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RESTRICTED PARTITION FUNCTIONS AND THE
r-LOG-CONCAVITY OF QUASI-POLYNOMIAL-LIKE
FUNCTIONS

KRYSTIAN GAJDZICA

ABsTrRACT. Let A = (a;);2, be a weakly increasing sequence of positive in-
tegers and let k be a fixed positive integer. For an arbitrary integer n, the
restricted partition p4(n,k) enumerates all the partitions of n whose parts
belong to the multiset {a1,a2,...,ar}. In this paper we investigate some gen-
eralizations of the log-concavity of p(n, k). We deal with both some basic
extensions like, for instance, the strong log-concavity and a more intriguing
challenge that is the r-log-concavity of both quasi-polynomial-like functions
in general, and the restricted partition function in particular. For each of the
problems, we present an efficient solution.

1. INTRODUCTION

Let k be a fixed positive integer and let A = (a;);-, be a non-decreasing
sequence of positive integers (in fact, it is enough to assume that A is a k-tuple).
A restricted partition A of a non-negative integer n is a sequence of positive integers
A1, A2, ..., A; such that

n:)\1+)\2+~--+)\j,

and all of these numbers A; belong to the multiset {a1, as,...,ar}. These elements
A; are further called parts of the partition A\. Moreover, we also assume that two
restricted partitions are considered the same if there is only a difference in the
order of their parts. The restricted partition function p4(n, k) counts all restricted
partitions of n. For example, let A = (2,3,3,5,5,5,7,7....) be a sequence of
consecutive prime numbers such that the i-th prime number appears in ¢ distinct
colors. If k = 6 and n = 7, then we only take into account those restricted partitions
of 7 whose parts belong to {2,3,3,5,5,5}, that are: (5,2), (5,2), (5,2), (3,2,2),
and (3,2,2). Thus, p4(7,6) = 5. We may extend the definition of p4(n, k) to all
integers simply by setting p4(n, k) = 0 if n is negative. It is also worth noting that
pa(0,k) = 1 for every k € N, because of the empty sequence A = (). Moreover,
if we consider the sequence of consecutive positive integers A; = (1,2,3,4,...) and
allow ‘k = oo’, then we obtain the well-known partition function p(n) = p.4, (n, 00).
In 1748 Euler discovered the generating function for p(n), that is

oo " o0 1
Zp(n)x :Hl—l‘i.
n=0 i=1
For the function p4(n, k), the corresponding generating function takes the form
(eS) k 1
1.1 k)x"™ = .
(1.1) S patn ket =TT
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There is an abundance of literature devoted to the restricted partition func-
tion. For arithmetic properties of p4(n, k), we refer the reader to [15] 31l [38]. On
the other hand, for some information about the asymptotic behavior we encourage
to see |11, 8] [12].

The main goal of this manuscript is to generalize some results recently ob-
tained by the author in [I6]. There is an efficient criterion for the log-concavity
of the restricted partition function. Let us recall that a sequence (w;)2, of real
numbers is log-concave, if the inequality

W2 > Wy W1
holds for all n > 1. The main result of the aforementioned paper is the following.

Theorem 1.1. Let A = (a;);-, be a weakly increasing sequence of positive integers,
and let k € N4 be fized. Suppose further that gcd A =1 for all (k—2)-multisubsets
A of {a1,as,...,a}. If we have that k > 4, then both

(1.2) pi(n, k) > (1 + n12> pan+ 1, k)pa(n—1,k)
and
(1'3) pi‘(’n,k‘) >p.A(n+ Lk)pA(n - Lk)

hold for alln > 2 Hle(l +iDEk), where D = lem(aq,as,...,ax). For k=4,
remains valid for all such n while is true for each n > %Hle(l +iDk).
Additionally, for the constant sequence A = (1,1,1,...), we have that is
satisfied for all positive integers n and k > 2; and s true for any integers
k>3 andn > ﬁ

The above criterion is optimal in a sense that it can not be extended for any
other sequence A and parameter k. That is a consequence of [I6, Corollary 5.8]:

Corollary 1.2. Let A = (a;);-, be an arbitrary non-decreasing sequence of positive
integers. The sequence (pa(n,k)), -, is eventually log-concave if and only if we have
kz22anda;=---=ap=1o0rk >4 and gcd A =1 for all (k — 2)-multisubsets A
Of {al,ag, ey ak}.

Now, we investigate some generalizations of Theorem[I.1} Similar to DeSalvo
and Pak [IT] (in the case of p(n)), we discuss the so-called strong log-concavity of
pa(n, k), that are inequalities of the form

pi\(n, k) > p.A(n +m, k’)pA(TL —m, k)v
for all fixed positive integers m. The authors prove the following.
Theorem 1.3. For all n > m > 1, we have
p*(n) > p(n +m)p(n —m).

It is worth noting that the above statement was firstly conjectured by Chen
[6] as well as the next one.

Conjecture 1.4. For all positive integers a and b such that a > b, we have
p*(an) > p(an + bn)p(an — bn).
Therefore, we also examine under what conditions on a sequence A = (a;);-, and
k > 0, the inequality
pi(an, k) > palan + bn, k)pa(an — bn, k)

is valid for all sufficiently large values of n, where a and b are fixed positive integers
such that a > b.
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Furthermore, DeSalvo and Pak [II] resolve Sun’s conjecture [37], namely,
they prove that the sequence p(n)/n is log-concave for n > 31. On the other hand,
we deal with the log-concavity of p4(n, k)/n®, where « is an arbitrary positive real

number:
(20> (5. (852)

It should be pointed out that research related to log-behavior is not only art
for art’s sake, but it plays a crucial role in many subjects, and there is a wealth of
literature devoted to its applications, see [2, 4 [T3], 14, 23] 24} 27] 30, B34} [36], [41]. For
example, log-concave sequences appear in mathematical biology, where they enu-
merate secondary structures of some biopolymers [14] 34]. Also, the log-concavity
plays an important role in signal processing in the so-called white noise theory, see
[2]. Moreover, Huh [23] discovered an interesting interplay between log-concavity
and purely chromatic graph theory. On the other hand, log-convex sequences
(w2 < wp_1wny1) are used in quantum physics for constructing generalized co-
herent states in models with discrete non-linear spectra, see [24]. In probability
theory, Warde and Katti [4I] showed that there is also a simple sufficient condi-
tion for a discrete random variable X to be infinitely divisible which is directly
connected with the log-convexity of the sequence (P{X =n}) " .

We also discuss a bit more involved challenge related to the restricted parti-
tion function — that is the r-log-concavity of pa(n, k). A sequence w = (w;)2, is
said to be (asymptotically) r-log-concave, if there is a positive integer N such that

(82) - (£%0), o (2),

are positive for each ¢ > N, where

e (o) and B £(510)

for k € {2,3,...,r}. It is clear that 1l-log-concavity of (w;)2, corresponds to
w? 11 — WpWpy2 > 0; the 2-log-concavity additionally requires that the inequality

4 2 2 2 2
Wy yo — 2Wn41Wy oWt 3 + Wy Wy 2Wntd + WpWnioWy, g — WpWy, 4 oWnia >0

is satisfied for all n > N. Clearly, as r grows, the required conditions become more
and more intricate.

Despite the fact that the r-log-concavity problem for a given sequence is
a highly non-trivial task in general, Hou and Zhang [21] discovered an effective
criterion for its solution (see, Theorem below). Moreover, these authors used
that result and proved that the partition function p(n) is (asymptotically) r-log-
concave for each r € N, for more details see [22]. Afterwards, Mukherjee, Zhang
and Zhong [28] applied the aforementioned criterion and showed that the overpar-
tition function is (asymptotically) r-log-concave for any r € Ny. Recall that an
overpartition [9] of an integer n is a partition of n where the first occurrence of
every distinct part may be overlined. The overpartition function p(n) denotes the
number of all overpartitions of n. There is a rich and vast literature dealing with
the analogous problems for other sequences, we encourage the reader to see, for
instance, [l [7, 10, [I8], 19} 20| 25] 26] 29, [32] B3] [39] 40].

We present a similar result to those mentioned above in the case of the
restricted partition function p4(n, k). In fact, we show a bit more general criterion
for r-log-concavity of quasi-polynomial-like functions. By a quasi-polynomial-like
function we mean any expression of the form

f(n) = ag(n)nl + a171(n)nl_1 N azfs(n)nl_s to (nl_s) 7



4 KRYSTIAN GAJDZICA

where [ and s are fixed positive integers such that | > s, a;_s(n),...,a;(n) are real
coefficients depending on the residue class of n (mod M) for some M > 2, and o
denotes the standard little-o notation. The main result of this paper presents, in
some sense, optimal requirements on the function f(n) to prove that it is r-log-
concave for any r > 1.

This manuscript is organized as follows. Section 2 contains necessary nota-
tions, properties and tools that are used throughout the article. Section 3 is devoted
to some basic generalizations of the log-concavity criterion for the restricted parti-
tion function. We investigate the analogues of both Theorem [I.3] and Conjecture
as well as the log-concavity of the sequence (pa(n,k)/n®),~ . Finally, Section
4 studies the r-log-concavity of both quasi-polynomial-like functions and the re-
stricted partition function p4(n, k). To deal with these problems, we use methods
from Hou and Zhang’s paper [2I]. Actually, we also present an alternative more
direct approach which is effective in the case of quasi-polynomial-like functions.

2. PRELIMINARIES

At the beginning, let us fix some notations. The set of non-negative integers
is denoted by N, while Ny and R, correspond to the sets of positive integers and
positive real numbers, respectively. Additionally, we put N5, = N\{0,1,...,k—1}.

Henceforth, A = (a;)$2, denotes a weakly increasing sequence of positive
integers. Let k£ and n be fixed positive integers. The restricted partition function
pa(n, k) enumerates all partitions of n with parts in the multiset {a1, az,...,ar}.
We additionally set p4(0,k) = 1 and p4(n, k) = 0if n < 0. From the equality ,
one can easily derive a recurrence relation for the restricted partition function of
the form

pa(n, k) =pa(n —ag, k) + pa(n,k —1),
where k > 2. For k = 1, we have

pA(”? 1) = {

It turns out that restricted partition function p4(n, k) behaves ‘almost like’ a poly-
nomial of degree k — 1. More precisely, it is a quasi-polynomial of the form

pa(n,k) = cp_1(r)n* "t + ep_a(r)nf 72 4+ -+ co(r),

where every c;(r) depends on the residue class r of n (mod lem(a,as,...,ax))
for 0 < j < k— 1 (for additional information about quasi-polynomials, we re-
fer the reader to Stanley’s book [35, Section 4.4]). This result goes back to Bell
[3], who showed it via partial fraction decomposition of the related rational gen-
erating function. However, there are more concrete estimates for the restricted
partition function. For instance, Almkvist [I] obtained a very elegant result re-
lated to the asymptotic behavior of p4(n, k). Let us define symmetric polynomials

0, ifaytn,

1, ifaq|n.

0i(21,Z2,...,2k) by the power series expansion
k ')
— = Om (1,2, .., T )L™
21;[ sinh(z;t/2) 7;) AT

Then Almkvist’s characterization of p4(n, k) is the following.

Theorem 2.1. Let A = (a;);~, and k € N> be fized. For a given integer j €
{1,2,...,k}, if ged A = 1 for every j-element multisubset (j-multisubset) A of
{a1,a9,...,ar} and 0 = a1 +as + -+ + ag, then

(n+o/2)k-171

k—j
1 .
k)= ———> o ap) S j=2
PR g g e T O
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as n — 0o.
_One can Verify_that oo = 1, and o; = 0 if ¢ is odd. Moreover, if we put
s; =aj +as+---+ap, then
S9 58% + 284 358% + 425954 + 165
207 74T T 5760 N 2903040

Further, it turns out that converse implication in Theorem [2.1]is also true, because
of the following.

Proposition 2.2. Let A = (a;);o, and k € Ny be fized. If

pa(n, k) = ch1nF b epon® 24+ cj_lnjfl + Cj_g(’fl)’fl'j72 + -+ co(n),

O —

09 — —

where ck_1,...,¢j—1 are independent of a residue class n (mod lem(aq,...,ax)),
then gcd A =1 for all j-multisubsets A of {a1,as,...,ax}.

For more details about the aforementioned result, we refer the reader to [16].
It is also worth noting that we have an explicit formula for p4(n,k) — that is
a result due to Cimpoeag and Nicolae [8] with a small modification. Before we
present their theorem, let us recall that the unsigned Stirling number of the first
kind m] is the number of permutations of n elements with exactly m cycles. It
might be defined equivalently as the coefficient of the rising factorial (Pochhammer
function), namely

n
_ n .
"= 1)--- -1)= ‘.
x z(x+1)---(x+n-1) ;:0 L]x
We encourage the reader to see [I7, Chapter 6] for more information about Stirling
numbers.

Theorem 2.3. For any A= (a;);o, and k > 1, we have

;ﬂ L f J (= <rjz> DTi5 T,

where D = lem(ay,as,...,a;) and S = aij1 + -+ + agjk.

Remark 2.4. One can notice that there is a difference between the statement
in Theorem and the original formula from Cimpoeag and Nicolae’s paper [8|
Theorem 2.8] which states that

pa(n, k) = (=] 3 kz_:l [];] (=™ (7;) D=igimmpm

with the same notation as before. At first, there is a typographical error over the
first sum, namely, there has to be k — 1 instead of n — 1. Furthermore, we need to
replace m by [ k ] — that is a consequence of the equality

7 1+1
k-1
n+k—1 1 E |,
< k-1 > - (k—l)!;[i—&—l}n’
which is accidentally misspelled at the beginning of Section 2 in [§].

For the sake of clarity, it should be also pointed out that in Theorem [2.3] we
may have that S = 0. If this is the case, we assume that 0° = 1.
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From the above-mentioned properties, the author [I6] deduced the following
lower and upper bounds for the restricted partition function.

Proposition 2.5. Let A = (a;);2, and k € Nxo be fized. For a given integer
j€{2,3,...,k}, if gcd A =1 for all j-multisubsets A of {a1,aa,...,ax}, then

ot - ~+cj_1nj_1 —Fn/ 2 <pa(n,k) < cp_n® 14 -+cj_1nj_1—|—Fnj_2

holds for every n > 0, where all the coefficients c¢; are uniquely determined by
k .
Them"em and F = %jjf’c) with D = lem(aq, ag, . .., ax).
It is worth mentioning that the constant F' appearing in Proposition is
not optimal, nevertheless we will soon observe the usefulness of the result.

3. SOME BASIC EXTENSIONS OF THE LOG-CONCAVITY CRITERION FOR pA(n, k’)

Our first goal is to resolve a few of the problems presented in Introduction,
that are

(3.1) Pa(n, k) > pa(n +m, k)paln —m,k),
(3.2) pA(an, k) > palan + bn, k)pa(an — bn, k),
p.A(na k) ? p_A(’/l+1,]€) pA(nka)

(3.3) pEal S APAN BN . 7

ne (n+1) (n—1)
where a,b, m are fixed positive integers such that a > b while « is an arbitrary
positive real number. Essentially, all of them are very similar to Theorem in
the proof. Let us present a heuristic reasoning for the inequality (3.1)). The idea is
quite easy, we apply Proposition in order to bound both p%(n, k) from below

and pa(n 4+ m,k)pa(n — m, k) from above. Subsequently, we just compare these
bounds and examine when the relevant inequality between them holds.

Theorem 3.1. Let A= (a;);o, and m € N> be fized. Suppose farther that k > 4
and ged A = 1 for every (k — 2)-multisubset A C {a1,as,...,ax}. If 2d > 3m3,
then the inequality

pi(n, k) >pa(n+m,k)pa(n—m,k)

holds for all n > d, where d = k=1 Hle(l + iDk) with D = lem(ay,az,...,a;);
otherwise it is valid for any n > 3m. Additionally, for the constant sequence A =
(1,1,1,...), the above inequality is satisfied for all positive integers n and k > 2.

Proof. First, let A = (1,1,1,...) be a constant sequence. Observe that Theorem
2.3 maintains that

(3.4 patni) = ("),

k-1

Thus, the second part of the statement can be directly verified. For the first one,
let k, m and {a1,as, ..., ax} satisfy the assumptions in the theorem. It follows from
Proposition [2.5] that the inequalities

anf 4 nFT2 ent T3 —dnf Tt < pa(n, k) < an® T+ bnF 2 4 enf 3 4 dnk Tt



BEYOND THE LOG-CONCAVITY OF THE RESTRICTED PARTITION FUNCTION 7

hold for all n, where the coefficients a, b, ¢ and d are given by
1

(k= DI, a;
g

b= . ,
2(/6 — 2)' Hi:l a;
30’2 — S92

C = 5 s
24(k - 3)' Hi:l a;

I, (1+iDk)
k! Hf:l @i

with o =a; +as+ - +ag, s2=a +a3+ - +a; and D = lem(ay, az, ..., ax).
Now, it is enough to check when the following inequality

[ankq T+ bk 4ok dnk74]2
> [a(n+m)* 1+ b(n+m)* 2 + c(n +m)* 3 4+ d(n + m)*~?]
x [a(n —m)" ! +b(n —m)" 2 + c(n —m)* 7 + d(n — m)"?]
is true. The above might be simplified to
3m?nt + 4(bm? — d)n® + (26°m? — 3m* — 4bd)n? + 2(bém? — bin* — 3dm? — 2¢d)n
+ &m? = 2bdm? — b*m* + 2em* + mS > 0,

where b = b/a, é = ¢/a and d = d/a. Next, let f(n) denote the polynomial on the
left hand side. Both real roots of the second derivative of f(n) are given by

_2d — 2bm? — V/2V/2d2 + 3mb

ni

6m?
. 2d — 2bm?2 + /2V/2d2 + 3mS
2 = .
6m?2

Now, it is convenient to investigate two separately cases. KEither we have that
2d% > 3mS or 2d? < 3mS.

Case 1: If the inequality 2d? > 3m® holds, then no < d. But, this implies that f'(n)
is increasing for all n > d. One can also easy verify that f'(d) > 0 and f(d) > 0,
so we get that both f/(n) and f(n) are positive for every n > d.

Case 2: Since we assume that 2d2 < 3m5, it is straightforward to see that ny < m.
Thus f'(n) grows for n > m. Furthermore, one may check that f/(3m) > 0 as well
as f(3m) > 0. Hence, f(n) is positive for all n > 3m, which finishes the proof.

O

Let us note that the case of m = 1 is omitted in the above, because it is
contained in Theorem [I.I} It is also worth pointing out that the demands for
parameter n in Theorem are not optimal. Nevertheless, the result may be
applied for a wide class of integer sequences. Furthermore, by virtue of Corollary
[I:2] and Theorem we obtain the following characterization.

Corollary 3.2. The sequence (pa(n,k)),—, is eventually strong log-concave (the
inequality 18 satisfied for any positive integer m and sufficiently large values
of n) if and only if we havek 22 anda; =---=ar, =1 ork >4 and gcdA =1
for all (k — 2)-multisubsets A of {ai,as,...,a;}.

Proof. Tt follows directly from Corollary and Theorem O
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Now, it is time to deal with the next task of this section. Surprisingly, the
following is true.

Corollary 3.3. Let A= (a;);~, and u,v € Ry be fized such that uw > v. If k > 2
and ged(ay, ag, ..., ar) =1, then the inequality

P2(un, k) > pa(un + vn, k)p.a(un — vn, k)

is true for every n > 1% le(l + iDk) with D = lem(ay,as,...,a;) whenever

un,un + vn and un — vn are integers.

Since the proof of Corollary is very easy and analogous to that one of
Theorem we leave it as an exercise for the reader. It is worth pointing out
that even though the inequalities and look very similar, the criteria
for their solutions are significantly different. In addition, even if we assume that
ged(ar, ag, ... ar) > 1, then might be still valid for all sufficiently large values
of n, as it is shown in the following instance.

Example 3.4. Let A = (2,2,2,...) be a constant sequence and let k¥ € N} be
fixed. Suppose further that u = 4 and v = 2. Thus we deal with the inequality of
the form

(3.5) PA(4n,k) > pa(6n, K)p.a(2n, k).

Now, observe that the equality p4(2n, k) = pp(n, k) holds for every integer n, where
B=(1,1,1,...). Therefore, as a consequence of the equality (3.4), we may reduce

the problem to
2n+k—1 2> 3n+k—1\(n+k—1
k—1 k—1 k-1 )
Finally, it might be easily checked that the leading coeflicient on the left hand side
is 4571/ ((k — 1)!)?, while on the right hand side it is 3*~!/ ((k — 1)!)*, and both of

them stand next to n?*~2. Hence, for each k > 1, we get that the inequality (3.5
is satisfied for all but finitely many positive integers n.

The above example shows that the inequality is not a really interesting
problem for the restricted partition function, despite the fact that its analogue for
p(n) is (see, [6, [11]).

In the last part of this section, we present a complete solution of the inequal-
ity . It turns out to be a more fascinating challenge than the previous ones, as
the following result suggests.

oo
Theorem 3.5. Let A= (a;);-, and o € Ry be fized. The sequence (%)

n=1
is eventually log-concave if and only if we have k > o+ 1 and either 2 < k < 3
and a1 = az = a3 =1 ork >4 and gcd A = 1 for all (k — 2)-multisubsets A of
{a17a27 e ,ak}.

Proof. Let A = (a;);2, and a be as in the statement. At the beginning, we prove
the implication to the left hand side. We just need to solve the inequality

(n2 — 1)O‘pf4(n, k) — nQO‘pA(n + 1L, k)pa(n—1,k) > 0.

Our first goal is to bound the left hand side from below. In order to do that we
apply the generalized binomial theorem which maintains that

2 =1 =Sy (§) e,

i=0 J
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where

(‘?‘) _a(a—1)..-_'(a—j+1)
J J:

Since we must have n > 2, it is clear that the following inequalities

la]+1 o0
(-1 > 3 (-1 (a> n2la—i) _ (@J)nﬂamz) S 0
=0

=0 J
la]+1

> 3 (1 (j) p2a=i) _ Q(LZ J)TLQ(O‘_L“J_Q) — /()
7=0

are valid. We consider two cases depending on both the value of £ > o+ 1 and the
multiset {a1,as,...,ax}.

Case 1: First, we assume that k£ > 4 and gcd A = 1 for all (k — 2)-multisubsets A
of {a1,as,...,a;}. It is enough to deal with

f(n)pi(n7 k) - RQQPA(n + 13 k)pA(’ﬂ - 17 k) > 0.
From the assumptions on the multiset {ay,...,a;} and Theorem we get that
Fph(n.k) = n**pa(n + L k)pa(n — Lk) = (k= 1 = a)a’n =4 4 f(n),

where
1

(k— TS, ai

and f(n) is a generalized quasi-polynomial of degree 2k+2a—5, that is an expression
of the form

2k+2|a)—1
Fn) = n2e=lol= S™ gy,
§=0
where each ¢,,(n) is some real number depending on the residue class of
n (mod lem(ay, as,...,ax)). Since k > a + 1, the leading coefficient (k — 1 — a)a?
is positive. Therefore, we obtain that the sequence p4(n,k)/n® is log-concave for
all but finitely many positive integers n.

Case 2: Now, let us assume that 2 < k < 3 and a; = ao = a3 = 1. These two
alternatives might be investigated separately by repeating the reasoning from Case
and employing the formula . We encourage the reader to check all the details
on their own.

To prove the implication to the right hand side let us fix k£ € N,. It is clear
that the sequence (pa(n,1)/n®),—; can not be log-concave. Therefore, let k > 2
and suppose, for contradiction, that the assumptions on the numbers a1, as, ..., ax
and k do not hold. Before we go into the main part of the proof, let us observe
that we may also determine an upper bound for (n? — 1)®. Analogously to the
computations from the beginning, one can easily get that

(n? —1)* < %?(1)?‘ (“) n?=9) 4 Q(Laj>n2(am2) = g(n).

o
=0 J

Once again we have a few possibilities to examine. In order to make the text more
transparent, we label each of the cases by its general assumptions.
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Case 1 (4 < k < a+ 1): At first, we also assume that gcd A = 1 for all (k — 2)-
multisubsets A of {a1,a9,...,ar}. In order to show that pa(n,k)/n* can not be
log-concave, it suffices to note that the leading coefficient of

g(n)pZA(na k) - n2apA(n + 17 k)pA(’I’L - 17 k) = (k -1- O‘)a2n2k+2a74 + g(n)a

where a is as before and g(n) is some generalized quasi-polynomial of degree 2k —
20 — 5, is negative.

On the other hand, if the assumptions on the multiset {a1,as,...,ax} do not
hold, then Proposition [2.2] asserts that

pa(n, k) = ce_1(n)n" "t cp_a(n)n* 72 + ez (n)nf 73 + - p(n),
where at least one of cx_1(n), cx—2(n), or cx_3(n) depends on a residue class of
n (mod lem(aq, ..., ax)). Let t € {k — 3,k — 2,k — 1} be the largest index with this
property. Now, it is enough to take any n (mod lem(ay,. .., ax)) such that c;(n) is

the smallest, and at least one of ¢;(n + 1) or ¢;(n — 1) is strictly larger than ci(n).
If we do so, then the leading coefficient of the generalized quasi-polynomial

g(n)p%(n, k) —n**pa(n+1,k)pa(n —1,k)

is negative, and, in particular, the sequence (pa(n,k)/n®),>, can not be log-
concave for infinitely many values of n.

Case 2 (4 < k = a+ 1): In contrast to Case [1} if we assume that gcd A = 1 for all
(k — 2)-multisubsets A of {a1,as,...,ar}, then we obtain that

g(n)pi‘(n, k) —n?*pa(n+1,k)pa(n —1,k) = g(n),

where g(n) is as before. Hence, we need to say something about the leading coeffi-
cient of g(n). There are two possibilities: either the coefficient cx_4(n) of

pa(n, k) = Ck—l(”)”kfl + Cl~c—2(7l)711672 + Ck—3(n)ﬂk73 + -+ co(n)

is independent of the residue class of n (mod lem(aq,...,ar)) or not. If cy_a(n)
does not depend on the residue class of n (mod lem(ay, ..., ax)), then Proposition
points out that gcd A = 1 for any (k — 3)-multisubset A of {a;,as,...,ar}, and
we get that

g(n) — 72abn2k+2a75 + O(anJ&osz)7

where a is as before and
_ap+az+---+ag

20k — 2T ai
Thus, the leading coefficient of g(n) is negative, as required. Let us note here
that the case of £ = 4 is also included above. In that situation we must have
a1 = az = ag = a4 = 1 (ged(m) = m for any m € Ny ), and pa(n, k) is given by

B).

On the other hand, if at least one of the coefficients ¢;(n) for i € {k —
4,k —3,k—2,k— 1} depends on the residue class of n (mod lem(ay, ..., ax)), then
we present analogous reasoning to that one from the second part of Case [I} and
obtain that the sequence (pa(n,k)/n®);~, can not be log-concave for infinitely
many values of n.

Case 3 (2 <k <3 & k < a+1): Applying preceding methods, it is not difficult to
deduce the required result. We leave this case as an exercise for the reader.

O

At the end of this section, we illustrate how the above criterion works in
practice. But, before we do so let us introduce an additional notation which allows
us to make the text more clear.
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o0

o1, k=21 and a € Ry, we set
A% k() = (n* = 1)*ph(n, k) = n**paln +1,k)pa(n — 1, k).

It is clear that the sequence (pa(n,k)/n®),_, is log-concave if and only if
the corresponding function A% x(n) is positive for every n > 1.

Definition 3.6. For given parameters A = (a;)

Example 3.7. Let A; = (1,2,3,4,5,6,...) be a sequence of consecutive positive
integers, and let a; = 4.99. Computations carried out in Wolfram Mathematica
[42] exhibit us the behavior of A% ;(n) for 4 <k <7

61084 20000 40000 60000 80000 100000

4x1084 ~2x107!

2x10% _ax107

20000 40000 -6x107

~2x10%
7

-8x10

—ax1084

72
_6x1084 =1x10

F1GURE 1. Values of FIGURE 2. Values of
X a(n) for 2 <n < X s(n) for 2 <n <
105 105
6x 1076
521076 3.0x10%
. 25x10%
e 20x1088
sl 1.5x10%
20107 10x10%%
1x1078 50x10%
20000 40000 60000 80000 100000 20000 40000 60000 80000 100000
FIGURE 3. Values of FIGURE 4. Values of
g
X g(n) for 2 <n < X 7(n) for 2 < n <
10° 10°

These figures agree with Theorem [3.5] Moreover, for every k > 6 one can explicitly
determine when the inequality A% ;(n) > 0 is true. Now, it is also interesting to
illustrate the behavior of A% , (n), where ap = 5 for some small numbers k.

745
20000 40000 60000 80000 100000 19x10

-20x 10! 10x10"®

_40x107! s50x10™

-50x10"!

" 20000 40000 6
-8.0x10 "

-50x10
~10x1072

~1.0x10"

—12x10"2
~1.4x1072 -15x10"®
FIGURE 5. Values of FIGURE 6. Values of
X s(n) for 2 < n < X s(n) for 2 <n <
105 105

Once again we observe that all the figures concur with our criterion. Furthermore,
it follows from the proof of Theorem that there are infinitely many positive
integers n such that A% 5(n) < 0.
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4x10%8
15x10%2

3x10%

) 1.0x10%2
2x10%

-
5 50x10
1x10%%

20000 40000 60000 80000 100000 20000 40000 60000 80000 100000

FIGURE 7. Values of FIGURE 8. Values of
A% 4(n) for 2 < n < A% g(n) for 2 < n <
10° 10°

4. THE r-LOG-CONCAVITY OF QUASI-POLYNOMIALS LIKE FUNCTIONS

In this section, we explore a bit more complex problem — the so-called r-
log-concavity of p4(n, k). Let us recall that a sequence of real numbers w = (w;);-,
is said to be (asymptotically) r-log-concave for r € N, if for some N all terms of

the sequences
(Ew)i, (Ezw) o (/:'Tw)i

are positive for every i > N, where
—~ oo ~ oy
Lo = (w} — wi’LUi+2)Z.:0 and Lfw =L (Lk 1w)

for k € {2,3,...,r}. As it was mentioned in Introduction, the 1-log-concavity of
(w;)2, corresponds to the inequality w2 | — wpwy42 > 0; the 2-log-concavity in
addition demands that the following inequality

4 2 2 2 2
Wy yo — 2Wn41Wy oWt 3 + Wy Wi 2Wntd + WpWnioWy, g — WpWy, 4 oWnia >0

is satisfied for all n > N. We resign from demonstrating other inequalities for » > 3.

The question arises whether we can successfully apply the methods from
Section 2 to find out a convenient criterion for the r-log-concavity of the restricted
partition function p4(n, k). In fact, it is not the best idea to bound the left hand
side of each of the inequalities from above and below. It is sill possible to do so
for the 2-log-concavity problem, but what about the 100-log-concavity of p 4(n, k)?
Nota bene, if we take advantage of the aforementioned approach to resolve the
2-log-concave case, then we immediately get the following.

Proposition 4.1. Let A = (a;);, and k > 7 be fized. If gcd A = 1 for every
(k—6)-multisubset A C {a1,as,...,ar}, then (pa(n, k)),—, is asymptotically 2-log-
concave.

Proof. The assumptions from the statement together with Proposition [2.5] assert
that p4(n, k) might be bounded from above and below by

f(n) <pa(n,k) <g(n),

where f(n) = cx_1n* P 4+ 4 cp_nF T — FnF=8 and g(n) = cp_nfF 7t + -+
cp—7nF~ T4+ FnF~8 where all the coefficients ¢; are uniquely determined by Theorem

[2.1] while
15, (14 iDk)
k' Hle a;
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with D = lem(aq, ag,...,a;). Next, it is enough to examine the inequality of the
form

fAn+2) —29(n+1)g*(n+2)g(n+3) + f2(n+ 1) f(n+2) f(n +4)
+ f(n)f(n+2)f(n+3) = g(n)g*(n + 2)g(n +4) > 0.

After some tiresome calculations one can determine that the leading coefficient of
the left hand side is equal to 588c_1, where

1
(k=D i
Hence, the sequence (pa(n,k)),., must be 2-log-concave for all but finitely many
values of n, as required. (]

Ck—1 =

Theorem [I.1] and Proposition 1] can mislead us to believe that in order to
receive the asymptotic r-log-concavity of p4(n, k) (for some r), we need to require
that gcd A = 1 for every (k — (r 4+ 1)!)-multisubset A C {a1,az,...,ax}. But, it is
not true as we see in the following.

Example 4.2. Let A; = (1,2,3,4,5,6,...) be a sequence of consecutive positive
integers, as before. Numerical calculations made in Mathematica [42] illustrate
-~ -~ o0
how the sequence L% , = (£2 (pa, (n,k))n> behaves for 7 < k < 10 and
’ n=0
2 < n < 10°.

2x 1088 | 1x1079

1x10%8 5x1078 |

20000 40000 60 20000 40000 60

w1088 ] -5x1078 |

-2x10%8 _1x1070)

FIGURE 9. Values of F1GURE 10. Values of
2?41,7>n for 2 < n < (2?41’8)" for 2 < n <
105 105
3.0x10% 2510102
2.5%10%0 20010102
e
1.0x10%° 1.0x10'%2
5.0 1089 5.0x10'!
20000 40000 60000 80000 100000 20000 40000 60000 80600 100000
FI1GURE 11. Values of FI1GURE_12. Values of
(234179> for2<n < (Eih,lo)n for2 <n <
10° ! 10°

By looking at both Figure 9 and Figure 10, we can not be completely certain
that their corresponding restricted partitions functions are not 2-log-concave for
sufficiently large values of n. On the other hand, Figure 11 as well as Figure 12
suggest that the sequence Eih «(n) is (asymptotically) 2-log-concave for all k£ > 9,
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while Proposition only maintains that the property holds for all £ > 13 in this
case.

Indeed, there is a bit more efficient criterion for the r-log concavity than
Proposition [I.1] In order to find it, we apply a small modification of a very useful
theorem obtained by Hou and Zhang [2I]. To state their result, we need a little
preparation.

Let w = (w;);~, be a sequence of positive real numbers. We set
(RW)¢+1  WWiy2

Wi+1 2
= d = =
(Rew); w, (R%); (Rw); Wiy

In particular, observe that the 1-log-concavity of (wi)ioio is equivalent to the state-
ment (sz)i < 1. Actually, it is also true for such a sequence of real numbers
(w;);2, that both (w;wiys);e, and (w?,,);- are positive.

Next, we assume that (a:i);ﬁo is a sequence of real numbers. Further, suppose
that there are numbers d; and a (m + 1)-tuple a = (ag, a1, ..., ) such that

ap <o << QO

and

n—00 n%i

lim n%" | x, — Z .| =0.
§=0

The value
_ J
Yn,ao = Z nTJ
=0

is called the Puiseuz-type approximation of z, (of degree av,) and is denoted by
Ty R Yn,o. When it is clear from the context, we will write y,, instead of yy o. It
turns out that only the first few summands of vy, and «,, are important from our
perspective. Therefore, we use the standard little-o notation to write

1 doy dy dm 1
nem n«o nol nem nem

Now, we are able to recall Hou and Zhang’s criterion [21].

Theorem 4.3. Let w = (wi)fio be a sequence of positive real numbers such that
(sz)n has a Puiseux-type approrimation y, of the form

d dm
Yn =14 —+-+
not

nam’
where m > 1, 0 < a1 < ay,. If dy <0 and ay < 2, then (w;);o, s asymptotically
|t /01 | -log-concave.

For the sake of clarity, let us further write pa x(n) = pa(n, k) whenever we

-~

apply an operator (R or L) to p4(n, k) in order to emphasize that we consider it as
a sequence in n. Unfortunately, we can not explicitly employ Theorem [1.3] to
pa(n, k), because for the restricted partition function we usually have that oy =
2. More precisely, if & > 4 and gcd A = 1 for all (kK — 2)-multisubsets A of
{a1,as,...,a;}, then Theorem implies that

pa(n, k) =anf 1+ "2+ enf 3 4o (m)nF Tt -+ (),
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where ¢g(n), ..., cx—4(n) depend on the residue class of n (mod lem(aq, as, ..., ax))
and
1

(k=TI
g

20k — 2T, a;
302 — 59
c= -
24(k = 3)!' [, ai
with o = a1 +as+---+a and s, = a% + a% 4+ az. Now, it is straightforward
to compute that

pa(n, k)pa(n+2,k) = Bar—on®* "2 + Bop_3n? 73 + Bop_an®* 7 + B(n)

and

2k—2 2k—3 2k—4 4

pA(n+1,k) = yar_an + Y2k—3n + Yok—an 7(n),

where
Bok—2 = Yak—2 = a°,
Bak—3 = Yok—3 = 2a(a(k — 1) +b),
Bok—a = Yop—a — a*(k — 1) = 2a*(k — 1)(k — 2) + 2ab(2k — 3) + 2ac + b?,

and B(n), together with v(n), is some quasi-polynomial of degree 2k — 5. Hence,
the Puiseux-type approximation of (R2p A,k) (n) of degree 2 might be calculated as

follows:
p_A(’ﬂ + 27 k)pA(na k)
(RQPA,k) (n) = pi‘(n + 1’ k)
_ Bok—an®* 72 4 By _3n? 3 + Bop_yn®* 7t + B(n)
Yor—2nF 72 4 Yo_3nF 3 + o _gn?F 1+ y(n)
—a*(k = 1)n**~* 4 B(n) —~(n)
Yok —2n "2 + yop_3n? T3 4 yop_yn?h 1 4y (n)

1-k 1
=1+ n? to n2)’

where the last equality is a consequence of the following equality
—a?(k = 1)n*~* 4 B(n) — 1(n) 1=k
Yok —2n "2 + yop_3n? T3 - yop_yn?h 1 4 y(n) n?
_n?(B(n) —v(n)) + (k — 1)(y2r-3n** "% + yap_an® ~* + y(n))
B n2(Yar—2n? =2 + yop_3n2k =3 4 yop_yn2k =4 4 v (n))
It should be pointed out that without any additional assumptions on the multiset
{a1,aq,...,ax}, we can not simply present a bit more precise Puiseux-type approx-
imation of (RQpAyk) (n) — mainly because if we try to do so, then we obtain that
the nominator over n® depends on the residue class of n (mod lem(ay, az, . .., ax)).
Let us now slightly modify Theorem [.3] to get a relevant criterion in the

case of the restricted partition function p4(n, k). To achieve this goal we use two
auxiliary lemmas. The first of them is due to Hou and Zhang [21].

Lemma 4.4. Let w = (w;);-, be a sequence of real numbers. We have that

27/ 2 (tn - 1)(tn+2 - 1) *
R ﬁw = <tn+1 (tn+1 — 1)2 )

n=0

where (t;)7e, = R2w.

1=
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On the other hand, the second one gives us information about the Puiseux-
type approximation of those functions which grow as fast as polynomials.

Lemma 4.5. Let s € Nyo and aj,a;—1,...,a,—s € R be arbitrary. Suppose further
that there is a function f(n) = ayn' +a;_1n! '+ 4a;_n'~*+o (nl_s). Moreover,
let us put f(n)f(n+2) — f2(n+1) =dy—21n* 2 + -+ + dy—s,1n* 7% + 0 (n? %)
(in fact, doy1 = dyi—11 =0) and f2(n+1) = byt 4+ -+ by_n "+ 0 (n2l_s).
Then the equality
=1+ s T o
n n boyn2l + -+ 4 by yn2—5 + 0 (n2l—9)

holds for every 2 < j < s with d; = daj—; ;—1/bai, where

du,v = du,v—l - dQI—U,v—lbu-‘rv/le

for2 <v<s—1and 2l —s < u < 2l — v —1. In particular, the Puiseuz-type
approximation y, of f(n)f(n+2)/f*(n+ 1) takes the form

B -l ds ds 1
Proof. Let s > 2 and f(n) be fixed. Employing the same method as in the discussion
before Lemma [£.4] we get that

cam® + ey 4ot ey 25 4 0 (n279)

(4.1) (R%f) (n) = ,

= b2ln2l + b2l_1n2l—1 4+ 4 le_anI_s +0 (n2l—s)

where
e = by = aj
cai-1 = ba—1 = 2ay(la; + a;-1)

Coj—o = byj_9 — lal2 =2(l - 1)al2 + 22l = Dagaj—1 + 2a1a;—2 + al2_1,
and all the remaining terms b; and c¢; can be explicitly determined. Hence, it is
clear that

dor—pan? ™2 4 -+ doy_g 1m2—s +0(n21—s>

born® + by 121 4 o+ byy_gm2I2r 4+ o (n29)
dy dor—3om2 73 4+ dy_ g™ 40 (nmfs)

=1+—+
n2 bgl’l’LQl + b21_1n2l—1 44 b2l—2’r‘n2l_2r +o0 (n2l—s)

-l 1
=t teln)

as required. In particular, we proved the lemma for j = 2. Now, we assume that
for a fixed s the claim holds for every 2 < m < j — 1, and it suffices to verify its
correctness for m = j. The induction hypothesis maintains that

(RQf) (n)=1+

s—j+1 —j+1—1 —s
(R*f) (n) =1+ d2 G St i1 T 4+ 0 (n7)
n2 ni—1 boyn2l 4 - 4 by n2=s 4 0 (n2l—5)
Since j < s, we may also write
d dj— doj—j i—1/b
(RPf) (n) =14 5 4o g 2 sa=1/ba

ni—1 nJ
Dt (doimijj—1 — dai—jj—1bai—itj /b)) n*' ™" + 0 (n?'77)

™ b2ln2l 4+ b2l_sn2l—s +0 (n2l—s)
B i 4 S i o (n2)
n? ni=t g byn2 4 by n? s + o (n?s)’

This completes the proof by the law of induction. O
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The upcoming result is a key to resolve the r-log-concavity problem of both
some functions ‘similar’ to polynomials in general, and the restricted partition func-
tion in particular.

Theorem 4.6. Let ! and r be arbitrary positive integers such that | > 2r. Suppose
further that f(n) = an' + aj_ 0!~ + -+ + aj_o,n! 72" + 0 (n'~?"). Then

~ 2 — 2971 -2 1
2p5—1 — . e —
(R L f) (TL) =1+ n2 +QJ(n)+O (T'I,Q(T_j—"_l))
for any 1 < j < r, where gj(n) is an expression of the form

22(r—j+1),j
n2(r—i+1)

23,5
Gi(n) = 2
n
for some real numbers z3 j, 24,5, - -, 22(r—j+1),j-

Proof. Let us fix parameters [, r and a function f(n). Applying Lemma with
s = 2r maintains that

fn)fin+2) -l ds doy 1

2 SR S R/ T e AT _

(R*f) (n) ECES) to S+t tol

with some real numbers ds3,dy,...,ds.. This completes the proof in the case of

7 =1. Now, let us assume that the statement is valid for all 1 <7 < j — 1, and let
us verify its correctness for ¢ = j. It follows from the induction hypothesis that

. 2i—1 _97=2] _ 9 1
2 -2
(R Yo f) (n)=1+ 3 +gj—1(n)+o <n2(r—j+2)> ,

where g;_1(n) is an expression of the form

23,51 22(r—j+2),5—1
(n) = . AN
g;(n) n3 + n2r—j+2)
for some real numbers 23 ; 1,241, -, 22(r—j+2),j—1- Lo simplify the notation put

1 m 1
tn, = +ﬁ+(b’71(n)+0 2(r—j12)
with m = 2971 —2972] — 2. Then, we have

(RZEH f) (n) = t,.

Our goal is to determine Puiseux-type approximation of (RQEAJ —lf ) (n) (of degree

2(r —j+1)). From the generalized binomial theorem, we get that

i=0 =0
2(r—j+2)—v . .
fv+i—1\ u' 1

holds for all positive integers u and v such that v < 2(r — j + 2). Therefore, it is
straightforward to see that

2
2 m ‘ 1
b1 = (1 + (n+1)2 +qj-1(n+1)+o ((n T 1)2(Tj+2)>)

2m 1
(4.3) = 1+n2+%‘1(n)+0<nz(rj+2)> ’

~ _ i1 Za(r—j12) -1
Gorln) = =t ey
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for some real numbers 23 ;1,24 1, ., Z2(r—j+2),j—1- For the sake of brevity, we
put
2
n
(4.4) w, = E(tn - 1.

Thus, it is clear that

1 n? 1
Wp = +E'Qj—1(n)+0 2r—it1)

Z3,j—1/m+__.+z2(rj+2),j1/m+0< 1 )

=l+—== n2(r—j+1) n2(r—j+1)

U S (2 L

=1+ n T T n2(r—j+1) to (n2(7‘—j+1) ’
where Z; = 240 j_1/m for 1 <i < 2(r —j+1). We apply Taylor expansion of the
logarithm function in order to estimate wywy,42/w?2 ;. It follows that

& (_1)i+1 )
log w,, = Z f(wn -1)
=1
_a e 80y 1
T n + n? + * n2(r—j+1) to n2(r—i+1) )’
with e; = 21, ea = 2y — 22/2 and all the remaining values e, ey, .. 5 €2(r—jt1)
are uniquely determined in terms of 2,25, ..,25(,—;41). After some tiresome but
elementary calculations, we obtain that
W W
log n27n+2 = logw, + logwy,4+2 — 2logwy, 11
wn+1
_G L fy e L Gt
T on Tt n2(r=i+1) 42 T (n + 2)2(r—j+1)
o 20ty _
2 (n 1 Y e ) T o ee
B Ty 1
=3 +o Tt n2(r—j+1) +o 20—+ )
where €3 = 2e1, €4 = 6(e2 — €1), and each of the numbers €5, ¢, ..., €z—j41) 18
uniquely determined in terms of e, ez, ..., e3¢.—j41). In particular, it means that
WnWnt2 g € Ca o G !
(4.5) o I+ S+t + =y 7o o5 )
where all the numbers €3, €4,...,€(,—j41) can be explicitly presented in terms of

€3,€4, .-, Ea(r—j+1), for example, we have é3 = e3 and €4 = e4. Hence, by (4.2),
(4.4) and (4.5) we have that

(tn — 1) (o2 — 1) (n+ 1)4 wnwn+2

(tne1 — 1)2 ~ n2(n+2)2 n+1
B n—|—1 2“ J“ i1\ 2 1
- i )2 T\ a2
i 62(r—j+1) 1
< 3T n2(r—j+1) +o <n2(r—j+1)>>
- 2 e3 €2(r—j+1) 1
71+72+73++7’L2(T ]+1)+0 n2r—i+1) )’
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where all the values €3,€y,...,€(,—j41) can be systematically derived, e.g. €3 =
é3 — 4. Next, Lemma, and the equality (4.3)) assert that

(R2 (EjilpA,k>) (n) = (1 + %;1 +aa(n) +o (712(’“}34“2))>

2 €3 €2(r—j+1) 1
X (1+ ﬁ+$++ n2(7"—j+1) + o0 nQ(T—j-Fl)

2m + 2 1
=1+ =0 +qj(”)+°<ng<r_j+1>>
B 2 — 2711 2 1
where . .
gj(n) = n3 + n2(r—j+1)
for some real numbers 23 j, 24 5, ..., 22(r—j41),5- Lhis completes the inductive step
and thereby ends the proof. (|

We are ready to present the main result of the paper. Surprisingly, we prove
that in two different ways.

Theorem 4.7. Let | and v be arbitrary positive integers such that | > 2r. If
f(n) =amt +a_n' =t + -+ ai_9n' 72 + 0 (n!727), then the sequence (f(n)),.,
is asymptotically r-log-concave.

Proof. For fixed parameters | and r and a function f(n), Theorem points out
that
o 27 — 2771 —2 1
2751 _
(R2Z71F) () =1+ — +q;(n)+o (n2<rj+1>)

for any 1 < j < r, where ¢;(n) is an expression of the form

3.4 Z2(r—j+1).j
qj( ) n3 n2(r—j+1)
for some real numbers 23 j, 24,5, - . - , 22(r—j+1),j- Since we have that [ > 2r, one can

easily deduce that the inequalities

27 _9i7l1 999 92 —2< 0

are true for every 1 < j < r. But in particular it means that the sequence (f(n)),—,
is asymptotically j-log-concave for any such a j, as required. O

Let us also present an alternative, more direct, approach to the problem.

Second proof of Theorem[].7] Under the assumptions from the statement, we prove
by induction that

(46)  (Lf) ) =af 1_Im W 4 gy(n) + o (e =20 )

holds for each 1 < s < r, where m; = 20"11 +2 — 2% and
(Js(n) = 5m5+1,1nm”171 4t 5Tns+1—Q(T—s)nm5+172(ris)

with some real numbers §;. For s = 1, we have that
(£F) ) = 20 +1) = F) fn +2)

27, .20—2 20— 20—2 20—2
=afln® "% +dy_sn® P+ dy_on® T + 0 (n?77),
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where do;_o,dg;_3, ..., do_o, are some real numbers, as required. Therefore, let us
assume that the claim is true for every 1 < i < s —1 < r, and verify its correctness
for ¢ = s. It follows from the induction hypothesis that

(Es_lf) (n) _ alg(s—l) H m?s—l—j nme 4 q871(n) +o (nmS—Q(r—s-l—l)) ,

j=1

where ¢s_1 is of the required form. Now, we can just write

(@7 o= (275) ) — (27 5) ) (£ F) 4 2)

2

s—1
(s—1) s—1—j _ _ —g)—
= |a? Hmjz man?™e 2—|—qs(n)—|—o<n2ms 2(r—s) 2)
Jj=1

s
— a2s H m?bij e+ + qs(n) +o0 (nms+1—2(r—s)) ,
j=1

where

qs(n) = 5m5+1,1nms+1—1 4+ .. 4 5ms+1_2(r_s)nms+1—2(r—s)

with some real numbers §;. This ends the proof of by the law of induction.
Now, it is enough to see that the leading coefficient of is positive for

any 1 < s < r. Thus the sequence (f(n)),—, is asymptotically r-log-concave, as

required. O

It is worth noting that despite the fact that the former proof requires more
sophisticated preparation than the latter one, the method which we use there might
be also effectively applied for more complicated functions like the partition function
[22] or the overpartition function [28)].

In particular, Theorem [£.7] delivers us the following efficient criterion for the
r-log-concavity of the restricted partition function.

Theorem 4.8. Let A= (a;);o,, r € Ny and k > 2r be fized. Suppose further that
ged A =1 for all (k — 2r)-multisubsets A of {a1,as,...,ar}. Then the sequence
(pa(n, k).~ is asymptotically r-log-concave.

Proof. The property is a direct consequence of Theorem [2.I] and Theorem [£.7] O

There appears a natural question whether Theorem is optimal in a sense
that it can not be further generalized for any other sequences A. In fact, it is true,
which directly follows from the following more general result.

Theorem 4.9. Let ! and r be arbitrary positive integers such that l > 2r. Suppose
further that we have

f(n) =a(m)nt + a1 (n)n! =t + - Faj_op(n)n! 72 40 (nl—Qr) 7

where the coefficients aj_o,-(n),...,a;(n) might depend on the residue class of
n (mod M) for some positive integer M > 2. Then the sequence (f(n)),—, is
asymptotically r-log-concave if and only if all the numbers aj_op(n),...,a;(n) are
independent of the residue class of n (mod M).

Proof. The implication to the left hand side is clear by Theorem .7} To deal with
the implication to the right hand side let us present the reasoning by induction on r.
First, let us assume that » = 1 and suppose, for contradiction, that at least one of
the coeflicients a;(n), a;—1(n) or a;_2(n) depend on the residue class of n (mod M).
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Let us set t = max{j € {l — 2,1l — 1,1} : aj(n) is not constant}. It is enough to
consider such residue class of n (mod M) that a;(n+ 1) is the smallest and at least
one of a;(n) or a;(n + 2) is strictly bigger than a;(n + 1), and compute Lf(n).
In that case, we get that the leading coefficient is negative. Hence, the sequence
(f(n)),~, can not be asymptotically 1-log-concave, as required.

Now, let us assume that the statement is valid for each 1 <7 < r and let us
examine whether it is also true for ¥ = r. The induction hypothesis asserts that

!
fn) = Z ain’ + ai—orp1 (NN 4 a o (n)n' T2 4 0 (01727
i=l—2r 42

otherwise f(n) could not be even asymptotically (r — 1)-log-concave. Suppose for
contradiction that at least one of the coefficients a;_2,(n) or a;_a,+1(n) depend on
the residue class of n (mod M). Let us assume that a;_o,+1(n) is not independent
of the residue class of n (mod M) — the alternative reasoning for a;_s,(n) is anal-
ogous, and we leave it as an exercise for the reader. The coefficient bg;_o,+1(n)
of

202
Lf(n) = ( Z bml> + bor— 21 ()N T2 by o (n)n® T2 0 (n?72N)
i=20—2r+2

is of the form
ba—or+1(n) = Laj—or41(n+1) — ar—2r41(n) — a1—2711(n + 2)) a1 — q,

where ¢ is a constant depending on a;_2,42,...,a;. Therefore, if we take such
a residue class of n (mod M) that a;_o,4+1(n + 1) is the smallest and at least one
of aj_op11(n) or aj_oy11(n + 2) is strictly bigger than a;_or11(n + 1), and we do
the opposite (considering the largest possible coefficient a;—o,41(n+1) and at least
one of aj_o9,41(n) or aj_oy11(n + 2) strictly smaller than a;_o,41(n + 1)), then
we deduce that the coefficient bg;_o,11(n) of L f(n) depends on the residue class
of n (mod M). Thus the induction hypothesis points out that £f(n) can not be
asymptotically (r — 1)-log-concave which implies that f(n) is not r-log-concave, as
required. O

Theorem 4.10. Let A= (a;);o,, r € Ny and k > 2r be fized. Then the sequence
(pa(n, k).~ is asymptotically r-log-concave if and only if we have that gcd A =1
for all (k — 2r)-multisubsets A of {a1,aq,...,ar}.

Proof. The implication to the left hand side follows from Theorem On the
other hand, the implication to the right hand side is a direct consequence of both
Theorem [£.9) and Proposition [2.2] O

It is worth noting that one can use the above criterion to explicitly calculate
when the r-log-concavity of p4(n, k) holds for given parameters A, k and 7.

Until now, we have not discussed the easiest case of the quasi-polynomial-like
function. Therefore, for the sake of completeness, let us present a criterion for the
r-log-concavity of a polynomial.

Corollary 4.11. Let f(n) = agn® +ap_1n*~1 +---+ap € R[n| be a polynomial of
deg(f) = k. Then the sequence (f(n)),—, is

(1
(2
(3

) not asymptotically 1-log-concave if and only if k = 0;
) at most asymptotically 1-log-concave if and only if k = 1;
) asymptotically r-log-concave for any r > 1 if and only if k > 2.
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Proof. The statement can be easily verified for k < 1. If k > 2, then Theorem [4.7]
asserts that the sequence (f(n)),—, is asymptotically 1-log-concave. Moreover, we
know that

Lf(n) = bop—an® 2 + bo_3n®* 2 4. 4+ by
for some real numbers bg, by,...,bog_o with bop_o > 0. Since 2k — 2 > 2, we

o~ oo
obtain that the sequence (ﬁ f (n)) is asymptotically 1-log-concave (in particular,
n=0

(f(n)),~, is asymptotically 2—10g—c?)ncave). By repeating the above procedure, we
deduce the required property. O

Corollary 4.12. If A= (1,1,1,...), then the sequence (pa(n,k)),—, is
(1) not asymptotically 1-log-concave if and only if k = 1;
(2) at most asymptotically 1-log-concave if and only if k = 2;
(3) asymptotically r-log-concave for any r > 1 if and only if k > 3.

Proof. That is a direct consequence of the formula (3.4) and Corollary O

At the end of the manuscript, let us illustrate how Theorem [£.10] works in
practice.

Example 4.13. Let A= (1,2,2,3,3,3,...) be the sequence of consecutive positive
integers such that every number j appears in j distinct colors. For instance, if
k =10, then p(n, k) takes the form

n? nd 6517 25n5

1 =
Pa(n:10) = 15525006210 ~ 74317824 83607552 | 095308 I (mod 12)(1),

where ¢y, (mod 12)(1) is a quasi-polynomial part of p 4(n, 10) depending on the residue
class of n (mod 12). In fact, one can check that

14863n° 1555n* 533n° 2909n2 1703n e

R I
BT TS TR00T e et
N N ML B LI .
ot e Lo
20850840 T 248832 T 10752 T 326502 T 2gaizo 1 2187 if i =4,

5 4 3 2 ep o
118661n + 98305n + 8143n + 17288941n + 13383244391 + 12504185 if i = 57

gs(n) = { 238878720 T 15025048 T 172032 83607552 3344302080 | 286654464’

v 14863n° + 1555n + 533n3 + 23083n2 4 49771n | 317 ifi—6
20859840 T 248832 T 10752 T 06768 80640 T 5127 =9
118661n° 983057 8171n 180159897 17824021990 | 164068921 ¢ - _
238878720 + 15925248 + 172032 + 83607552 + S3ia302080° T 2seosadedr L= T
14863n 1555n, 533n 783191 131923n , 1618 e
298598405+ 248832 j‘ 10752 +3 326502 T ,204120 + 2187 ifi =38,
118661n 983057 8143n 6424550 17740199 |, 39819 e
238878720 + 15925248 + 172032 + 3096576 + Aizs7es0 T 131073° ifi=9,
14863n° | 1555n1 | 533n° | 625033n° | 410761ln | 685087 ifi =10,

2985984{05 248832 4 10752 3 2612736 62531840 11197447
118661n 98305n 8171n 17901301n 1644776599n 91586105 e
238878720 + 15925248 + 172032 + 83607552 + 3344302080 + 2866544647 if i =11.

Now, if we take n =1 (mod 12), then

Epasoln) = - e + )
DA = 36000571291 71792215334771260129280000 ~ 1"

where ¢(n) is some quasi-polynomial of degree 29. Therefore, the sequence
(pa(n,10)),°, can not be asymptotically 2-log-concave. On the other hand, if
we consider p4(n,11) and make similar computations to those ones above, then
we get that the sequence (pa(n,11)),~, is 2-log-concave for all n > 11320, but
is not asymptotically 3-log-concave. It is worth noting that in this case we need
to consider 60 quasi-polynomials instead of 12. Moreover, Theorem [£.10] asserts
that the sequence (pa(n,k)),_, is asymptotically 2-log-concave for every k > 11.
Further, we can also repeat the aforementioned approach and deduce that the
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sequence (pa(n,12)) ", is not asymptotically 3-log-concave. However, if we in-
vestigate (pa(n,12)),~, in that regard, we obtain that it is 3-log-concave for each
n > 607475. Once again, Theorem points out that the sequence (pa(n,k)),—,
is asymptotically 3-log-concave for every k > 13.
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