiguous relations:

91 (xqa Y, u, 'U) _ 1

27

01(z,y,u,v) X
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el(nyQ7u7v) _ 1

61(%,3/,16,'11) B E’
91(x7y7uQ7v) _ 1
01(x,y,u,v)  u?’

01(x7y7uavq) 1
_— = —, 5.3
61 (iE, Y, u, U) UQQ ( )

It can be easily checked that 05 and 03 also satisfy the above contiguous relations. Now,
we have

W ={(2,0,0,0),(0,2,0,0),(0,0,2,0),(0,0,0,2)}
and
Iy = {A\1(2,0,0,0) + A2(0,2,0,0) + A3(0,0,2,0)
+204(0,0,0,2) [ 0< Ny < 1,1 <i<4}nZ

= {(a1,a2,a3,a4) | a; =0or 1,1 <i < 4}.

Because of the symmetries of the parameters z, y, u, and v, we have only to show that
identity (5.1) holds for the terms with exponent vectors in

11y, = {(0,0,0,0),(1,0,0,0),(1,1,0,0),(1,1,1,0),(1,1,1,1)}. (5.4)

Denote the vectors in Iy, by 8; = (0,0,0,0), B2 = (1,0,0,0), 53 = (1,1,0,0),
By = (1,1,1,0), and 85 = (1,1,1,1). Then to prove the identity (5.1), it is sufficient to
verify the relations
hsp, = i — hap,, (5.5)
for 1 <4 < 5. Consider the case k =1 and ¢ = 1. In this case, hy 5, = [2°y"u 0] 61 (a).
By Jacobi’s triple product identity (1.8), we have

(2% u"0°] 01 (a) = [2°9°u®0"] (Y, 4/ 2y; @)oo (2, qu /25 @)oo (0, ¢/ 005 @)oo () V, @0/ 1; @)

= %00 —— 3 (—1g @y S (—1)7gE) ()
(¢ 9)% Rt
xS (1B o) 3 (1)) (ufo)"
- (q;ij)‘éo Z (_1)n1+n2+n3+n4q('gl)+("22)+("23)+("24)7 (5.6)

(n1,n2,n3,n4)EZ*
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where the summation in (5.6) ranges over integer vectors (nq,ns, ns, n4) such that

n1+n2:0,
nl—ngzO,
n3 +ng =0,

ng—n4:().

Solving the above equations, we get

1
hig, = ———.
T gk
Similarly, we find that

hQ,ﬁl = (q7Q)4 ) h3,51 = 07

o0

and hence relation (5.5) holds for ¢ = 1. For i = 2,3,4,5, we obtain

h1752 — O, h2752 — 0, h3”32 — O,
-1 —1

hl, - 5 h?, = 07 h’3, = )

P @)k ” P @a)k

h17,34 = 07 h2,,34 = 07 h3,ﬁ4 = 07
1 1

M T e

Thus (5.5) is true for 1 < ¢ < 5. This proves (5.1). |

The next example is concerned with the extended Riemann identity on theta func-
tions due to Malekar and Bhate [18, Theorem 3.1].

Example 5.2. We have

Agryuo[—* 2%, —*y?, —Pu?, —20% o + A my[— 20, — PP, —qu?, —qv%; s

2

1
+ dgzuv[—q2’, —qy®, —°u?, — V% ¢ + 4[—q2”, —qy®, —qu®, —qv*; ¢l

1 1yy
42542 )5 1 1 1 1 1 1 1 1 1 1
= ﬁ([—q% —q1Y, —qu, —q10; 2] + [q17, q1Y, —q1u, —q1V; 2o
1 1 1 1 1 1 1 1 1 1
+ [—q¢*z, —q*y, q*u, ¢*v; 2 | + [q4x,q4y,q4u,q4v;q2]m>. (5.7)
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Proof.  Denote the multiple theta functions in (5.7) by 0x(x,y,u,v) for 1 < k < 8,
namely,

01 = zyuwo|—¢°2*, —¢*y*, —°u*, —¢*v*; ¥loe, 02 = zy[—¢*2%, =y, —qu®, —qv*; ¢% oo,

03 = uwv[—qz®, —qy*, —¢°u*, —¢°v%; ¢, 0, = [—q2*, —qy®, —qu®, —qv*; %),
1 1 1 1 1 1 1 1 1 1

05 = [—q*x, —q*y, —q*u, —q4v; ¢? |, 06 = g%z, q*y, —q*u, —q*v; ¢? ],
1 1 1 1 1 1 1 1 1 1

07 = [—q7x, —q*y, g1 u, ¢1v; ¢2 ], Os = [q 2, q%y, ¢ u, ¢*V; ¢2]o.

Hence (5.7) takes the form:

7
Os(x,y,u,v) = chek(x, Y, u, ), (5.8)
k=1
where
2. 2\4 2. 2\4 2. 24
0124QM7 02=C3=4q%%7 C4=4M7 s =¢c6 =07 =—1
(g2;92)% CEREN (¢2:97)%

We find that

9k<xQ7y7u7v) _ L ek(xayq7u7v) _ L

ek(xvyauvv) $2q’ ek(x7y7u7v) y2q’

Qk(ffay,UQW) _ L Qk(x7y7u71)Q) _ L

‘gk(x7y7u7v) U2q7 ‘gk(m7y7u7v) U2q
for k =1,2,...,8. The set of exponent vectors of the above contiguous relations is

W ={(2,0,0,0),(0,2,0,0),(0,0,2,0),(0,0,0,2)}.
The fundamental parallelepiped of W equals
My = {A\(2,0,0,0) + X2(0,2,0,0) + A3(0,0,2,0)
+24(0,0,0,2) [ 0< N\ < 1,1 <i<4}nZ?
={(a1,as,a3,a4) | a; =0or 1,1 <1i <4}

In view of the symmetries of z,y,u, and v, the coefficients of 0y (x,y,u,v) are deter-
mined by the coefficients with exponent vectors in

H/I/V = {(07070’ 0)7 (17070’ 0)7 (17 17070)’ (1707 ]'70>7 (]‘7 17 170)7 (]‘) 17 17 1)}

Thus (5.8) can be reduced to equalities on the coefficients with exponent vectors in
IT};,. In fact, for each vector in IIj,, the required equality immediately follows from
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Jacobi’s triple product identity. For instance, consider the coefficients with exponent
vector (0,0,0,0). By Jacobi’s triple product identity, we see that

[0000 1

Ty uv ]98($7y7uav> =
and

[2%9°u 0”] E crli(z,y, u,v) = [2% ul0”] E ekl (2, y, u,v)

4 1 1 1
(gL () (@he)h (a7¢P)k
1

Similarly, we have

[z u' 0] Os(z, v, u,v) = [2'y u'0”)] Zc;ﬁk T, Y, u, )

[
l\.’)\»—‘
Q
IO\H
SN—
8 =

This completes the proof. 1

We now look at an addition formula on Jacobi theta functions due to Whittaker
and Watson [25, Chapter XXI|. Recall that the four classical Jacobi theta functions
are defined by

Ii(z) = Y (1) Eglme) iz,

Example 5.3. We have
J1(w)d (2)01(y)01(2) + Do (w)da(z)da(y)V2(2)
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= V1 ()01 (2')01(y)01(2") + D2 (w)I2(2")0a(y")D2(2"), (5.9)
where

2w = —w+z+y+ 2, 20 =w —x+y+ 2,
2 =w+x—y+ 2z, 2 =w+x+y—=z (5.10)

Proof. By substituting e, e e%, e* with w, x,y, 2, respectively, and then replacing
q? by g, the identity (5.9) becomes

[W?q, 2°q, ¥°q, 2°¢; @oo + [—W3q, —2°q, —y*q, —2°¢; oo (5.11)
= [qzyz/w, quyz/x, quzz/y, qury/Z; ¢lo

+ [—qryz/w, —quyz/x, —quzrz /Yy, —qury/Z; ¢l

Let
01 (w, z,y, 2) = [Wq, 22, ¥*q, 2°¢; @),
O2(w,2,y, 2) = [~w’q, —2°¢, —y*¢, —2°¢; qloo,
Os(w, x,y, 2) = [qryz/w, quyz/z, qUr2 /Y, QUTY/2; qlo0,
0s(w, 1y, 2) = [—qryz/w, —quyz/7, —quzz [y, —qWTY/2; qloc-

Then (5.11) can be written as
Oy(w, z,y,2) = 01 (w, x,y, 2) + Oa(w, x,y, z) — O3(w, z,y, 2). (5.12)

Invoking Theorem 2.2 and Theorem 2.3, we obtain that, for 1 < k < 4,

Op(wgz, xq2,y,2) 1
Ox(w, x,y, 2) w2r2q?’
On(wgs, o,yq2,2) 1
Or(w, x,y, 2) wy2q?’
Op(wyz,x,y,2q7) 1
Op(w, x,y, 2) w2z2¢q?’
Ok(w,:cq%,yq%,z) 1
Oc(w, .y, 2) 22y*q?

The set of exponent vectors of the above contiguous relations is

W ={(2,2,0,0),(2,0,2,0),(2,0,0,2), (0,2,2,0)}.
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The fundamental parallelepiped of W is given by

My = {\1(2,2,0,0) + X2(2,0,2,0) + A3(2,0,0,2) + M\(0,2,2,0)
0< N <1,i=1,2,3,4NnZ*

={(0,0,0,0),(1,1,0,0),(1,0,1,0),(1,0,0,1),(0,1,1,0), (2,1, 1,0),
(2,1,0,1),(1,2,1,0),(2,0,1,1),(1,1,2,0),(1,1,1,1),(3,1,1,1),
(2,2,1,1),(2,2,2,0),(2,1,2,1),(3,2,2,1),(1,1,1,0), (2,2,1,0),
(2,1,2,0),(2,1,1,1),(1,2,2,0),(3,2,2,0),(3,2,1,1),(2,3,2,0),
(3,1,2,1),(2,2,3,0),(2,2,2,1),(4,2,2,1),(3,3,2,1),(3,3,3,0),
(3,2,3,1),(4,3,3,1)}.

Since any nonzero term of identity (5.11) has even powers in w, z,y, and z, (5.12) can
be further reduced to
1Ty, = {(0,0,0,0),(2,2,2,0)}.

By Jacobi’s triple product identity, we obtain that

(w2210, = 1/(q; )%, [w?2?y?2°) 0, = —¢*/(q; q)2.,
[waz%y°2°] 6, = 1/(q; )%, [w22?y?2°) 0, = ¢*/ (q; )%,
[wz%°2°) 03 = 1/(g; )%, [w?z?y*2°]) 65 = 0,
[wz%°2°) 0, = 1/(g; )2, [w?z?y?2°]04 = 0.
This completes the proof. |

Let us turn to another addition formula on Jacobi theta functions (see Whittaker
and Watson [25, p. 468]).

Example 5.4. We have
203(w)V3(x)05(y)Vs(2) = — D1 (w1 (2")01 (4 )01 (2) + Da(w) Do ()2 (y)02(2)
9 U4y

+ V3(w)V3(2z")05(y")V3(2") + Va(w")Is(a")Da(y")Va(2'),
5.13)

where w', 2’y 2" are given by (5.10).

Proof. Substituting ™, e®® e, ¢* with w, x,y, 2, respectively, we may rewrite (5.13)
as follows:

2[—qu*, —qx*, —qy®, —q2%; ¢
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= —quzyz[g*ryz/w, Pwyz/v, Cwrzy, Pwry) 2 ¢l
+ quryz[—ryz/w, —*wyz/v, —wrz [y, —Pwry/ 2 ¢
+ [—qryz/w, —quyz/z, —qurz/y, —qury/ 2 ¢*)s
+ gryz/w, quyz/z, qurz/y, quay/ z; ¢ s (5.14)

Let

01(w, z,y,2) = wryz|g®ryz/w, Cwyz/x, Fwrz )y, Cwry/z; %o,

Oo(w, x,y, 2) = wryz[—ryz/w, —*wyz [, —*wrz )Y, —CWTY/2; ¢ o0,

[qryz/w, quyz/z, qurz ]y, qUTY/2; ¢° )0,

( z) =
( z) =
Os(w, x,y, 2) = [—qryz/w, —quyz/z, —qurz ]y, —quzy/2; ¢,
Os(w, z,y, 2) =
( z) =

Os(w, x,y,2) = [—qu?, —q2*, —qy*, —42%; ¢°] o,

then (5.14) becomes

( - qel(waxa Y, Z) + qa?(w7xa Y, Z) + 93(w7$7y7 Z) + 04(11}, T, Y, Z))
(5.15)

Applying the procedures given in the proofs of Theorem 2.2 and Theorem 2.3, it can
be checked that, for 1 < k <5,

€5(wa z,y, Z) =

N —

9k<wq7xq7y72) _ 1
ek(w7xay7z) wa2q27
9k<wq737;3/q72) _ 1
Hk(w,m,y,Z) w2y2q2,
ek<wq7 z,Y, Zq) _ 1
ek(W,$,y,Z) w222q2’
9k<w7I7QQ7ZQ) _ 1

Op(w,2,y,2)  y222¢2
The set of exponent vectors of the above contiguous relations is
W ={(2,2,0,0),(2,0,2,0),(2,0,0,2),(0,0,2,2)}
and the fundamental parallelepiped of W equals
My = {A\1(2,2,0,0) + X2(2,0,2,0) + A3(2,0,0,2) +24(0,0,2,2) | 0< \; < 1,1 <35 <4}nzZ?
= {(O, 0,0,0),(1,1,0,0),(1,0,1,0),(1,0,0,1),(0,0,1,1),(2,1,1,0),(2,1,0, 1),
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(1,1,1,1),(2,0,1,1),(1,0,2,1),(1,0,1,2), (3,1,1,1),(2,1,1,2), (2, 1,2, 1),
(2,0,2,2),(3,1,2,2),(1,0,1,1),(2,1,1,1),(2,0,2,1),(2,0,1,2),(1,0,2,2),
(3,1,2,1),(3,1,1,2),(2,1,2,2),(3,0,2,2), (2,0,3,2),(2,0,2,3), (4,1,2,2),
(3,1,2,3),(3,1,3,2),(3,0,3,3), (4,1,3,3) }.

Noting that (5.14) contains terms only with even powers in w,z,y, z, (5.15) can be
further reduced to equalities on the coefficients with exponent vectors in

1T, = {(0,0,0,0), (2,0,2,2)}.

These two relations are just consequences of Jacobi’s triple product identity, and so
the proof is complete. |

To conclude this paper, we give an example showing that the idea of our approach
does not necessarily restrict to identities on multiple theta functions in the form of
(1.3). Let us consider the following identity:

D1y + 2)01(y — 2)05 = 93(y)05(2) — 95(y)05(2), (5.16)
where ¥4 = 94(0) (see Whittaker and Watson [25]).

Proof. Substituting e and e** with VY and /z, respectively, (5.16) can be rewritten
as

(0 P)atl®yz. v/ 2 Ploe = —2[—aqy, 2 o + Y[y, —az: 2. (5.17)
Let
01(y,2) = z[—qy, —¢*2 )%,
02y, 2) = yl—a*y, —az ¢°*)2%,
0s(y, 2) = yla*yz, °y/ % ¢’
Then (5.17) can be written as

;2)4( —01(y, 2) + 0(y, 2)).

Even though our approach do not apply to the multiple theta functions 6; and 6,, it
is still possible to find two contiguous relations with linearly independent exponent
vectors satisfied by 61, 05, and 63. It can be easily checked that, for 1 < k < 3,

0k (yq®, =) 1

O(y,2)  y2q*
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Only, 2q°) _ 1 (5.18)

Oy, 2)  2¢*

Therefore, Stanley’s lemma can be used to reduce the coefficients of 6, to a finite
number of initial coefficients based on the contiguous relations in (5.18). The set of
exponent vectors of the two contiguous relations is

W ={(2,0),(0,2)}
and the fundamental parallelepiped of W is given by
Iy = {A\1(2,0) + A2(0,2) | 0 < A, Ao < 1} N Z2
={(0,0),(1,0),(0,1), (1, 1)}.
Because of the symmetry of y and z, Il can be further reduced to
1y, = {(0,0),(1,0),(1,1)}.
By Jacobi’s triple product identity, we obtain that

2(=¢% ¢*)5 (4% 4% 2(=¢% ¢*)5 (4% 4%

OZO 9 — ’ OZO 9 _ ’
=l (4% ¢*)% =10, (¢% a*)4
4q<_q4 q4)4 (q4 q4)2
OZO 6 _ O, 120 9 — ) ) ) 007
. 2; 4 io 4; 4 go 1
[ylzo]ez = ( q (22) q2(§]4 q ) ’ [ylzo]eg = (q2 q2)2 ’
20(—a? )2 (g4 g*)2 20(—a?: a2)2 (g o*)2
e, = 9(—q 4 )o;(f )5 20, = 9(—q 4 )o;(4q )5
(a% %)% (¢% %)%
[ylzl]Hg =0

The equality of the coefficients of y'2° simplifies to Ewell’s identity [10, eq. (2.3)]
(=% a")5% — 4a(=a" ") = (0% 42 (@ ¢*) -

Thus the proof of (5.16) is complete. |
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