
ar
X

iv
:2

40
1.

05
52

2v
1 

 [
m

at
h.

N
T

] 
 1

0 
Ja

n 
20

24

ASYMPTOTIC GROWTH OF (−1)r∆r log n
√

p(n)/nα AND THE REVERSE

HIGHER ORDER TURÁN INEQUALITIES FOR n
√

p(n)/nα

GARGI MUKHERJEE

Abstract. Let p(n) denote the overpartition function. In this paper, we study the asymp-

totic growth of finite difference of logarithm of n

√

p(n)/nα for α being a non-negative real

number, namely (−1)r∆r log n

√

p(n)/nα by presenting an inequality of it with a symmetric

upper and lower bound. Consequently, we arrive at log-convexity of n

√

p(n) and n

√

p(n)/n,

previously studied by the author. The another main objective of this paper is to introduce

the notion of the reverse higher order Turán inequalities and we prove this for n

√

p(n)/nα,

which not only generalize the study of Sun, Chen, and Zheng but also depicts the non

real-rootedness of the Jensen polynomial associated with the sequence mentioned before.
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1. Introduction

A positive sequence {an}n≥0 is said to be log-concave (resp. log-convex) if for all n ≥ 1,

a2n ≥ an−1an+1 (resp. a2n ≤ an−1an+1), and it is said to be strictly log-concave (resp. strictly

log-convex) if the inequality is strict. The binomial coefficients, the Stirling numbers, etc.

(resp. the Catalan numbers, the Motzkin numbers etc.) (see [23, 1, 13]) are some well known

examples of log-concave (resp. log-convex) sequences.

Study on log-concavity property of the partition function was initiated by Chen [2] and

Nicolas [19] independently. A partition of a positive integer n is a non-increasing sequence of

positive integers whose sum is n and p(n) denotes the number of partitions of n. DeSalvo and

Pak [7] settled Chen’s conjecture by proving log-concavity of {p(n)}n≥26 using the Hardy-

Ramanujan-Rademacher formula [10, 21] and the error estimation due to Lehmer [12].

Similar phenomena can also be found for the overpartition function. An overpartition of

n, a generalization of partitions introduced by Corteel and Lovejoy [6], is a nonincreasing

sequence of natural numbers whose sum is n in which the first occurrence of a number may

be overlined and p(n) denotes the number of overpartitions of n. For convenience, define

p(0) = 1. For example, there are 8 overpartitions of 3 enumerated by 3, 3, 2 + 1, 2 + 1, 2 +

1, 2+ 1, 1+1+1, 1+1+ 1. Analogous to Hardy-Ramanujan-Rademacher series for partition
1
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function, due to Zuckerman [27], we have

p(n) =
1

2π

∞∑

k=1
2∤k

√
k

k−1∑

h=0
(h,k)=1

ω(h, k)2

ω(2h, k)
e−

2πinh
k

d

dn

(
sinh π

√
n

k√
n

)
, (1.1)

where

ω(h, k) = exp

(
πi

k−1∑

r=1

r

k

(
hr

k
−
⌊
hr

k

⌋
− 1

2

))

for (h, k) ∈ Z≥0 × Z≥1. Engel [8] estimated the error term, denoted by R2(n,N) of (1.1)

given by

p(n) =
1

2π

N∑

k=1
2∤k

√
k

k−1∑

h=0
(h,k)=1

ω(h, k)2

ω(2h, k)
e−

2πinh
k

d

dn

(
sinh π

√
n

k√
n

)
+R2(n,N) (1.2)

with
∣∣R2(n,N)

∣∣ < N5/2

πn3/2
sinh

(
π
√
n

N

)
. (1.3)

and proved that {p(n)}n≥2 is log-concave by (1.2) and (1.3) with N = 3.

Log-convexity for a certain class of combinatorial sequences has been recorded in [13].

The log-convexity of p(n) was conjectured by Sun [24], which was settled later by Chen and

Zheng [5]. Moreover, Chen and Zheng showed that { n
√

p(n)/nα}n≥n(α) is log-convex for any

real α. Following a similar line of work with a more general setting, the log-convexity of

{ n
√

p(n)/nα}n≥n1(α) and the asymptotic growth of ∆2 log n
√
p(n)/nα were achieved through

finding a symmetric upper and lower bound of ∆2 log n
√
p(n)/nα in [16]. This study was

ended up by raising the following problem;

Define rα(n) :=
n
√

p(n)/nα.

Problem 1.1. [16, Problem 3.1] Let α be a non-negative real number. Then for each r ≥ 1,

does there exists a positive integer N(r, α) so that for all n ≥ N(r, α), one can obtain both

upper bound and lower bound of (−1)r∆r log rα(n) that finally shows the asymptotic growth

of (−1)r∆r log rα(n) as n tends to infinity?

A primary motivation to consider the Problem 1.1 is to pursue an extensive study the

higher order differences of the logarithm of n
√

p(n)/nα from an inequality perspective so as

to establish its asymptotic growth. Analogous to the work of Chen, Wang, and Xie [4] in this

direction for p(n), Wang, Xie, and Zhang [25] showed a similar behavior for p(n). But here

we will observe that the similar phenomena also occurs in the case of a log-convex sequence
n
√

p(n)/nα.
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Definition 1.2.

N0(m) :=




1, if m = 1,

2m logm−m log logm, if m ≥ 2.
(1.4)

Definition 1.3. Following [22, A000254], we define the sequence {Sn}n≥0
1 as

S0 = 0 and Sn = nSn−1 + (n− 1)!.

Definition 1.4. For r ∈ Z≥2 and α ∈ R≥0, we define

N1(r) := max

{
85,

⌈
4

π2
N2

0 (2r + 2)

⌉}
, (1.5)

C(r) := π
(1
2

)
r
, (1.6)

C(r, α) := (α+ 1)r! + (r − 1)! log 8 + 1, (1.7)

C2(r) :=

2r−2∑

k=0

1

(k + 1)2πk+1

(k + 1

2

)
r

1

rk
+

2r

10r
, (1.8)

N2(r) := max

{⌈
2
(
C(r)

)2
⌉
,

⌈(
2r+1

(r − 1)! log 8

)2⌉}
, (1.9)

N3(r, α) := max

{
5505, 4r2,

⌈(
4r2C(r) + C2(r)

) 4
3
⌉
,

⌈(
C(r, α)

C(r)

)4⌉}
, (1.10)

N(r, α) := max

{
N1(r),

⌈
eSr/r!

⌉
, N2(r), N3(r, α)

}
, (1.11)

Ñ1(α) := max
{
⌈
√
2α⌉,

⌈
3
√
3α
⌉
,
⌈

4
√

11α/3
⌉
,
⌈

5
√
10α

⌉}
, (1.12)

Ñ2(α) := max
{
2, ⌈

√
2α⌉,

⌈
3
√
3α
⌉
,
⌈

4
√

11α/3
⌉
,
⌈

5
√
12α

⌉}
, (1.13)

Ñ3(α) := max
{
5505,

⌈( 4α

α2 + 1

)4/3⌉
,
⌈
(4α)4/11

⌉}
, (1.14)

Ñ(α) := max
1≤i≤3

{
Ñi(α)

}
. (1.15)

Theorem 1.5. Let N(r, α) be as in (1.11). For r ∈ Z≥2 and n ≥ N(r, α),

0 < log

(
1 +

C(r)

nr+1/2
− C(r, α)

nr+3/4

)
< (−1)r∆r log rα(n) < log

(
1 +

C(r)

nr+1/2

)
, (1.16)

where C(r) and C(r, α) are defined in (1.6) and (1.7) respectively.

Corollary 1.6. For r ∈ Z≥2,

lim
n→∞

nr+1/2(−1)r∆r log n
√

p(n)/nα = π
(1
2

)
r
. (1.17)

1Enumerates the number of permutations of n+ 1 elements with exactly two cycles.
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Proof. Multiplying both sides of (1.16) by nr+1/2 and taking limits as n tends to infinity, we

obtain (1.17). �

Remark 1.7. Theorem 1.5 and Corollary 1.6 provide an explicit answer to Problem 1.1.

Also note that for r = 2, (1.17) is documented in [16, Corollary 1.5].

Corollary 1.8. [16, Corollary 1.3] For n ≥ 4, r0(n)
2 < r0(n − 1)r0(n + 1) and for n ≥ 19,

r1(n)
2 < r1(n− 1)r1(n+ 1).

Corollary 1.9. The sequence
{

n
√
p(n)/nα

}
n≥N(2,α)

is log-convex.

Corollary 1.10. For n ≥ N(3, α), ∆3 log n
√

p(n)/(n)α < 0.

A sequence {an}n≥0 is said to be ratio log-concave (resp. ratio log-convex) whenever

the ratio sequence {an+1/an}n≥0 is log-concave (resp. log-convex). Thus Corollary 1.10 is

equivalent to state that the sequence { n
√

p(n)/nα}n≥N(3,α) is ratio log-concave. Following

the notion of higher order log-monotonic sequences [26], Corollaries 1.9 and 1.10 immediately

lead to the order 2 log-monotonicity of { n
√

p(n)/nα}n≥N(3,α).

A sequence {an}n≥0 is said to satisfy the higher order Turán inequalities if for n ≥ 1,

4(an
2 − an−1an+1)(an+1

2 − anan+2)− (anan+1 − an−1an+2)
2 ≥ 0.

Chen, Jia, and Wang [3] proved that {p(n)}n≥95 satisfies the higher order Turán inequalities.

Besides log-concavity of partitions, similar associated inequalities have been documented

in [2, 7, 4] and in many others. Liu and Zhang [14] established a list of inequalities for

overpartitions similar to those related with the partition function. Through the lens of

study on roots of polynomials, log-concavity of a sequence {an}n≥0 is equivalent to the real-

rootedness of the corresponding Jensen polynomial of degree 2

J2,n−1
an (x) =

2∑

j=0

(
2

j

)
an−1+jx

j.

Also note that the distinct real-rootedness of J3,n−1
a (x) =

∑3
j=0

(3
j

)
an−1+jx

j is equivalent to

say that {an}n≥0 satisfies the strict higher order Turán inequalities. In general, Jd,n
a (x) :=

d∑

j=0

(
d

j

)
an+jx

j is called the n-th Jensen polynomial of degree d associated with {an}n≥0. A

detailed documentation on hyperbolicity of Jd,n
p (x) can be found in the work of Griffin, Ono,

Rollen, and Zagier [9]. Larson and Wagner [11] computed an effective estimate of N(d) such

that for n > N(d), Jd,n
p (x) has all real roots. Following this theme, here we define the notion

of reverse higher order Turán inequalities for a sequence.

Definition 1.11. A sequence {an}n≥0 is said to satisfy reverse higher order Turán inequal-

ities if for n ≥ 1,

4(an
2 − an−1an+1)(an+1

2 − anan+2)− (anan+1 − an−1an+2)
2 ≤ 0. (1.18)
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Theorem 1.12. For n ≥ NT (α)
1,

4
(
rα(n)

2 − rα(n− 1)rα(n+ 1)
)(

rα(n+ 1)2 − rα(n)rα(n+ 2)
)

−
(
rα(n)rα(n+ 1)− rα(n − 1)rα(n+ 2)

)2
< 0.

(1.19)

In view of the above discussion, Theorem 1.12 can be rephrased as follows.

Theorem 1.13. For n ≥ NT (α), the Jensen polynomial J3,n−1
rα (x) has three distinct roots,

among which one real and other two are complex conjugates.

We organize this paper as follows. Results associated with (−1)r∆r log rα(n) are given in

Section 2. Before presenting the proof, after preparing a basic set up, preliminary lemmas

(Lemmas 2.1 and 2.3) in Subsection 2.1, and then by applying these two lemmas, we prove

Theorem 1.5 in Subsection 2.2. Study on the reverse higher Turán inequalities for rα(n) is

presented in Section 3. An upper bound estimation of
rα(n− 1)rα(n+ 1)

rα(n)2
is carried out in

Subsection 3.1, and using that bound, we give a proof of Theorem 1.12 in Subsection 3.2.

Finally we conclude this paper by raising a question on infinite log-convexity of rα(n) in

Section 4.

2. Inequalities for (−1)r∆r log rα(n)

2.1. Preliminary lemmas. Set µ̂(n) = π
√
n. First we rewrite p(n), by setting N = 3 in

(1.2), as follows

p(n) = T̂ (n)

(
1 +

R̂(n)

T̂ (n)

)
, (2.1)

where

T̂ (n) =
1

8n

(
1− 1

µ̂(n)

)
eµ̂(n), (2.2)

R̂(n) =
1

8n

(
1 +

1

µ̂(n)

)
e−µ̂(n) +R2(n, 3). (2.3)

Taking logarithm on both sides of (2.1), along with utilizing (2.2) and (2.3), we have

log rα(n) =
log p(n)

n
− α log n

n

=
µ̂(n)

n
− (α+ 1) log n

n
+

log(µ̂(n)− 1)− log µ̂(n)

n
− log 8

n
+

1

n
log

(
1 +

R̂(n)

T̂ (n)

)
.

Consequently, by r-fold application of ∆ on log rα(n), it follows that

(−1)r∆r log rα(n) = Hr,α(n) +Gr(n), (2.4)

1The cutoff NT (α) given explicitly in (3.63).
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where

Hr,α(n) = (−1)r∆r

(
µ̂(n)

n
− (α+ 1) log n

n
+

log(µ̂(n)− 1)− log µ̂(n)

n
− log 8

n

)
, (2.5)

Gr(n) = (−1)r∆r

(
1

n
log

(
1 +

R̂(n)

T̂ (n)

))
. (2.6)

Then we have for r ≥ 1,

Hr,α(n)− |Gr(n)| ≤ (−1)r∆r log rα(n) ≤ Hr,α(n) + |Gr(n)|. (2.7)

Next, we give bounds forHr,α(n) and |Gr(n)| individually to get the estimates for (−1)r∆r log rα(n).

Applying [18, Lemma 2.1] and following the sketch of proof of [17, Lemma 2.3], we obtain an

upper bound for |Gr(n)|.

Lemma 2.1. Let N1(r) be defined as in (1.5). For all n ≥ N1(r) and r ≥ 1,

|Gr(n)| <
1

nr+3/2
. (2.8)

Before we proceed for derivation of upper and lower bound of Hr,α(n), let us state the

following proposition due to Odlyzko [20].

Proposition 2.2. Let r be a positive integer. Suppose that f(t) is a function with continuous

derivatives for t ≥ 1, and (−1)k−1f (k)(t) > 0 for k ≥ 1. Then for r ≥ 1, x ≥ 1,

(−1)r−1f (r)(x+ r) ≤ (−1)r−1∆rf(x) ≤ (−1)r−1f (r)(x).

Lemma 2.3. Let Sr be as defined in Definition 1.3. For r ≥ 2 and n ≥ ⌈eSr/r!⌉,

Lr,α(n) < Hr,α(n) < Ur,α(n), (2.9)

where

Ur,α(n) :=
C(r)

nr+ 1
2

−
∞∑

k=1

2

k2πk

(k
2

)
r

1

(n+ r)
k
2
+r+1

− (α+ 1)
(
r! log(n+ r)− Sr

)

(n+ r)r+1
− r! log 8

(n+ r)r+1
,

(2.10)

and

Lr,α(n) :=
C(r)

(n+ r)r+
1
2

−
∞∑

k=1

2

k2πk

(k
2

)
r

1

n
k
2
+r+1

− (α+ 1)
(
r! log n− Sr

)

nr+1
− r! log 8

nr+1
. (2.11)

Proof. Rewrite (2.5) as follows

Hr,α(n) = (−1)r∆r

(
3∑

i=1

gi(n) + g4,α(n)

)
, (2.12)

where

g1(n) =
µ̂(n)

n
, g2(n) =

log(µ̂(n)− 1)− log µ̂(n)

n
, g3(n) = − log 8

n
, and g4,α(n) = −(α+ 1) log n

n
.
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Taking r-th derivative for each of the above functions, we have

(−1)r−1g
(r)
1 (n) := −π

(1
2

)
r

1

nr+ 1
2

< 0 for all n ≥ 1,

(−1)r−1g
(r)
2 (n) :=

∞∑

k=1

2

k2πk

(k
2

)
r

1

n
k
2
+r+1

> 0 for all n ≥ 1,

(−1)r−1g
(r)
3 (n) :=

r! log 8

nr+1
> 0 for all n ≥ 1,

and (−1)r−1g
(r)
4,α(n) :=

(α+ 1)(r! log n− Sr)

nr+1
> 0 for all n ≥ ⌈eSr/r!⌉.

Now applying Proposition 2.2 individually on each of the factors {gi(n)}1≤i≤3 and g4,α(n),

we immediately arrive at (2.9). �

2.2. Proof of Theorem 1.5. From Lemmas 2.1 and 2.3, for all n ≥ max
{
N1(r),

⌈
eSr/r!

⌉}
,

it follows that

(−1)r∆r log rα(n) < Ur,α(n) +
1

nr+ 3
2

.

Since for all n ≥ max
{
r,
⌈
eSr/r!

⌉}
,

(α+ 1)(r! log(n+ r)− Sr)

(n+ r)r+1
> 0 and

∞∑

k=1

2

k2πk

(k
2

)
r

1

(n+ r)
k
2
+r+1

> 0,

we have for all n ≥ max
{
N1(r), r,

⌈
eSr/r!

⌉}
,

(−1)r∆r log rα(n) <
C(r)

nr+ 1
2

− r! log 8

(n+ r)r+1
+

1

nr+ 3
2

. (2.13)

Recall that N2(r) = max

{⌈
2
(
C(r)

) 2
r

⌉
,

⌈(
2r+1

r! log 8

)2⌉}
(cf. (1.9)).

We aim to show for all n ≥ N2(r),

− r! log 8

(n+ r)r+1
+

1

nr+ 3
2

< −1

2

(
C(r)

nr+ 1
2

)2

, (2.14)

which is equivalent to prove
(
√
nr! log 8− 2r+1

)
nr > 2rC(r)2.

Note that for all n >
⌈
2
(
C(r)

) 2
r
⌉
,

nr > 2rC(r)2, (2.15)

and (
√
nr! log 8− 2r+1

)
nr > nr for all n >

⌈(
2r+1

r! log 8

)2⌉
. (2.16)
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Thus from (2.15) and (2.16), we get (2.14). Since for all positive integers n and r, C(r) > 0,

summerizing (2.13) and (2.14), we have for all n ≥ max
{
N1(r), ⌈eSr/r!⌉, N2(r)

}
,

(−1)r∆r log rα(n) < log

(
1 +

C(r)

nr+ 1
2

)
. (2.17)

We further move on to show the lower bound given in Theorem 1.5. From (2.8) and (2.9),

for all n ≥ max
{
N1(r),

⌈
eSr/r!

⌉}
, we have

(−1)r∆r log rα(n) > Lr,α(n)−
1

nr+ 3
2

. (2.18)

After rewriting the first factor in Lr,α(n) (cf. see (2.11)), we get

C(r)

(n+ r)r+
1
2

=
C(r)

nr+ 1
2

(
1 +

r

n

)−(r+ 1
2
)

=
C(r)

nr+ 1
2

+
C(r)

nr+ 1
2

( ∞∑

k=1

(−2r+1
2

k

)( r
n

)k
)
. (2.19)

Clearly for all (r, k) ∈ Z≥1 × Z≥1, it follows that

4r

2
√
r
≤
(
2r

r

)
≤ 4r√

πr
,

(
r + k + 1

r

)
≤ (2r)k+1, and

2√
π

√
r

r + k
< 2.

Following a similar methodology devised in [17, equation (2.21)], we have for all n ≥ 4r2,
∣∣∣∣∣

∞∑

k=1

(−2r+1
2

k

)( r
n

)k
∣∣∣∣∣ ≤

4r2

n
. (2.20)

Applying (2.20) on (2.19) we get for all n ≥ 4r2,

C(r)

(n+ r)r+
1
2

>
C(r)

nr+ 1
2

− 4r2C(r)

nr+ 3
2

. (2.21)

To estimate the infinite series in Lr,α(n) (cf. (2.11)), we first split it as

∞∑

k=1

2

k2πk

(k
2

)
r

1

n
k
2
+r+1

=
1

nr+ 3
2

2r−2∑

k=0

2

(k + 1)2πk+1

(k + 1

2

)
r

1

n
k
2

+
1

nr+ 3
2

∞∑

k=2r

2

k2πk

(k
2

)
r

1

n
k−1
2

≤
∀n≥r2

1

nr+ 3
2

2r−2∑

k=0

2

(k + 1)2πk+1

(k + 1

2

)
r

1

rk

︸ ︷︷ ︸
:=Ĉ2(r)

+
r

nr+ 3
2

∞∑

k=2r

2

k2πk

(k
2

)
r

1

rk

︸ ︷︷ ︸
:=Ŝ(r)

.

In a similar fashion as carried out in [17, equation (2.27)], for all n ≥ r2, Ŝ(r) <
2

10r
, and

therefore, we have
∞∑

k=1

2

k2πk

(k
2

)
r

1

n
k
2
+r+1

<
C2(r)

nr+ 3
2

. (2.22)

Applying (2.21) and (2.22) to (2.18), we arrive at

(−1)r∆r log rα(n) >
C(r)

nr+ 1
2

− (α+ 1)(r! log n− Sr)

nr+1
− r! log 8

nr+1
− 4r2C(r) + C2(r) + 1

nr+ 3
2
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>
C(r)

nr+ 1
2

− (α+ 1)r!

nr+ 3
4

+
Sr(α+ 1)

nr+1
− r! log 8

nr+1
− 4r2C(r) + C2(r) + 1

nr+ 3
2(

since log n < n
1
4 for all n ≥ 5505

)

>
C(r)

nr+ 1
2

− C(r, α)

nr+ 3
4(

Since − 4r2C(r) + C2(r)

nr+ 3
2

> − 1

nr+ 3
4

for all n ≥
⌈
(4r2C(r) + C2(r))

4
3

⌉

and
Sr(α+ 1)

nr+1
− 1

nr+ 3
2

> 0 for all n ≥
⌈

1

(Sr(α+ 1))2

⌉)

> log

(
1 +

C(r)

nr+ 1
2

− C(r, α)

nr+ 3
4

)

(
since

C(r)

nr+ 1
2

− C(r, α)

nr+ 3
4

> 0 for all n ≥
⌈(

C(r, α)

C(r)

)4⌉)
. (2.23)

Recall that

N3(r, α) = max

{
5505, 4r2,

⌈
(4r2C(r) + C2(r))

4
3

⌉
,

⌈(
C(r, α)

C(r)

)4⌉}
(cf. (1.10)).

From (2.23), we have for all n ≥ max
{
N1(r),

⌈
eSr/r!

⌉
, N3(r, α)

}
,

(−1)r∆r log rα(n) > log

(
1 +

C(r)

nr+ 1
2

− C(r, α)

nr+ 3
4

)
. (2.24)

In view of (2.17) and (2.24), for all n ≥ N(r, α), the required estimates for (−1)r∆r log rα(n)

as stated in (1.16) has been proved.

Remark 2.4. Here we omit the proof of an inequality for −∆ log rα(n) (the case r = 1) due

to its similarity with the proof of [17, Theorem 1.6]. Applying equations (2.5)-(2.7) with r = 1

and Lemma 2.1, one can obtain an inequality similar to Theorem 1.5.

3. Reverse higher order Turán inequalities for rα(n)

Define uα(n) :=
rα(n − 1)rα(n+ 1)

rα(n)2
.

3.1. Upper bound of uα(n).

Lemma 3.1. For n ≥ 1,

s+(n)−
120

n5
< n+1

√
p(n+ 1)

p(n)
< s+(n) +

850

n5
, (3.1)
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where s+(n) :=
9∑

i=0

ai√
n
i
with

a0 = 1, a1 = 0, a2 = 0, a3 =
π

2
, a4 = −1, a5 =

4− 5π2

8π
, a6 =

4 + 12π2 + π4

8π2
, a7 =

8− 14π2 + 3π4

16π3

a8 =
24− 48π2 − 52π4 − 15π6

48π4
, a9 =

192− 432π2 + 360π4 + 249π6 + 8π8

384π5
.

Proof. Applying [18, eqn. (2.15)] with m = 10, for all n ≥ 1297, it follows that

(
T̂ (n+ 1)

T̂ (n)

) 1
n+1
(
1− 4

210

µ̂(n)10

) 1
n+1

< n+1

√
p(n+ 1)

p(n)
<

(
T̂ (n+ 1)

T̂ (n)

) 1
n+1
(
1 + 6

210

µ̂(n)10

) 1
n+1

.

(3.2)

Using the decomposition for p(n) (cf. (2.1)), we get

(
T̂ (n+ 1)

T̂ (n)

) 1
n+1

=

(
µ̂(n+ 1)− 1

µ̂(n)− 1

) 1
n+1

·
(

µ̂(n)

µ̂(n+ 1)

) 3
n+1

· e
µ̂(n+1)−µ̂(n)

n+1 .

By Taylor expansion, we obtain for n ≥ 2,

s
(1)
+ (n)− 20

n5
<

(
µ̂(n)

µ̂(n+ 1)

) 3
n+1

< s
(1)
+ (n) +

40

n5
, (3.3)

where

s
(1)
+ (n) := 1− 3

2n2
+

9

4n3
− 13

8n4
.

We decomposing the first factor of the ratio
(
T (n+1)

T (n)

) 1
n+1

as

(
µ̂(n+ 1)− 1

µ̂(n)− 1

) 1
n+1

=

(
1 +

1

n

) 1
2(n+1)

·
(
1− 1

µ̂(n+ 1)

) 1
n+1

·
(
1− 1

µ̂(n)

)− 1
n+1

,

and apply Taylor expansion on each of these three factors. We get for n ≥ 2,

s
(2,1)
+ (n)− 7

n5
<

(
1 +

1

n

) 1
2(n+1)

< s
(2,1)
+ (n) +

5

n5
, (3.4)

where

s
(2,1)
+ (n) := 1 +

1

2n2
− 3

4n3
+

25

24n4
.

Note that for n ≥ 2,

s
(2,2)
+ (n)− 15

n5
<

(
1− 1

µ̂(n+ 1)

) 1
n+1

< s
(2,2)
+ (n) +

15

n5
, (3.5)

where

s
(2,2)
+ (n) := 1− 1

πn3/2
− 1

2π2n2
+
(
− 1

3π3
+

3

2π

) 1

n5/2
+
(
− 1

4π4
+

3

2π2

) 1

n3
+
(
− 1

5π5
+

4

3π3

− 15

8π

) 1

n7/2
+
(
− 1

6π6
+

29

24π4
− 3

π2

) 1

n4
+
(
− 1

7π7
+

67

60π5
− 27

8π3
+

35

16π

) 1

n9/2
.
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It is clear that n ≥ 2,

s
(2,3)
+ (n)− 4

n5
<

(
1− 1

µ̂(n)

)− 1
n+1

< s
(2,3)
+ (n) +

4

n5
, (3.6)

where

s
(2,3)
+ (n) := 1 +

1

πn3/2
+

1

2π2n2
+
( 1

3π3
− 1

π

) 1

n5/2
+

1

4π4n3
+
( 1

5π5
+

1

6π3
+

1

π

) 1

n7/2

+
( 1

6π6
+

5

24π4
− 1

2π2

) 1

n4
+
( 1

7π7
+

13

60π5
− 1

2π3
− 1

π

) 1

n9/2
.

Summerizing (3.4), (3.5), and (3.6), for n ≥ 2, we have

s
(2)
+ (n)− 40

n5
<

(
µ̂(n+ 1)− 1

µ̂(n)− 1

) 1
n+1

< s
(2)
+ (n) +

35

n5
, (3.7)

where

s
(2)
+ (n) := 1 +

1

2n2
+

1

2πn5/2
+

(
−3

4
+

1

2π2

)
1

n3
+
( 4

8π3
− 7

8π

) 1

n7/2

+
(25
24

+
1

2π4
− 1

π2

) 1

n4
+
( 1

2π5
− 9

8π3
+

23

16π

) 1

n9/2
.

To estimate upper bound of e
µ̂(n+1)−µ̂(n)

n+1 , first we provide an upper bound of µ̂(n+1)−µ̂(n)
n+1 . In

a similar framework as done before, we obtain for n ≥ 2,

s
(3,1)
+ (n)− 2

n5
<

µ̂(n + 1)− µ̂(n)

n+ 1
< s

(3,1)
+ (n) +

2

n5
, (3.8)

where

s
(3,1)
+ (n) :=

π

2n3/2
− 5π

8n5/2
+

11π

16n7/2
− 93π

128n9/2
.

It can be easily checked that for n ≥ 2,

e
2
n5 < 1 +

4

n5

and

e−
2
n5 > 1− 4

n5
.

Observe that for n ≥ 2,

s
(3)
+ (n)− 30

n5
< e

µ̂(n+1)−µ̂(n)
n+1 < s

(3)
+ (n) +

120

n5
, (3.9)

where

s
(3)
+ (n) := 1 +

π

2n3/2
− 5π

8n5/2
+

π2

8n3
+

11π

16n7/2
− 5π2

16n4
+
(
−93π

128
+

π3

48

) 1

n9/2
.

Therefore, from (3.3), (3.7), and (3.9), for n ≥ 2, it gives

UT−(n) <

(
T̂ (n+ 1)

T̂ (n)

) 1
n+1

< UT+(n), (3.10)
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where

UT+(n) :=
(
s
(1)
+ (n) +

40

n5

)(
s
(2)
+ (n) +

35

n5

)(
s
(3)
+ (n) +

120

n5

)

and

UT−(n) :=
(
s
(1)
+ (n)− 20

n5

)(
s
(2)
+ (n)− 40

n5

)(
s
(3)
+ (n)− 30

n5

)
.

For the remaining part in the upper bound of (3.2), we get for n ≥ 2,

(
1 +

6 · 210
µ̂(n)10

) 1
n+1

< 1 +
4

n5
, (3.11)

and (
1− 4 · 210

µ̂(n)10

) 1
n+1

> 1− 2

n5
. (3.12)

Equations (3.10), (3.11) and (3.12) together imply the upper bound of n+1

√
p(n+1)
p(n) for all

n ≥ 1297, stated in (3.1). For the remaining cases 1 ≤ n ≤ 1296, one can numerically verify

(3.1) with Mathematica. �

Lemma 3.2. For n ≥ 2,

s−(n)−
110

n5
< n−1

√
p(n − 1)

p(n)
< s−(n) +

200

n5
(3.13)

where s−(n) :=
9∑

i=0

bi√
n
i
with b0 = 1 and

b1 = b2 = 0, b3 = −π

2
, b4 = 1, b5 = −4 + 5π2

8π
, b6 = −4 + 12π2 + π4

8π2
, b7 = −8 + 14π2 + 19π4

16π3
,

b8 = −24 + 48π2 − 124π4 − 15π6

48π4
, b9 = −192 + 432π2 + 552π4 + 807π6 + 8π8

384π5
.

Proof. Analogous to the proof of Lemma 3.1. �

Lemma 3.3. Let Ñ(α) be defined as in (1.15). Then for n ≥ Ñ(α),

1 +
3α− 2α log n

n3
− 27α+14 log n

n5
<

n
2α
n

(n− 1)
α

n−1 (n+ 1)
α

n+1

< 1 +
3α− 2α log n

n3
+

218α+31

n5
.

(3.14)

Proof. Splitting the quotient given on the left hand side of (3.14) as follows

n
2α
n

(n− 1)
α

n−1 (n+ 1)
α

n+1

=
(
1− 1

n

)− α
n−1

︸ ︷︷ ︸
:=X1,α(n)

(
1 +

1

n

)− α
n+1

︸ ︷︷ ︸
:=X2,α(n)

n
2α
n
− α

n+1
− α

n−1︸ ︷︷ ︸
:=X3,α(n)

. (3.15)

First taking the logarithm of X1,α(n) and by Taylor expansion, we have for all n ≥ 3,

α

(
1

n2
+

3

2n3
+

11

6n4

)
< log

(
X1,α(n)

)
< α

(
1

n2
+

3

2n3
+

11

6n4
+

5

n5

)
,
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and therefore,

e
α

(
1
n2 +

3
2n3 +

11
6n4

)
< X1,α(n) < e

α

(
1
n2 +

3
2n3 +

11
6n4 +

5
n5

)
. (3.16)

By Taylor expansion of e
α
n2 , for all n ≥ ⌈

√
2α⌉,

1 +
α

n2
+

α2

2n4
< e

α
n2 < 1 +

α

n2
+

α2

2n4
+

2α3

n5
, (3.17)

since

∞∑

k=3

1

k!

( α

n2

)k
<

α3

n5

(
1 − α

n2

)−1
<

2α3

n5
for all n ≥ ⌈

√
2α⌉. Similarly for the remaining

exponential factors of (3.16), for all n ≥ max
{⌈

3
√
3α
⌉
,
⌈

4
√

11α/3
⌉
,
⌈

5
√
10α

⌉}
,

1 +
3α

2n3
< e

3α
2n3 < 1 +

3α

2n3
+

9α2

2n5
, 1 +

11α

6n4
< e

11α
6n4 < 1 +

11α

6n4
+

121α2

18n5
, and e

5α
n5 < 1 +

10α

n5
.

(3.18)

Using the fact that α < 2α for all α ∈ R≥0, from (3.17) and (3.18), we have for all n ≥ Ñ1(α)

(cf. see (1.12)),

X1,α(n) <

(
1 +

α2

n2
+

α2

2n4
+

2α3

n5

)(
1 +

3α

2n3
+

9α2

2n5

)(
1 +

11α

6n4
+

121α2

18n5

)(
1 +

10α

n5

)

< 1 +
α

n2
+

3α

2n3
+

α(11 + 3α)

6n4
+

212+8α

n5
, (3.19)

and for all n ≥ 3,

X1,α(n) >

(
1 +

α2

n2
+

α2

2n4

)(
1 +

3α

2n3

)(
1 +

11α

6n4

)

> 1 +
α

n2
+

3α

2n3
+

α(11 + 3α)

6n4
. (3.20)

Similarly, for all n ≥ Ñ2(α) (cf. see (1.13)), we have

1− α

n2
+

3α

2n3
+
α(−11 + 3α)

6n4
−19 · 25α+2

n5
< X2,α(n) < 1− α

n2
+

3α

2n3
+
α(−11 + 3α)

6n4
+
31 · 27α+4

n5
.

(3.21)

For the remaining part X3,α(n) in (3.15), observe that for all n ≥ 2,
(
−2α

n3
− 4α

n5

)
log n < log

(
X3,α(n)

)
<
(
−2α

n3
− 2α

n5

)
log n,

which implies

e

(
− 2α

n3 − 4α
n5

)
logn < X3,α(n) < e

(
− 2α

n3 − 2α
n5

)
logn.

Consider the following series expansion of the exponential function:

e

(
− 2α

n3 − 2α
n5

)
logn = 1−2α log n

n3
−2α log n

n5
+
(2α log n

n3

)2 (1 + 1
n2 )

2

2!
+

∞∑

k=3

(−1)k
(2α log n

n3

)k (1 + 1
n2 )

k

k!
.

Since for all n ≥ max
{
5505,

⌈(
4α

α2+1

)4/3⌉}
,

−2α log n

n5
+
(2α log n

n3

)2 (1 + 1
n2 )

2

2!
<

α3

n5
,
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and
∞∑

k=3

(−1)k
(2α log n

n3

)k (1 + 1
n2 )

k

k!
<

∞∑

k=3

( 2α

n
11
4

)k(
since

(1 + 1
n2 )

k

k!
< 1 for all n ≥ 2, k ≥ 2

)

<
16α3

n5
for all n ≥ max

{
5505, ⌈(4α)4/11⌉

}
.

Therefore, combining the above estimations, for all n ≥ Ñ3(α) (cf. see (1.14)), we have

X3,α(n) < 1− 2α log n

n3
+

17α3

n5
. (3.22)

Analogous to the above we have for all n ≥ max
{
5505, ⌈(4α)4/11⌉

}
,

| eα(−
2
n3− 4

n5 ) logn −
(
1− 2α

n3

(
1 +

2

n2

)
log n

)
| =|

∞∑

k=2

1

k!

(2α log n

n3

(
1 +

2

n2

))k
|< 24α2

n5
.

Thus for all n ≥ Ñ3(α),

X3,α(n) > 1− 2α log n

n3
− 4α log n+ 24α2

n5
. (3.23)

Applying (3.19)-(3.23), for all n ≥ max
1≤i≤3

{
Ñi(α)

}
= Ñ(α), it follows that

n
2α
n

(n− 1)
α

n−1 (n+ 1)
α

n+1

<

(
1 +

α

n2
+

3α

2n3
+

α(11 + 3α)

6n4
+

212+8α

n5

)(
1− α

n2
+

3α

2n3

+
α(−11 + 3α)

6n4
+

31 · 27α+4

n5

)(
1− 2α log n

n3
+

17α3

n5

)

< 1 +
3α− 2α log n

n3
+

218α+30

n5
+

210α+17

n5

< 1 +
3α− 2α log n

n3
+

218α+31

n5
,

and

n
2α
n

(n− 1)
α

n−1 (n+ 1)
α

n+1

> 1 +
3α− 2α log n

n3
+A(n, α) +B(n, α)

> 1 +
3α− 2α log n

n3
− 27a+12

n5
− 25a+5 log n

n5

> 1 +
3α− 2α log n

n3
− 27α+14 log n

n5

(
since − (1 + log n) > −4 log n

for all n ≥ 2
)
,

where

A(n, α) := −4
(
6α2 + 19 25a

)

n5
− 17α2

12n6
− α

(
19 25α+3

)

2n7
− α

(
2592α2 + 121α + 513 25α+3

)

36n8

−α
(
57 25α+2α+ 209 25α+2

)

6n9
− 108α5

3n12
− 6α3

9n13
,
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B(n, α) := −4α log n

n5
− 6α2α log n

n6
− 12α2 log n

n8
− 3α4 log n

n10
− α5 log n

2n11
− 6α4 log n

n12
− α2 log n

n13
.

�

Lemma 3.4. For all n ≥ 2,

L+(n) < p(n)
2

n(n−1)(n+1) < U+(n),

where

U+(n) := 1 +
2π

n5/2
− 2 log(8n)

n3
− 2

πn7/2
− 1

π2n4
+

6π4 − 2

3π3n9/2
+

140

n5
,

and

L+(n) := 1 +
2π

n5/2
− 2 log(8n)

n3
− 2

πn7/2
− 1

π2n4
+

6π4 − 2

3π3n9/2
− 80 log n

n5
.

Proof. From [15, Lemma 2.1], for all n ≥ 94, we have

eµ̂(n)

8n

(
1− 1

µ̂(n)
− 1

µ̂(n)6

)
< p(n) <

eµ̂(n)

8n

(
1− 1

µ̂(n)
+

1

µ̂(n)6

)
. (3.24)

In order to give an upper bound of p(n)
2

n(n−1)(n+1) , we shall estimate an upper bound for each

of the three factors, namely, e
2µ̂(n)

n(n−1)(n+1) , (8n)
− 2

n(n−1)(n+1) , and
(
1− 1

µ̂(n) +
1

µ̂(n)6

) 2
n(n−1)(n+1)

.

Note that for all n ≥ 2,

2π

n5/2
+

2π

n9/2
<

2µ̂(n)

n(n− 1)(n + 1)
<

2π

n5/2
+

2π

n9/2
+

4π

n5
,

which implies that n ≥ 3,

1 +
2π

n5/2
+

2π

n9/2
< e

2µ̂(n)
n(n−1)(n+1) < e

2π

n5/2
+ 2π

n9/2
+ 4π

n5 < 1 +
2π

n5/2
+

2π

n9/2
+

125

n5
. (3.25)

Taking logarithm of
(
1− 1

µ̂(n) +
1

µ̂(n)6

) 2
n(n−1)(n+1)

and
(
1− 1

µ̂(n) − 1
µ̂(n)6

) 2
n(n−1)(n+1)

, and noting

that for all n ≥ 2,

2

n(n− 1)(n + 1)
log
(
1− 1

µ̂(n)
+

1

µ̂(n)6

)
< − 2

πn7/2
− 1

π2n4
− 2

3π3n9/2
,

2

n(n− 1)(n + 1)
log
(
1− 1

µ̂(n)
− 1

µ̂(n)6

)
> − 2

πn7/2
− 1

π2n4
− 2

3π3n9/2
− 2

n5
,

which at once implies that for all n ≥ 2,

(
1− 1

µ̂(n)
+

1

µ̂(n)6

) 2
n(n−1)(n+1)

< 1− 2

πn
7
2

− 1

π2n4
− 2

3π3n
9
2

+
1

n5
, (3.26)

and (
1− 1

µ̂(n)
− 1

µ̂(n)6

) 2
n(n−1)(n+1)

> 1− 2

πn
7
2

− 1

π2n4
− 2

3π3n
9
2

− 5

n5
. (3.27)

Similarly, we obtain for all n ≥ 688,

1− 2 log(8n)

n3
− 4 log 8n

n5
< (8n)

− 2
n(n−1)(n+1) < 1− 2 log(8n)

n3
. (3.28)
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Combining (3.25)-(3.28), it is immediate that for all n ≥ 688,

p(n)
2

n(n−1)(n+1) < 1 +
2π

n
5
2

− 2 log(8n)

n3
− 2

πn
7
2

− 1

π2n4
+

6π4 − 2

3π3n
9
2

+
140

n5
, (3.29)

p(n)
2

n(n−1)(n+1) > 1 +
2π

n
5
2

− 2 log(8n)

n3
− 2

πn
7
2

− 1

π2n4
+

6π4 − 2

3π3n
9
2

− 80 log n

n5
, (3.30)

To conclude the proof, it remains to check (3.30) for 2 ≤ n ≤ 687 which we did numerically

with Mathematica. �

Theorem 3.5. Let Ñ(α) be as in (1.15). Then for all n ≥ Ñ(α),

L(n, α) < uα(n) < U(n, α) and L1(n, α) < uα(n+ 1) < U1(n, α),

where

U(n, α) := 1 +
3π

4n5/2
+

3 + 3α− 2 log 8− 2(1 + α) log n

n3
− 15

4πn7/2
− 3

π2n4
+

35(−16 + 3π4)

192π3n9/2

+
6α+ 212 + 231+18α + (2 + 17α) log n

n5
,

L(n, α) := 1 +
3π

4n5/2
+

3 + 3α− 2 log 8− 2(1 + α) log n

n3
− 15

4πn7/2
− 3

π2n4
+

35(−16 + 3π4)

192π3n9/2

−258 + (80 + 216+7α) log n

n5
,

U1(n, α) := 1 +
3π

4n5/2
+

3 + 3α− 2 log 8− 2(1 + α) log n

n3
− 15(2 + π2)

8πn7/2
+

1

π2n4

(
−3− 11π2

−11απ2 + 6π2 log 8 + (6 + 6α)π2 log n
)
+

35(21π4 + 72π2 − 16)

192π3n9/2
+

1

n5

(
12

+(212 + 26)π2 − 12π2 log 8 + 32απ2 + π2231+18α + (2 + 17α)π2 log n
)
,

L1(n, α) := 1 +
3π

4n5/2
+

3 + 3α− 2 log 8− 2(1 + α) log n

n3
− 15(2 + π2)

8πn7/2
+

1

π2n4

(
−3− 11π2

−11απ2 + 6π2 log 8 + (6 + 6α)π2 log n
)
+

35(21π4 + 72π2 − 16)

192π3n9/2
− 1

n5

(
256

+
105

(
9π2

(
4 + π2

)
− 16

)

128π3
+ 8

(
3α+ 27α+13 + 13

)
log n

)
.

Proof. Applying Lemmas 3.1-3.4, can deduce that for all n ≥ Ñ(α), L(n, α) < uα(n) <

U(n, α), and applying this inequality, further it can be shown that L1(n, α) < L(n+ 1, α) <

uα(n+ 1) < U(n+ 1, α) < U1(n, α) utilizing the following two inequalities

− log n

n3
+

3 log n− 1

n4
+

1− 12 log n

n5
< − log(n+ 1)

(n+ 1)3
< − log n

n3
+

3 log n− 1

n4
+

4

n5

and

− log n

n5
<

log(n+ 1)

(n+ 1)5
<

log n

n5
.

Due to its routine verification, we omit the proof here. �
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Before we move on to prove Theorem 1.12, we refine the upper bounds (resp. lower bounds)

U(n, α) and U1(n, α) (resp. for L(n, α) and L1(n, α)). First, we need to refine the constants

depending on n that are coefficients of 1
n5 in U(n, α), U1(n, α), L(n, α) and L1(n, α) by using

the following estimation.

Lemma 3.6. For (a, b) ∈ R× R>1, for all n ≥ max
{⌈

e
a
b

⌉
,
⌈
(2b)19

⌉}
,

a+ b log(n) < n
1
4 .

Proof. To begin with, we see that a+ b log(n) = b log(n)
(
1 + a

b log(n)

)
and for all n ≥

⌈
e

a
b

⌉
,

a
b log(n) < 1 and therefore, it follows that a + b log(n) < 2b log(n). Now it remains to show

that 2b log(n) < n
1
4 which is equivalent to 4 log(2b) < log(n) − 4 log log(n). Define f(x) :=

log(x) − 4 log log(x) and observe that for all x ≥ e4, f(x) is increasing and so is f(n) for

n ≥ ⌈e4⌉. What remains to prove 4 log(2b) < log(n) − 4 log log(n) is to take an appropriate

choice of n = n0(> e4) so that f(n0) > 4 log(2b) and since f is increasing, we can conclude

that f(n) > 4 log(2b). So, choosing n0 = (2b)19 (and note that n0 > e4 as b > 1), we now

have to prove

f(n0) = 19 log(2b)− 4 log(19 log(2b)) > 4 log(2b) ⇐⇒ 15 log(2b) > 4 log(19 log(2b)).

Setting g(y) := 15y − 4 log(19y), it is clear that g(y) is increasing for y > 4
15 and taking

y0 = log(2), we have g(log(2)) > 0. So for all y > y0, g(y) > 0; in particular choose y = log(2b)

to conclude that g(log(2b)) > 0. Hence, for all n ≥
⌈
(2b)19

⌉
, f(n) ≥ f(n0) > 4 log(2b). This

concludes the proof. �

Applying Lemma 3.6 with (a, b) =
(
6α+ 212 + 231+18α, 2 + 17α

)
, for all

n ≥ max

{⌈
e

6α+212+231+18α

2+17α

⌉
,
⌈
(4 + 34α)19

⌉}
=: nu(α),

we have
6α+ 212 + 231+18α + (2 + 17α) log n

n5
<

1

n
19
4

.

Consequently, it follows that for n ≥ nu(α),

U(n, α) < 1 +
1

n
5
2

4∑

k=0

c
[1]
k (α, n)
√
n
k

+
1

n
19
4

:= U∗(n, α), (3.31)

with

c
[1]
0 (α, n) =

3π

4
, c

[1]
1 (α, n) = 3 + 3α− 2 log 8− 2(1 + α) log n, c

[1]
2 (α, n) = − 15

4π
,

c
[1]
3 (α, n) = − 3

π2
, c

[1]
4 (α, n) =

35(−16 + 3π4)

192π3
. (3.32)

Similarly, applying Lemma 3.6 with (a, b) =
(
258, 80 + 216+7α

)
, we have for all

n ≥ max
{⌈

e
258

80+216+7α

⌉
,
⌈
(160 + 217+7α)19

⌉}
=: nl(α),

258 + (80 + 216+7α) log n

n5
<

1

n
19
4

.
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Consequently, it follows that for n ≥ nl(α),

L(n, α) > 1 +
1

n
5
2

4∑

k=0

c
[1]
k (α, n)
√
n
k

− 1

n
19
4

:= L∗(n, α). (3.33)

Next, applying Lemma 3.6 with

(a, b) =
(
12 + 4122π2 − 12π2 log 8 + 32απ2 + 231+18απ2, (2 + 17α)π2

)
,

for all

n ≥ max

{⌈
e

12+4122π2
−12π2 log 8+32απ2+231+18απ2

π2(2+17α)

⌉
,
⌈
π38(4 + 34α)19

⌉}
=: nu1(α),

it follows that

12 + 4122π2 − 12π2 log 8 + 32απ2 + 231+18απ2 + π2(2 + 17α) log n

n5
<

1

n
19
4

.

Consequently, for n ≥ nu1(α),

U1(n, α) < 1 +
1

n
5
2

4∑

k=0

c
[2]
k (α, n)
√
n
k

+
1

n
19
4

:= U∗
1 (n, α), (3.34)

with

c
[2]
0 (α, n) = c

[1]
0 (α, n), c

[2]
1 (α, n) = c

[1]
1 (α, n), c

[2]
2 (α, n) = −15(2 + π2)

8π
,

c
[2]
3 (α, n) = −3 + 11π2 + 11απ2 − 6π2 log 8− (6 + 6α)π2 log n

π2
, c

[2]
4 (α, n) =

35(21π4 + 72π2 − 16)

192π3
.

(3.35)

Finally, applying Lemma 3.6 with (a, b) =

(
256 +

105(9π2(4+π2)−16)
128π3 , 8(3α + 213+7α + 13)

)
,

for all

n ≥ max







e

256+
105(9π2(4+π2)−16)

128π3

8(3α+213+7α+13)



,
⌈
1619(3α+ 213+7α + 13)19

⌉




=: nl1(α),

it follows that

256 +
105(9π2(4+π2)−16)

128π3 + 8(3α+ 213+7α + 13) log n

n5
<

1

n
19
4

.

Consequently, for n ≥ nl1(α),

L(n, α) > 1 +
1

n
5
2

4∑

k=0

c
[2]
k (α, n)
√
n
k

− 1

n
19
4

:= L∗
1(n, α). (3.36)

Define

N1(α) := max{nu(α), nl(α), nu1(α), nl1(α)}. (3.37)
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Now, we compute upper bounds for max
0≤k≤4

{|c[1]k (α, n)|} and max
0≤k≤4

{|c[2]k (α, n)|} which will be

used later in Subsection 3.2. The following lemma is a prerequisite for the estimations to be

done in this context.

Lemma 3.7. For (a, b) ∈ R× R>1, for all n ≥ max
{⌈

e
a
b

⌉
,
⌈
(2b)227

⌉}
,

a+ b log(n) < n
1
16 .

Proof. We omit the proof due to its similarity with the proof of Lemma 3.6. �

Following (3.32), by numercial computations with Mathematica, it follows that

max
0≤k 6=1≤4

{|c[1]k (α, n)|} < 2.4, (3.38)

and for k = 1,
∣∣∣c[1]1 (α, n)

∣∣∣ = |3 + 3α− 2 log 8− 2(1 + α) log n|

= 2(1 + α) log n− (3 + 3α− 2 log 8)
(
as for n ≥

⌈
e

3+3α−2 log 8
2+2α

⌉
, 2(1 + α) log n ≥ 3 + 3α− 2 log 8

)

< n
1
16 , (3.39)

where in the last line we used Lemma 3.7 with (a, b) = (2 log 8 − 3 − 3α, 2 + 2α), we get for

all n ≥ max
{⌈

e
2 log 8−3−3α

2+2α

⌉
,
⌈
(4 + 4α)227

⌉}
, 2(1 + α) log n− (3 + 3α − 2 log 8) < n

1
16 .

Combining (3.38) and (3.39), for all

n ≥ max
{⌈

e
3+3α−2 log 8

2+2α

⌉
,
⌈
e

2 log 8−3−3α
2+2α

⌉
,
⌈
(4 + 4α)227

⌉
, (2.4)16

}

= max
{⌈

e
3+3α−2 log 8

2+2α

⌉
,
⌈
e

2 log 8−3−3α
2+2α

⌉
,
⌈
(4 + 4α)227

⌉} (
as (4 + 4α)227 > 4227 > (2.4)16

)

:= N
[1]
2 (α),

we get

max
0≤k≤4

{|c[1]k (α, n)|} < n
1
16 . (3.40)

Similarly, following (3.35), by numercial computations with Mathematica, it follows that

max
k∈{0,2,4}

{|c[2]k (α, n)|} < 16.2. (3.41)

Since c
[2]
1 (α, n) = c

[1]
1 (α, n), from (3.39), for all

n ≥ max
{⌈

e
3+3α−2 log 8

2+2α

⌉
,
⌈
e

2 log 8−3−3α
2+2α

⌉
,
⌈
(4 + 4α)227

⌉}
,

it follows that ∣∣∣c[2]1 (α, n)
∣∣∣ < n

1
16 . (3.42)
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Finally for k = 3,
∣∣∣c[2]3 (α, n)

∣∣∣ =
∣∣∣∣
3 + 11π2 + 11απ2 − 6π2 log 8− (6 + 6α)π2 log n

π2

∣∣∣∣

= 6(1 + α) log n−
(

3

π2
+ 11(1 + α)− 6 log 8

)

(
as for n ≥

⌈
e

3
π2 +11(1+α)−6 log 8

6+6α

⌉
, 6(1 + α) log n ≥ 3

π2
+ 11(1 + α)− 6 log 8

)

< n
1
16 , (3.43)

where in the last line we used Lemma 3.7 with (a, b) = (6 log 8−11(1+α)− 3
π2 , 6+6α), we get

for all n ≥ max

{⌈
e

6 log 8−11(1+α)− 3
π2

6+6α

⌉
,
⌈
(12 + 12α)227

⌉
}
, 6(1+α) log n−

(
3
π2 + 11(1 + α) − 6 log 8

)
<

n
1
16 .

Therefore, from (3.41)-(3.43), for all

n ≥ max

{⌈
e

3+3α−2 log 8
2+2α

⌉
,
⌈
e

2 log 8−3−3α
2+2α

⌉
,

⌈
e

3
π2 +11(1+α)−6 log 8

6+6α

⌉
,

⌈
e

6 log 8−11(1+α)− 3
π2

6+6α

⌉
,
⌈
(12 + 12α)227

⌉
}

=: N
[2]
2 (α),

it follows that

max
0≤k≤4

{|c[2]k (α, n)|} < n
1
16 . (3.44)

Finally from (3.40) and (3.44), for all n ≥ max{N [1]
2 (α), N

[2]
2 (α)} =: N2(α), we get

max
0≤k≤4

{|c[1]k (α, n)|, |c[2]k (α, n)|} < n
1
16 . (3.45)

Now we present the proof of Theorem 1.12 using (3.31)-(3.36).

3.2. Proof of Theorem 1.12. Rewrite (1.19) in terms of uα(n) as follows

4(1− uα(n))(1 − uα(n + 1)) < (1− uα(n)uα(n+ 1))2. (3.46)

From Theorem 3.5, it is clear that uα(n) > 1 and so is uα(n+1). Therefore, in order to prove

(3.46), it is equivalent to show that

4(uα(n)− 1)(uα(n+ 1)− 1) < (uα(n)uα(n+ 1)− 1)2.

From Theorem 3.5 and (3.31)-(3.36), we know that for all n ≥ max{Ñ(α), N1(α)},

4(uα(n)− 1)(uα(n+ 1)− 1) < 4(U(n, α) − 1)(U1(n, α)− 1) < 4(U∗(n, α)− 1)(U∗
1 (n, α)− 1)

and

(uα(n)uα(n+ 1)− 1)2 > (L(n, α)L1(n, α)− 1)2 > (L∗(n, α)L∗
1(n, α)− 1)2.

Therefore to prove (3.46), it is sufficient to prove that

4(U∗(n, α)− 1)(U∗
1 (n, α)− 1) < (L∗(n, α)L∗

1(n, α)− 1)2. (3.47)
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Following (3.31) and (3.34), it follows that

(U∗(n, α) − 1)(U∗
1 (n, α) − 1)

=

(
1

n
5
2

4∑

k=0

c
[1]
k (α, n)
√
n
k

+
1

n
19
4

)(
1

n
5
2

4∑

k=0

c
[2]
k (α, n)
√
n
k

+
1

n
19
4

)

=
1

n5
·

4∑

k=0

c
[1]
k (α, n)
√
n
k

·
4∑

k=0

c
[2]
k (α, n)
√
n
k

+
1

n
29
4

(
4∑

k=0

c
[1]
k (α, n) + c

[2]
k (α, n)

√
n
k

)
+

1

n
19
2

=
1

n5

(
4∑

k=0

k∑

m=0

c
[1]
m (α, n) · c[2]k−m(α, n)

√
n
k

+
1

n
5
2

3∑

k=0

3∑

m=k

c
[1]
m+1(α, n) · c

[2]
4+k−m(α, n)

√
n
k

)

+
1

n
29
4

(
4∑

k=0

c
[1]
k (α, n) + c

[2]
k (α, n)

√
n
k

)
+

1

n
19
2

=
1

n5

4∑

k=0

k∑

m=0

c
[1]
m (α, n) · c[2]k−m(α, n)

√
n
k

+
1

n
15
2

3∑

k=0

3∑

m=k

c
[1]
m+1(α, n) · c

[2]
4+k−m(α, n)

√
n
k

+
1

n
29
4

(
4∑

k=0

c
[1]
k (α, n) + c

[2]
k (α, n)

√
n
k

)
+

1

n
19
2

=: M1(n, α) + E [1]
1 (n, α) + E [2]

1 (n, α) +
1

n
19
2

. (3.48)

First we give an upper bound for
∣∣∣E [1]

1 (n, α)
∣∣∣ as

∣∣∣E [1]
1 (n, α)

∣∣∣ ≤ 1

n
15
2

3∑

k=0

3∑

m=k

|c[1]m+1(α, n)| · |c
[2]
4+k−m(α, n)|

√
n
k

≤ 1

n
15
2

3∑

k=0

3∑

m=k

n
1
8

√
n
k

(by (3.45)) ≤ 1

n
15
2

3∑

k=0

3∑

m=k

n
1
4

√
n
k

≤ 1

n
15
2

3∑

k=0

3∑

m=k

n
1
4 (as n ≥ 1) =

10

n
29
4

. (3.49)

Next we estimate an upper bound for
∣∣∣E [1]

2 (n, α)
∣∣∣ as

∣∣∣E [1]
2 (n, α)

∣∣∣ ≤ 1

n
29
4

(
4∑

k=0

|c[1]k (α, n)| + |c[2]k (α, n)|
√
n
k

)

≤ 1

n
29
4

4∑

k=0

2 · n 1
16

√
n
k

(by (3.45)) ≤ 2

n
29
4

4∑

k=0

n
1
8 (as n ≥ 1)

=
10

n
57
8

. (3.50)
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Applying (3.49) and (3.50) to (3.48), we get for all n ≥ max{N2(α), 257},

4(U∗(n, α) − 1)(U∗
1 (n, α) − 1) < 4M1(n, α) + 4

(
10

n
29
4

+
10

n
57
8

+
1

n
19
2

)
< 4M1(n, α) +

60

n
57
8

,

(3.51)

where in the last inequality we have used the fact that for all n ≥ 257, 4
(

10

n
29
4
+ 10

n
57
8
+ 1

n
19
2

)
<

60

n
57
8
. Following (3.33) and (3.36), it follows that

L∗(n, α) · L∗
1(n, α)− 1

=

(
1 +

1

n
5
2

4∑

k=0

c
[1]
k (α, n)
√
n
k

− 1

n
19
4

)(
1 +

1

n
5
2

4∑

k=0

c
[2]
k (α, n)
√
n
k

− 1

n
19
4

)
− 1

=
1

n
5
2

4∑

k=0

c
[1]
k (α, n) + c

[2]
k (α, n)

√
n
k

+
1

n5
·

4∑

k=0

c
[1]
k (α, n)
√
n
k

·
4∑

k=0

c
[1]
k (α, n)
√
n
k

− 1

n
29
4

4∑

k=0

c
[1]
k (α, n) + c

[2]
k (α, n)

√
n
k

− 2

n
19
4

+
1

n
19
2

=
1

n
5
2

4∑

k=0

c
[1]
k (α, n) + c

[2]
k (α, n)

√
n
k

+
1

n5

4∑

k=0

k∑

m=0

c
[1]
m (α, n) · c[2]k−m(α, n)

√
n
k

+
1

n
15
2

3∑

k=0

3∑

m=k

c
[1]
m+1(α, n) · c

[2]
4+k−m(α, n)

√
n
k

− 1

n
29
4

4∑

k=0

c
[1]
k (α, n) + c

[2]
k (α, n)

√
n
k

− 2

n
19
4

+
1

n
19
2

=: M[1]
2 (n, α) + E [1]

1 (n, α)− E [2]
1 (n, α)− 2

n
19
4

+
1

n
19
2

, (3.52)

where

M[1]
2 (n, α) =

1

n
5
2

4∑

k=0

c
[1]
k (α, n) + c

[2]
k (α, n)

√
n
k

+
1

n5

4∑

k=0

k∑

m=0

c
[1]
m (α, n) · c[2]k−m(α, n)

√
n
k

=
1

n
5
2

(
4∑

k=0

c
[1]
k (α, n) + c

[2]
k (α, n)

√
n
k

+

4∑

k=0

k∑

m=0

c
[1]
m (α, n) · c[2]k−m(α, n)

√
n
k+5

)

=
1

n
5
2

(
4∑

k=0

c
[1]
k (α, n) + c

[2]
k (α, n)

√
n
k

+
9∑

k=5

k∑

m=5

c
[1]
m−5(α, n) · c

[2]
k−m(α, n)

√
n
k

)

=:
1

n
5
2

9∑

k=0

d
[1]
k (α, n)
√
n
k

, (3.53)

with

d
[1]
k (α, n) =





c
[1]
k (α, n) + c

[2]
k (α, n), if 0 ≤ k ≤ 4,

k∑

m=5

c
[1]
m−5(α, n) · c

[2]
k−m(α, n), if 5 ≤ k ≤ 9.

(3.54)
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Applying (3.49) and (3.50) to (3.53), we have for all n ≥ max{N2(α), 4},

L∗(n, α) · L∗
1(n, α)− 1 > M[1]

2 (n, α)−
(

10

n
29
4

+
10

n
57
8

+
2

n
19
4

− 1

n
19
2

)
> M[1]

2 (n, α)− 3

n
19
4

,

(3.55)

where in the last inequality we have used the fact that for all n ≥ 4, 10

n
29
4
+ 10

n
57
8
+ 2

n
19
4
− 1

n
19
2

<

3

n
19
4
.

Applying (3.45) to (3.54), we get

max
0≤k≤4

{∣∣∣d[1]k (α, n)
∣∣∣
}
≤ 2 · n 1

16 and max
5≤k≤9

{∣∣∣d[1]k (α, n)
∣∣∣
}
≤ 5 · n 1

8 ,

and so

max
0≤k≤9

{∣∣∣d[1]k (α, n)
∣∣∣
}
≤ 5 · n 1

8 . (3.56)

Now we estimate
(
M[1]

2 (n, α)− 3

n
19
4

)2
by splitting it in the following way

(
M[1]

2 (n, α)− 3

n
19
4

)2

=
(
M[1]

2 (n, α)
)2

− 6

n
19
4

·M[1]
2 (n, α) +

9

n
19
2

=
1

n5
·

9∑

k=0

d
[1]
k (α, n)
√
n
k

·
9∑

k=0

d
[1]
k (α, n)
√
n
k

− 6

n
29
4

·
9∑

k=0

d
[1]
k (α, n)
√
n
k

+
9

n
19
2

=
1

n5

(
9∑

k=0

k∑

m=0

d
[1]
m (α, n) · d[1]k−m(α, n)

√
n
k

+
1

n5
·

8∑

k=0

8∑

m=k

d
[1]
m+1(α, n) · d

[1]
9+k−m(α, n)

√
n
k

)

− 6

n
29
4

·
9∑

k=0

d
[1]
k (α, n)
√
n
k

+
9

n
19
2

=
1

n5

4∑

k=0

k∑

m=0

d
[1]
m (α, n) · d[1]k−m(α, n)

√
n
k

+
1

n5

9∑

k=5

k∑

m=0

d
[1]
m (α, n) · d[1]k−m(α, n)

√
n
k

+
1

n10
·

8∑

k=0

8∑

m=k

d
[1]
m+1(α, n) · d

[1]
9+k−m(α, n)

√
n
k

− 6

n
29
4

·
9∑

k=0

d
[1]
k (α, n)
√
n
k

+
9

n
19
2

=: M2(n, α) + E [1]
2 (n, α) + E [2]

2 (n, α)− E [3]
2 (n, α) +

9

n
19
2

. (3.57)
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Estimating an upper bound for
∣∣∣E [1]

2 (n, α)
∣∣∣ as

∣∣∣E [1]
2 (n, α)

∣∣∣ ≤ 1

n5

9∑

k=5

k∑

m=0

∣∣∣d[1]m (α, n)
∣∣∣ ·
∣∣∣d[1]k−m(α, n)

∣∣∣
√
n
k

≤ 1

n
15
2

9∑

k=5

k∑

m=0

∣∣∣d[1]m (α, n)
∣∣∣ ·
∣∣∣d[1]k−m(α, n)

∣∣∣

≤ 25

n
15
2

9∑

k=5

k∑

m=0

n
1
4 (by (3.56))

=
1375

n
29
4

. (3.58)

Next, we compute an upper bound for
∣∣∣E [2]

2 (n, α)
∣∣∣ as

∣∣∣E [2]
2 (n, α)

∣∣∣ ≤ 1

n10

8∑

k=0

8∑

m=k

∣∣∣d[1]m+1(α, n)
∣∣∣ ·
∣∣∣d[1]9+k−m(α, n)

∣∣∣
√
n
k

≤ 1

n10

8∑

k=0

8∑

m=k

∣∣∣d[1]m+1(α, n)
∣∣∣ ·
∣∣∣d[1]9+k−m(α, n)

∣∣∣ ≤ 25

n10

8∑

k=0

8∑

m=k

n
1
4 (by (3.56))

=
1125

n
39
4

. (3.59)

Finally, for
∣∣∣E [3]

2 (n, α)
∣∣∣, we get

∣∣∣E [3]
2 (n, α)

∣∣∣ ≤ 6

n
29
4

·
9∑

k=0

∣∣∣d[1]k (α, n)
∣∣∣

√
n
k

≤ 30

n
29
4

·
9∑

k=0

n
1
8 =

300

n
57
8

. (3.60)

Applying (3.58)-(3.60) to (3.57), it follows that for all n ≥ max{N2(α), 761}
(
M[1]

2 (n, α)− 3

n
19
4

)2

> M2(n, α)−
1375

n
29
4

− 1125

n
39
4

− 300

n
57
8

+
9

n
19
2

> M2(n, α) −
900

n
57
8

,

and consequently from (3.55), we have for all n ≥ max{N2(α), 761},

(L∗(n, α) · L∗
1(n, α) − 1)2 > M2(n, α)−

900

n
57
8

. (3.61)

Finally, to prove (3.47), from (3.51) and (3.61), it remains to show that

M2(n, α)− 4M1(n, α) >
960

n
57
8

. (3.62)

Computing with Mathematica, we have checked that M2(n, α) − 4M1(n, α) = 225π2

64n7 , and

hence for all n ≥ 343361460986, (3.62) holds. Therefore, for all

n ≥ max
{
Ñ(α), N1(α), N2(α), 343361460986

}
=: NT (α), (3.63)

we get (3.47) and hence conclude the proof of (3.46).
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4. Conclusion

We conclude this paper by considering the following problem:

Problem 4.1. Let α be a non-negative real number. Does the sequence
{

n
√

p(n)/nα
}
n≥N(α)

is infinitely log-convex? Moreover, if it is infinitely log-convex, then what about the growth

of N(α)?
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