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Abstract.

The Turén inequalities and the higher order Turén inequalities arise in the s-
tudy of Maclaurin coefficients of the real entire functions in the Laguerre-Polya
class. A sequence {a, },>0 of real numbers is said to satisfy the Turan inequali-
ties or to be log-concave, if for n > 1, afl —ap—1ap+1 > 0. It is said to satisfy the
higher order Turdn inequalities if for n > 1, 4(a2 — an_la,H_l)(a% 41— Gnlny2) —
(@n@py1 — ay_1Gn42)* > 0. For the partition function p(n), DeSalvo and Pak
showed that for n > 25, the sequence {p(n)},~25 is log-concave, that is, p(n)? —
p(n—1)p(n+1) > 0 for n > 25. It was conjectured by the first named author
that p(n) satisfies the higher order Turan inequalities for n > 95. In this paper, we
prove this conjecture by using the Hardy-Ramanujan-Rademacher formula to de-
rive an upper bound and a lower bound for p(n+1)p(n—1)/p(n)?. Consequently,
for n > 95, the Jensen polynomials p(n— 1) +3p(n)x+3p(n+1)x> + p(n+2)x
have only distinct real zeros. We conjecture that for any positive integer m > 4
there exists an integer N(m) such that for n > N(m), the Jensen polynomial asso-
ciated with the sequence (p(n),p(n+1),---,p(n+m)) has only real zeros. This
conjecture was independently posed by Ono.
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1 Introduction

The objective of this paper is to prove the higher order Turdn inequalities for the
partition function p(n) when n > 95, as conjectured in [6]. The Turdn inequalities
and the higher order Turan inequalities are related to the Laguerre-Pdlya class of
real entire functions [14} 44]. In this paper, a sequence {a,},>0 always means a
sequence of real numbers, and it is said to satisfy the Turan inequalities or to be
log-concave, if

ay — ap—1ap41 >0, (1.1)

for n > 1. The inequalities (1.1)) are also called the Newton inequalities [&, [11} 35}
46]). We say that a sequence {a, },>¢ satisfies the higher order Turan inequalities
or cubic Newton inequalities if for n > 1,

4(“% - an—lan—kl)(aﬁﬂ - anan+2) - (anan—H - an—lan+2)2 >0, (1.2)

see [14} 135, 41]. It is worth mentioning the double Turdn inequalities and the
higher order iterated Turan inequalities introduced by Csordas [10], see also [24].
Given a sequence {a, },>0, forn > 1, let

T (n) = aﬁ — ap—14dn+1,
and for k > 2 and n > k, let
Tk(n) =Ti_1 (I’l)z — T (I’l — 1)Tk_] (n+ 1)

A sequence {a, },>0 is said to satisfy the double Turan inequalities if 7} (n) > 0 for
n>1and T(n) > 0 for n > 2. In general, {a, },>0 is said to satisfy the /-th order
iterated Turan inequalities if for 1 <k </ and n > k, we have T;(n) > 0. It should
be noted that the above notion of higher order iterated Turdn inequalities coincides
with the notion of the higher order log-concavity introduced by Moll [34], see also
(3, 4]. In the terminology of Moll, a sequence {a,},>0 satisfying the /-th order
iterated Turdn inequalities is called /-log-concave. A sequence {ay },>0 is said to
be infinitely log-concave if it is /-log-concave for any / > 1.

It was conjectured by Boros and Moll [3] that for each n > 0, the sequence
of binomial coefficients {(’,:) }_, is infinitely log-concave. A stronger conjecture
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was proposed independently by Stanley (see [4]), Fisk [17] and McNamara and
Sagan [32], which states that if ag +ajx+ - -+ a,x" is a real-rooted polynomial
with nonnegative coefficients, then so is the polynomial by + bjx + --- + bpx",
where by = ag, by, = a% —ayps1ap—1 for 1 <k <n—1,and b, = a,. This conjecture
has been proved by Brindén [4].

A real entire function
=) xk
w(x) =kZO7kH (1.3)

is said to be in the Laguerre-Pdlya class, denoted y(x) € £ 2, if it can be repre-
sented in the form

y(x) = cxe ¥ Px I1 (1 + £) e %,

k=1 Xk

where ¢, B, x; are real numbers, @ > 0, m is a nonnegative integer and Zxk_z < oo,
These functions are the only ones which are uniform limits of polynomials whose
zeros are real. We refer to [29] and [42] for the background on the theory of the
L P class.

Jensen [22] proved that a real entire function y(x) belongs to the £ & class
if and only if for any positive integer m, the m-th associated Jensen polynomial

() =Y (’Z) ndt (14

k=0

has only real zeros. More properties of the Jensen polynomials can be found in
(8 114 12].

Polya and Schur [39] also obtained the above result based on multiplier se-
quences of the second kind. A real sequence {7 }x>o is called a multiplier se-
quence of the second kind if for any nonnegative integer m and every real polyno-
mial };" aix* with only real zeros of the same sign, the polynomial Yilo apyex*
has only real zeros. P6lya and Schur [39] proved that each multiplier sequence
of the second kind satisfies the Turdn inequalities. Moreover, they showed that
a real entire function y(x) belongs to the .2 & class if and only if its Maclaurin
coefficient sequence is a multiplier sequence of the second kind. This implies that
the Maclaurin coefficients of y(x) in the £ & class satisfy the Turdn inequalities

% — Yeo1%t1 =0 (1.5)

for k > 1. In fact, (1.5) is a consequence of another property of the £ class
due to Pélya and Schur [39]: Let y(x) be a real entire function in the £ class.
For any nonnegative integer n, the n-th derivative w") (x)of w(x) also belongs to



the .Z < class. It is readily seen that the m-th Jensen polynomial associated with
) (x) is

gma(¥) =Y (’Z) Yernt, (1.6)
k=0

and hence it has only real zeros for any nonnegative integers m and n. In particular,
taking m = 2, for any nonnegative integer n, the real-rootedness of g» ,(x) implies
the inequality (1.5)), that is, the discriminant 4(}/,% 1 YnVn+2) is nonnegative.

Dimitrov [[14] observed that for a real entire function y(x) in the & class,
the Maclaurin coefficients satisfy the higher order Turdn inequalities

4B — Y1 %) (B — Yer2) — (WYir1 — Yie1%ir2)? >0 (1.7)

for k > 1. This fact follows from a theorem of Mafik [31] stating that if a real

polynomial
2o (m
) ( )akxk (1.8)
i—o \k

of degree m > 3 has only real zeros, then ag,ay,...,a, satisfy the higher order

Turédn inequalities.

As noted in [6]], for k = 1, the polynomial in coincides with an invariant
I(ag,a1,a,a3) = 3atas — 4aia3 — 4agas — aga3 + 6agaiazas
of the cubic binary form
a3x3 + 3a2x2y + 3a1xy2 + a0y3. (1.9)
In other words, the above invariant I(ag,a,a»,a3) can be rewritten as
I(ag,ay,az,a3) = 4(at — apaz) (a5 — aya3) — (ayaz — agas)>. (1.10)

We refer to Hilbert [20], Kung and Rota [25] and Sturmfels [43] for the back-
ground on the invariant theory of binary forms. Notice that 271(ag,a;,az,a3) is
the discriminant of the cubic polynomial azx> +3axx* +3ayx+ ag [33]). For a real
cubic polynomial, the discriminant is positive if and only if the three zeros are
real and distinct. In general, for a real polynomial of degree greater than or equal
to four, the discriminant is positive if and only if the number of non-real roots
is multiple of four. More properties about discriminant can be found in [21]] and

[33].

Recall that for a real entire function y(x) in the .Z . class, its n-th deriva-
tive w"(x) is also a real entire function in the .#% class. Thus the real-
rootedness of the cubic Jensen polynomial g3 ,(x) associated with v (x) implies



the higher order Turdn inequalities (1.7) of Dimitrov, that is, the discriminant
271V, Yot 1, Yut25 Yat-3) 1S nonnegative.

Let f(x) be a real polynomial with degree m. If xi,xp,...,x,, are the roots of
f(x), let Sp = Y™ | x¥ denote the k-th Newton sums of f(x) for k > 1 and Sy = m.
Explicit expressions for these power sums via the coefficients of f(x) are given
by the Waring formulas [30]. The Hermite matrix of f(x) is a symmetric m X m
matrix, defined as

Hon(f(x)) = (Sitj-2)ij=1.2m-

It is a Hankel matrix whose entries are polynomials in the coefficients of f(x). We
write Dy (f(x)) for the leading principal minor of %, (f(x)) of order k. A theorem
of Hermite [37] says that all the zeros of f(x) are real if and only if all the leading
principal minors of 7%, (f(x)) are nonnegative. By this theorem, one can state
that much more (higher Turdn) inequalities would need to be true in order for
higher degree Jensen polynomials to have only real zeros. Considering m = 4, for
example, the Jensen polynomials g4 ¢ (x), that is, for k > 0,

844 (X) = Y+ AVt 1 3+ 6% 2x” + 4%y 3% + Yepax™
It can be calculated that for kK > 0,

48 (V5 — Yer2Yird)

Di(gax(x)) =4, D>(gax(x)) = 5 :
Yita
1924 256(B> —27C?)
D3(844(x)) = " det(H4(g4x(x))) = e :
k+4 k+4

where
A= O Veis+ Mo Vora + 4% Y2 Ve 3 Yird — v aVirn
—8yk+1y,§+3 - 3}’;3+1Y/§+4 — WeViraVeras
B= 3%~ 4% 1Vs3 + NVt

C= }’/3+2 — 21 Yer2 Vi3 — WeVir2 Vs + Yelers -+ Vo1 Yerd-

Notice that B,C and B> — 27C? are actually the invariants of the quartic binary
form with the same coefficients as g4 (x) [16, 20] and 256(B* —27C?) is the
discriminant of g4 x(x). By Hermite’s theorem, one of the necessary and sufficient
conditions for g4 x(x) to eventually have only real zeros is that all the leading
principal minors of .773(g4 x(x)) are nonnegative, that is, for k > 0,

Yers — Yer2¥hpa >0, A>0, B>—27C*>0. (1.11)

Real entire functions in the .Z & class with nonnegative Maclaurin coeffi-
cients also received much attention. Aissen, Schoenberg and Whitney [[1] proved
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that if y(x) is a real entire function in the .2’ class with nonnegative Maclau-
rin coefficients, then the sequence {y;/k!} associated with y(x) forms a Pélya
frequency sequence. An infinite sequence {a,},>0 of nonnegative numbers is
called a Pélya frequency sequence (or a PF-sequence) if the matrix (a;—;); j>o is
a totally positive matrix, where a, = 0 if n < 0, that is, all minors of (a;_;); j>o0
have nonnegative determinants. More properties of totally positive matrices and
PF-sequences can be found in [9, 23].

The £ &2 class is closely related to the Riemann hypothesis. Let { denote the
Riemann zeta-function and I" be the gamma-function. The Riemann &-function is
defined by

os(e-en(oiol) o

see, for example, Boas [2]. It is well known that the Riemann &-function is an
entire function of order one and can be represented in the following form([38]:

oo 2k

L EATEE N O S
§§<§)_k§6( b P F=012 (13

where

oo

by :/ H®(1)dr and D(r) = Z(2n47rze9’—3n27r65’)exp(—n27te4’).
0 n=0

Setting z = —x? in (T.13)), we are led to an entire function of order 1/2, denoted
&1(z), that is,

oo k
G)=Y ffk%, (1.14)
k=0 :

where

. k!
Yk:mbku k:071727""

Thus, the Riemann hypothesis holds if and only if &; (z) belongs to the .Z &2 class.
We note that &;(z) has no positive zeros since f; is positive for k > 0. For a real
entire function y(x) as defined in (1.3)), it is well known that y(x) belongs to £ &
if and only if the Jensen polynomials g, ,(x) (I.6) have only real zeros [12} 37].
Let g,n.»(x) denote the Jensen polynomials associated with &;(z), that is,

o m\
gAmJl(x) = Z <k)yk+nxk7 m,n=0,1,2,---,
k=0

then Riemann hypothesis is equivalent to the statement that g,, ,(x) has only real
zerosform>1andn>0. Form=2andn>0, &, (x) has only real zeros if and
only if the discriminant of &5 ,, (x) is nonnegative, that is, for k > 1,

% — Y191 > 0. (1.15)
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The above inequalities (I.135) were proved by Csordas, Norfolk and Varga [[11].
This shows that for each n > 0, gAzJ,(x) has only real zeros. For m =3 and n > 0,

the real-rootness of g3 ,(x) can be deduced from the higher order Turdn inequali-
ties (1.7), that is, for k > 1,

4% = 1 ) By — Br2) — BTt — o Frrz)* > 0,

as proved by Dimitrov and Lucas [[15]]. Recently, Griffin, Ono, Rolen, and Zagier
[18]] proved that for each m > 1, gmﬂ(x) has only real zeros with at most finitely
many exceptions 7.

Let us now turn to the partition function. A partition of a positive integer
n is a nonincreasing sequence (41,45, ...,A,) of positive integers such that A; +
Ay + -+ A, = n. Let p(n) denote the number of partitions of n. A sequence
{ax }x>0 satisfying the Turan inequalities, that is, a,% —ag_1axy1 > 0fork > 1, is
also called log-concave. DeSalvo and Pak [13] proved the log-concavity of the
partition function for n > 25 as well as the following inequality as conjectured in

[5]: Forn > 2,
p(n—1) ( 1) p(n)
1+-) > ——. (1.16)
p(n) n) pn+1)
DaSalvo and Pak also conjectured that for n > 45,
p(n—1) < & ) p(n)
— 1+ > . 1.17
o)\ Vaa) 7 b 1) (-1

Chen, Wang and Xie [[7]] gave an affirmative answer to this conjecture.

It was conjectured in [6] that for large n, the partition function p(n) satisfies
many inequalities pertaining to invariants of a binary form. Here we mention two
of them.

Conjecture 1.1. For n > 95, the higher order Turdn inequalities
4(a% — an_lanﬂ)(aiﬂ — Apani2) — (anay+1 — an_lan+2)2 >0 (1.18)
hold for a, = p(n).
The following conjecture is a higher order analogue of (1.17).
Conjecture 1.2. Let

_ pltpla-1)
" p(n)? '

(1.19)

Forn > 2,

v/

)(1 — Unttns1)” -



The objective of this paper is to prove Conjecture [I.1] In fact, we shall prove
the following equivalent form.

Theorem 1.3. Let u, be defined as in (1.19). For n > 95,
401 = uy) (1 =ty 1) — (1 = tpitys1)? > 0. (1.20)

The above theorem can be restated as follows.

Theorem 1.4. For any n > 95, the cubic polynomial
p(n—1)+3p(n)x+3p(n+1)x" + p(n+2)x°

has three distinct real zeros.

In general, we propose the following conjecture.

Conjecture 1.5. For any positive integer m > 4, there exists a positive integer
N(m) such that for any n > N(m), the Jensen polynomial

m

y (’Z) plk+n)xt

k=0

has only real zeros.

The above conjecture was independently proposed by Ono [36]]. For fixed
degree m and large n, recently, Griffin, Ono, Rolen, and Zagier [[18]] proved that
this conjecture is true. In fact, they showed that for suitable entire functions and
certain sequences, the associated Jensen polynomials have only real and distinct
zeros with at most finite exceptions. To be more precisely, they defined the nor-
malized Jensen polynomials by changing the variable of Jensen polynomials and
proved that for large n, the normalized Jensen polynomials were small perturba-
tions of Hermite polynomials H,,(x). Since all the roots of H,,(x) are real and
distinct [43], the real parts of the roots of the normalized Jensen polynomials are
distinct for large n, which implies that all the roots are real and distinct. According
to the definition of normalized Jensen polynomials, it is easy to see that for large
n, all the roots of such Jensen polynomials are also real and distinct.

Assume that N(m) is the minimum value in Conjecture Larson and
Wagner [26] showed that N(3) = 94, N(4) = 206, and N(5) = 381, and that
N(m) < (3m)*m (50m)3’”2. They also gave a proof of Conjecture

2 Bounding u,

In this section, we give an upper bound and a lower bound for

p(n+1)p(n—1)
p(n)?

n =

8



as defined in (I.19). DeSalvo and Pak [13]] proved that for n > 25,

<u, < 1.
n+1 n

On the other hand, Chen, Wang and Xie [7] showed that for n > 45,

T
- <u,
Va3t "

Nevertheless, the above bounds for u,, are not sharp enough for the purpose of
proving Theorem|[I.3] To state our bounds for u,, we adopt the following notation
as used in [128]]:

w(n) = g\/24n— T @.1)
For convenience, let
x=p(n—1), y=pn), z=pn+1), w=p(n+2). (2.2)

Define

(XIO _x9 _ 1)y24 (ZIO _Z9 _ 1)

fn) =272 , (2.3)
(n) x12(y10 —y9 4 1)2712
0_.9 24 (10 _ 9
— x72y+z (xl X +1)y (Zl —Z +1) 24
gn)=e 3 5 ) (2.4)
x12(y10 —y9 _1)2712
Then we have the following bounds for u,,.
Theorem 2.1. For n > 1207,
f(n) <u, <g(n). (2.5)

In order to give a proof of Theorem [2.1) we need the following upper bound
and lower bound for p(n).

Lemma 2.2. Let

V12eH ™) 1 1
B = S <l_u(n)_u(n)‘°)’

V12eH (™) 1 1
B = S (“MUW)’

then for n > 1206,
B (n) < p(fl) < Bz(n). (2.6)



The proof of Lemma [2.2]relies on the Hardy-Ramanujan-Rademacher formu-
la [19, 40] for p(n) as well as Lehmer’s error bound for the remainder of this
formula. The Hardy-Ramanujan-Rademacher formula reads

k=1

—f—Rz(l’l,N), (27)

where Ay (n) is an arithmetic function and R, (n,N) is the remainder term, see, for
example, Rademacher [40]. Lehmer [27, 28] gave the following error bound:

IRa(n,N)|< ”21;/3 [(‘u](\;))3sinh SERTE (uﬁ))z

which is valid for all positive integers n and N.

Proof of Lemma Consider the Hardy-Ramanujan-Rademacher formula (2.7)
for N = 2, and note that A (n) = 1 and A;(n) = (—1)" for any positive integer n.
Hence (2.7)) can be rewritten as

: (2.8)

e (n)
p(n) = % (1 ~um —I—T(n)) ) (2.9

T (n) :(?/_12),1 ((1 — u(zn)) e Hm)/2 | (1 + “(zn)) e—3li(n)/2)

+ (1 + u(ln)) e 2R 4 (240 —1)Ry(n,2) /V 1264 (2.10)

In order to prove (2.6), we proceed to use Lehmer’s error bound in (2.8) to show
that for n > 1520,

1

T(n)|< ———5- 2.11

|7 (n)] MO (2.11)
Let us begin with the first three terms in (2.10). Evidently, forn > 1,

1 1
0< — < =,
p(n) 2
so that
2 _ _
(1 — ) e H/2 < g1n)/2, (2.12)
H(n)



(1 L2 ) e HM/2 <032, (2.13)

1
— O, P O (2.14)
( u(n)>

As for the last term in (2.10), we claim that for n > 350,

(24n—DR(n,2)| w2
' JT2eh(n) <e . (2.15)
Applying (2.8) with N = 2, we obtain that
‘ (24n—1)R2(n,2) ‘ B '36u(n)2R2(n,2) ’
\/ﬁeﬂ(”) - \/ﬁﬂ;ze“(”)
“(n)ze_“(n) 12\3/56_”(}1)/2 12\3/26_3“01)/2 2\75 —[J(I’l)
27 ) BT R
p(n)2e R0 12/2e1(n)/2
25T )
24e—H(n)/2 B
(e 2.16)
To bound the first term in (2.16)), we find that for n > 350,
24eHm)/2  p—p(n)/2
ORI 2.17)
which simplifies to
w(n) = %\/24;1— [ > 48, (2.18)

which is true for n > 350. Concerning the second term in (2.16)), it will be shown
that for n > 22,

—pu(n)/2
p(n)?e ) < € — (2.19)
which can be rewritten as (/4
eM\n
> 4V2. (2.20)
p(n)/4
Let
et
F(t)=—. (2.21)
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Since F/(t) = €' (t —1)/t> > 0 fort > 1, F(t) is increasing for t > 1. Thus,

w(n) _eu(n)/4 _é
F< i >_“(n)/4>F(3)—3>4\/§.

Here we have used the fact that for n > 22, u(n)/4 > 3. This proves (2.20).
Applying the estimates (2.17) and (2.19) to (2.16), we reach (2.15).

Taking all the above estimates into account, we deduce that for n > 350,

T (n)|< 6e /2, (2.22)

To obtain (2.11]), we have only to show that for n > 1520,

1
— 2
which can be recast as
et (n)/20 0
(/30 > 20 V6. (2.24)

Since p(n)/20 > 5 for n > 1520, by the monotone property of F(¢), we have that
for n > 1520,

pn)\ et (n)/20 _é 0
F( 20 )-u(n)/20>F(5)— . > 20 V6,

as asserted by (2.24). Thus (2.11)) follows from (2.22) and (2.23)). In other words,
for n > 1520,

_#<T()<L
u()® =S

Substituting (2.9) into (2.25)), we see that (2.6) holds for n > 1520. It is routine to
check that is true for 1206 < n < 1520, and hence the proof is complete. 1
We are now ready to prove Theorem [2.1]by Lemma [2.2]
Proof of Theorem 2.1} Since Bj(n) and B;(n) are all positive for n > 1, using the
bounds for p(n) in (2.6), we find that for n > 1207,
Bi(n—1)Bi(n+1) pmn—1)p(n+1) By(n—1)By(n+1)
2 < 2 < 2 :
By (n) p(n) Bi(n)
This proves (2.5)). ]

(2.25)

3 Aninequality on f(n) and g(n)

In this section, we establish an inequality between f(n) and g(n+ 1) which will
be used in the proof of Theorem

12



Theorem 3.1. Forn > 2,

110
1 —_. 3.1
g(n+ ><f<n)+/.1(n—l)5 (3.1)
Proof. Let p(n) be defined as in (2.1)), that is,
wv/24n—1
() = =
and let
x=pn-1), y=p(n), z=ph+l1), w=pun+2),
as defined in (2.2)).
Since x > 0 for n > 2, we proceed to show that for n > 2,
f(n)x® —g(n+1)x> +110 > 0.
Let
a(t)=t—rP+1,  B@)=:"-r -1 (3.2)

By the definitions of f(n) and g(n) as given in (2.3) and (2.4), we obtain that

—e" Y2y 4 eTT D 4 11018

f()xX® —gn+1)x+110= - . (33)
where
1 =x273%a(y) a(w), (3.4)
=y wB(x)B(z)’, (3.5)
13 =x"y22wa(y)*B(2)*. (3.6)
Since t3 > 0 forn > 2, is equivalent to
— "B 4 T 1108 > 0, (3.7)

for n > 2. To verify (3.7), we shall estimate #1,1,,3,¢" =% and ¢*~2*% in terms
of x. Noting that for n > 2,

272 47?2
y:\/xz—#T, Z2=1/x2 4+ —, w=Vx2+2m12, (3.8)

3
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we have

N o N 70 5x8 N 7r10 Trl2 N
= X _— — _
Y 3x  18x3  54x°  648x7  1944x% 3888x!!
N 2n? 27t - 47 1078 N 28710
=X
¢ 3x O3 27 81k | 243x0 243x11
N 2 ¢ N n° 578 N 7rl0 21712 1
w=x+———5+-—<— +o| —+
x 233 T 2x5 87 U o8  16x!! x12

It is readily checked that for x > 4,
y1<y<)y
71 <z2<2,

wp <w < wp,

where
N 2 7t N 70 578 N 7710 Tr!2
= x4+ — — _ _
I 3x 1853 | 54x0  648x7 | 1944x°  3888x1
N 2 N 70 578 N 7710
= _x _— J—
Y2 3 180 | 54x°  648x | 19440
N 2n  2nt - 475  10x8 N 28710 28xl2
=X —
a 3x 08 2785 81k | 243x° 243411
N 21 27t - 47  10x8 N 28710
=x
2 3x 003 270 8l | 2430
N 2 N 7® 578 N 70 21712
= x —_—— — —_— -
Wi x  2x3 25 8x7 0 8xY 16x!1’
N 2 ot g% 5x8 N 7710
W=x+————=+-—<——=+—-5.
2 x 233 2x0  8x7 8

1
Y12

o().

).

(3.9)
(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

With these bounds of y,z and w in (3.9), (3.10) and (3.11)), we are now in a

position to estimate 11,13, "2 and ¢*~%*Z in terms of x.

First, we consider ?1,1,, and #3. By the definition of a(t),

10

a(w) =w?—w? +1.

Noting that w® = (x? +27%)*\/x2 4 272, which involves a radical, to give a feasi-
ble estimate for w® without a radical, we may make use of (3.11) to deduce that

for x > 4,

wlw8 < w9 < wzws.

14



Let

10 8
m=w-—-—ww +1,

so that for x > 4,
o(w) < 1. (3.18)

Similarly, set
M =0 = 3y1y™ 4+ 3y — y1y?0 -+ 3y — 6y1y"8 + 318 + 310 =3y 1y 41,
N3 :Z30 . 3Z2Z28 + 3Z28 _Z2Z26 . 3Z20 + 6Z1Z18 . 3Z18 + 3Z10 . 3Z2Z8 . 1’
Na =y — 20" +y18 4-2y10 — 23y + 1,

Ns =220 — 222" +21% - 2710427, + 1.

Then we have for x > 4,
a(y) <m,  B@)?>ms, a(y)?>ns, B2 >ns. (3.19)

Employing the relations in (3.18)) and (3.19)), we deduce that for x > 4,

1 =x22%a(y)’a(w) < x122%%nn,, (3.20)
tZ — (xlO _x9 _ 1)y36W12B (Z)3 > (xlo _x9 _ 1)y36W12TI3, (321)
t3 — x7y12Z12W12a(y)2B (Z)Z > X7y12212W12n4T]5- (322)

We continue to estimate ¢” =% and ¢“**~2. Applying (3.9), (3.10) and
(3.11) to w+y — 2z, we see that for x > 4,

wH+y—2z <wy+yy—2z1, (3.23)

which implies that
eVTITE < gt (3.24)
In order to give a feasible upper bound for ¢"~%, we define
YT PSR A (3.25)
B 2 6 24 120 720 '

and it can be proved that for ¢ < 0,
e < Q). (3.26)
Note that

74 (108x8 — 2167%x5 4 3754 x* — 630m5x> — 22478)
972x!1

wy+yr—271 = — <0

15



holds for x > 5, since
108x% —2167%x° > 0

for x > /27 ~ 4.443, and

3757 x* — 63070x% — 22478 > 0

for x > g\/\/2443/3 +21 &~ 4.422. Thus, by (3.26), we obtain that for x > 5,

T2 < Qwy +yy —221). (3.27)
Combining (3.24) and (3.27) yields that for x > 5,

T < Q(wy +yy —221). (3.28)

Similarly, applying (3.9), (3.10) and (3.11) to z+x — 2y, we find that for x > 4,

21+ x—2y; <z4+x—2y, (3.29)
so that
T S T2, (3.30)
Define 2 3 4 5 6 7
a)(t):1+r+t—+t—+l—+ A (3.31)

2 6 24 120 720 5040
It is true that for ¢ < O,
o) < e (3.32)

We now give a lower bound for %1 *~22_ Since

472 2712
z+x—2y:\/x2+%+x—2\/x2+%

2
- <\/x2—|—47r2/3—x)
/2 F4n? 34 x42\/x> 2123

which is negative for n > 2, by (3.29)), we deduce that for x > 4,

2 +x—2y, <0. (3.33)
Thus, applying (3.32) to (3.33)) gives us that for x > 4,
T2 > (71 +x— 2y9). (3.34)

Combining (3.30) and (3.34), we find that for x > 4,

AR o(z1 +x—2y7). (3.35)

16



Using the above bounds for #1,1,13,e" ™% and ™2, we obtain that for
x>5,

— TV 4 T 41108
> —Q(wa+y2 — 22)x 720 + 0(z1 +x —2y2) (x'0 —x” — 1)y 'w?ns
+110x7y22 2w 2 ms. (3.36)
To verify (3.7)), we show that for x > 358,
36, 12

—Q(wy+y2— 221)?612236771772 +o(z1 +x— 2Y2)(x10 —x’ = 1)y™w' n3

+110x"y2z2w2nums > 0. (3.37)

Substituting y,z and w with \/x2+272/3,/x2 +4x2/3 and v/x2 + 272 respec-
tively, the left hand side of the inequality (3.37) can be expressed as H(x)/G(x),

where
171

H(x) = Z apx
k=0
and
G(x) = 39686201656473354776757087428535162639482880x58.
Here we just list the values of aj¢9,a170 and ay7;:

a1e9 = 734929660305062125495501619046947456286720

X <35640 426136072 — 19476 — 24971:8> ,
a0 = 5879437282440497003964012952375579650293760 (mﬁ - 2970) ,

ar71 = 4409577961830372752973009714281684737720320 (990 — 7r6) ,

which are all positive.

Given that G(x) is always positive, we aim to prove that H(x) > 0. Apparently,
x > 2 for n > 2 and hence

170
H(x) > Y —|agl +azx'. (3.38)
k=0

Moreover, numerical evidence indicates that for any 0 < k < 168,

— |ak|xk > —a169x169 (3.39)

17



holds for x > 181. It follows that for x > 181,

170
Y —lael* +ainxt > (=170a160 — argox + ar71x*)x'%. (3.40)
k=0

Combining (3.38) and (3.40), we obtain that for x > 181,
H(x) > (—l70a169—a17ox+a171x2)x169. (3.41)
Thus, H (x) is positive provided
—170a169 — ar70x +ay71x> > 0, (3.42)

which is true if

\/a%m +680ai69a171 +ai7o

~ 357.867.
2a171

X >

Hence we conclude that H (x) is positive when x > 358. This proves (3.37).

Combining (3.36) and (3.37), we find that for x > 358, or equivalently, for
n > 19480, (3.7) holds, that is,

— VTR 4 D 41108 > 0. (3.43)

For 2 <n < 19480, (3.43) can be directly verified. This completes the proof. 1

4 An inequality on u, and f(n)

In this section, we present an inequality on u, and f(n) that is also needed in the
proof of Theorem

Theorem 4.1. Let u, be defined as (1.19)), that is,

p(n+1)p(n— 1)‘

" p(n)?
For0 <t <1, let
3t+24/(1—1)3-2
ot) = . (t2 ! : 4.1)
Then for n > 85,
110
100+ s < Q) (42)

18



The proof of this theorem is based on the following Lemma, which gives an
upper bound of f(n). Recall that

(XIO _x9 _ 1)y24 (ZIO —Z9 _ 1)

fln) =2
x12(p10 —y9 4 1)2712

Y

where x,y,z,w are defined in (2.2).
Lemma 4.2. Let Q(t) be defined as in (3.23), that is,

2Bt P i~
Q) =141+ —+—F— 4+
() ++2+6+24+120+7207

and let y1,y2,z1 and 75 be defined as in (3.12), (3.13), (3.14), and (3.13). For

n >4, we have

Qx—2y1 + )y (610 =27 — 1) (0= Bz — 1)

<
f(n) X12712(y20 — 2y 18y T8 19y T0 — 18y, 1)

<1 (4.3)

Proof. To prove ({.3)), we proceed to give estimates of the factors (ym —y + 1)2,
710 — 7% — 1 and ¢*~2* that appear in f(n). The third inequality in gives

an estimate of (y'*—y’ + 1)2, that is, for x > 4,

2
(=37 1) >0 =29y 1 4 210 2y S 4 1 (4.4)

Using the bounds for y and z as given in (3.9)) and (3.10), we are led to the follow-
ing estimates for z'® —z° — 1 and ¢*~%*2 when x > 4,
A0 1< 08,1, 4.5)

¢TI < R, (4.6)

To give an upper bound for ¢~ 21722 write

7wt (216x® — 21672x° +2107%x* — 2107%x% — 778)
1944x11 '

X — 2y1 +20 = — “4.7)

For x > 7, we have
216x% —2167%x° > 0,

and for x > 77:\/(\/17/15—1— 1)/2 ~ 3.192, we have

2107*x* — 210702 — 7728 > 0.

Therefore, it follows from (4.7) that for x > 4,

x_2yl+Z2<07
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which, together with (3.26), yields that for x > 4,
T < Q(x— 2y +20). (4.8)

Combining (#.6) and (#.8), we find that for x > 4,
T < Q(x -2y +22). 4.9)

By means of the estimates in (4.4)), (4.5]) and (4.9), we arrive at the first inequality
in (@.3).

To prove the second inequality in (4.3]), recall the expressions of y and z in

(3.8), namely,
/ 2+27r2 / 2+47t2
=[x+ — =\/x*+—.
y 3 Z 3

It can be checked that

I(x)

Qx—=2y1+ 2" (=" = 1) (0 = - 1) = 7,

and
222220 = 2y yy 4y 42910 = 2)%y, 1) = N(w),

where (x) is a polynomial in x of degree 121 and N(x) is a polynomial in x of
degree 44. Thus we may assume that

Qx—2y1 +2)y* (0= —1) (" -Pu—-1)  K()

X12712(320 )18y, T8 1 D y10 — 98y 1) J(x)’

where K (x) and J(x) are both polynomials of degree 121. Write

121 121
K(x) = Z bixt, J(x) = Z ek (4.10)
k=0 k=0

Here are the values of b; and ¢ for 116 < k < 121:
bi1s = —13989833982327657804595207* (5181 +417%)
b117 = 251817011681897840482713607* (21 + 15177)
bi1s = —41969501946982973413785607* (258 + 7%) ,
116 = —71977695839075799404642304007*,
c117 = 755451035045693521448140807> (7 + 5077)
clig = —108281315023216071407566848072,

20



biio = c119 = 12590850584094892024135680 (3 +4472) ,
biag = c120 = —75545103504569352144814080,
bioi = c121 = 37772551752284676072407040.

We claim that for x > 135,

J(x) >0, (4.11)
and
J(x) —K(x) > 0. (4.12)
It can be shown that for 0 < £ < 118,
—lexlt > —eppox'??, 4.13)
when
6 (7+507?)
— = 7 ~8.232.
3+4472
It follows that for x > 9,
J(x) > (—=120c119 + c1a0x + c1a16%)x' 1. (4.14)
Since
—120c119 + c1o0x + 0121x2 >0 4.15)
when

x> 14411 (11 +16072) ~ 133.255,

we find that J(x) > 0 for x > 134.
Similarly, to prove (#.12)), we observe that for 0 <k < 115,

—|ck—bk|xk>—(6116—b116)x”6 (416)
when
1 5616 +3127x2
— ~ 8.232.
x>2”\/ 108+ 12372~ 0%
Let

0(x) = —117(c116 — b116) + (c117 — b117)x+ (c118 — b11g)x>.
Then (@.16) implies that for x > 9,

118
J(x)—K(x) = Z(ck—bk)xng > 6/(x)x!16. (4.17)
k=0

Given that 0(x) is positive when x > 135, we arrive at (4.12).
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Combining (4.11)) and (@.12)), we deduce that the second inequality @.3) is
valid for x > 135, or equivalently, for n > 2771. The case for 4 < n < 2771 can
be directly verified, and hence the proof is complete. 1

We are now ready to prove Theorem 4.1
Proof of Theorem Recall that the theorem states that for n > 85,
110
- ) 4.18

It can be checked that (4.18)) is true for 85 < n < 35456. We now show that (4.18)
is true for n > 35457. Recall that

f(n)+

3t+2+/(1—1)3 -2
o) = H2VUZ022

and so

(1) = (V1 _t_3);3_4\/1_t+4' (4.19)

Setting t = 1 — 7, we get

1
o(t)=—0,
( (VT+1)°
thus (4.19) can be rewritten as
1
o) —— (4.20)
" (VI=i+1)°

As Q'(¢) is positive for 0 <7 < 1, Q(t) is increasing for 0 <7 < 1. By Theorem
2.1, we know that f(n) < u, for n > 1207, so that for n > 1207,

O(f(n)) < Q(un). (4.21)
Thus (4.18) is justified if we can prove that for n > 35457,

110

u(n——l)5 < Q(f(n)). 4.22)

f(n)+

Let

8(1) = 0(1) -

In this notation, (4.22) says that for n > 35457,

3t+2/(1—1)3—-13-2
g2t (ﬂ) . (4.23)

110
p(n—1)"

22
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To prove the above inequality, we shall use the polynomials J(x) and K(x) as
given by (4.10). More specifically,

121 121

K(x) = Zbkxk, J(x) = chxk.
k=0 k=0

Note that 5 32
" +4(1—1t 3t+3t/1—-t—4
¥ (t) = — +4(1-1) J; * ) (4.25)
Setting t = 1 — 7, (4.25)) becomes
, VT(T+3VT+3)
(s (t) = 3 )
(Vi+1)

leading to the expression

VI—t(3V1—1+4—1)
(VT=i+1)’
which is negative for 0 < ¢ < 1. Thus, ¥(¢) is decreasing for 0 < ¢ < 1.

It can be seen from Lemma [4.2] that 0 < f(n) < K(x)/J(x) < 1 for n >4, so
that for n > 35457,

V() = -

)

K(x)
Y 9| —= ). 4.26
>0 (52) 26)
Because of (4.26)), to verify (4.24)), it is sufficient to show that for n > 35457,
K(x) 110
O —. 4.27
(5) 7 @2

This goal can be achieved by finding an estimate for ¥ (K(x)/J(x)). We first
derive the following range of K(x)/J(x) for x > 134,

V5—-1  K(x)
)

< 1. (4.28)

By Lemma (4.2)), we know that K (x)/J(x) < 1 for x >4 and J(x) > 0 for x > 134.
To justify (4.28)), we only need to show that for x > 134,

2K (x) — (V5= 1)J(x) > 0. (4.29)

Note that
bi19 = c119, b120 = c120, b121 = c121,
and it can be shown that for 0 < k < 118,

—2b; — (V5= Dedd > —=(3 = V/5)eq1ox!? (4.30)
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when

2 <\/§ + 303) 42

3 ~ 8.303.

X>T

It follows that for x > 9,
2K (x) — (V5= 1)J(x) > (3—V/5)(—120c119 4 croox + c121x2)xM. (4.31)

Since
—120c¢119 + c120x + 0121x2 >0

for x > /11 (11+ 16072) + 1 ~ 133.255, we arrive at (#.29), and so (#.28) is
proved.

The above range of K(x)/J(x) enables us to bound ¥ (K(x)/J(x)). Recalling
that
3t4+2/(1—1)3 -3 -2

we obtain that

[\ST[o%}

_t3+t2(1—t)%—2(1—t)

—3t+2
12 '

3t)—(1—1)F = (4.32)

Sett=1—1to get

[NSTIS4]

(t+v7-1)

B(1)—(1-1)% = — Nk

Thus

] (1—1)7 (t—/T—1)
(VI=i+1)°

(1 —t)% <t+@> (t—@)
(VT=t+1) (VT=1+1)

which is positive for @ <t < 1, and hence, for \/52_1 <t < 1 we have

[\ST[o%}

O(t) > (1 —1)2. (4.33)

In view of (4.28)) and (@.33), we infer that for x > 134,

(-
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We continue to show that for x > 483,

K(x)\? 110
(1—J(x)) > (4.35)

Since J(x) > 0 for x > 134, the above inequality can be reformulated as follows.
For x > 483,
0J(x) —K(x))? = 11027 (x)> > 0. (4.36)

The left hand side of (#.36)) is a polynomial of degree 364, so that we may write

O (x) —K(x)? = 110%7(x) 3Z@jykx’( (4.37)

The values of Y364, V363 and Y36, are given below:
V364 = 27231055377:12

Y63 = —27°31975% (490050 + 7'%) ,
Yo = 27731053 (52925400 + 14472 +-417'4) .
For 0 < k <361, we find that
- |Yk|xk > —pex 2, (4.38)

provided that

. 793881000 + 232871760072 + 399672 + 439214 + 716 20,126
X ~ . .
317552400 + 864112 + 246714

Thus, for x > 21,
(I (x) = K(x))* = 1102 (x)° > (3631362 + Va63x + Yaax”) X7,
which is positive, since

—3637362 + V363 + Va6ax” > 0

as long as
\/ 14527360 V364 + Vag3 — V363
~~ 482.959.
2364
Hence (4.35)) is confirmed. Combining (4.34) and {#.33), we are led to (4.27)). The
proof is therefore complete. 1
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5 Proof of Theorem

In this section, we present a proof of Theorem based on the intermediate in-
equalities in the previous sections. The theorem states that for n > 95.

41 — 1) (1 = ttyg1) — (1 — tpttng1)* > 0, (5.1)
where
pln+ Dpln—1)
p(n)?
Proof of Theorem [1.3] We shall make use of the fact that u, < 1 for n > 26, as

proved by DeSalvo and Pak [13]. In order to prove (5.1I), we define @(¢) to be a
function in 7:

un:

Q1) =4(1 —up) (1 —1) — (1 — upt)?. (5.2)
Then says that for n > 95,
@(ti1) > 0. (5.3)

For 95 < n <1206, (5.3) can be directly checked. We proceed to prove that (5.3])
holds for n > 1207. Let Q(t) be as defined in (.1, that is,

3t4+2+/(1—1)3-2
() = t+ (t2 t) ‘

We claim that ¢(z) > 0 for u, <t < Q(u,). Rewrite ¢(t) as
O(1) = —121? + (6u,, — 4)t — du, + 3.

The equation ¢(z) = 0 has two solutions:

Buy, —2+/ (1 —u,)3 —2 3 2/ (1 —u,)3 =2
o ( ”n) ) Q(un): tn ¥ (2 ”n) )

2
uy u;

P(u,) =

so that @(r) > 0 for P(u,) <t < Q(u,). Furthermore, we see that
(1) = (1 = up)*(un +3) >0,

which implies P(uy,) < u, < Q(uy). Therefore, @(t) > 0 for u, <t < Q(un), as
claimed.

To verify (5.3)), it remains to show that for n > 1207,

Uy < tpy1 < O(up). (5.4)
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Recall that u,, < u, 1 holds for n > 116, as proved by Chen, Wang and Xie [7].
By Theorem [2.1] we know that u, .1 < g(n+ 1) for n > 1207. But Theorem
asserts that for n > 2,

110
p(n—1)>
Furthermore, Theorem K.1] states that for n > 2,

110
u(n—1)

Thus we conclude that u,, | < Q(u,) for n > 1207, as claimed. 1

gln+1) < f(n)+

f(n)+ < O(up).
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