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1. Introduction

The main objective of this paper is to prove some combinatorial sequences satisfy the
Laguerre inequality of order 2.

The Laguerre inequality [28] arises in the study of the real polynomials with only real
zeros and the Laguerre-Pdlya class consisting of real entire functions. Recall that a real
entire function

o0 k
T
v =Y (1)
k=0
is said to be in the Laguerre-Pdlya class, denoted ¥ (x) € LP, if it can be represented in
the form
5 oo
Y(x) = cagMe 0T TP H (14 2/xy) e /=", (1.2)
k=1

where ¢, 3, z are real numbers, a > 0, m is a nonnegative integer and Zac,f < 0. For
more background on the theory of the LP class, we refer to [31] and [37].

One of the celebrated inequalities found in the literature of Laguerre-Pélya class is
Turan inequality

ap > Qp—10k41-
Note that a sequence {ay}r>0 satisfying the Turdn inequality is also called log-concave

sequence. Pdlya and Schur [36] proved that the Maclaurin coefficients of ¢(x) in the LP
class satisfy the Turdn inequality

Ve = Vh—1Vht1 = 0 (1.3)
for k > 1. Given a sequence {an }n>0, for n > 1, let
Ti(n) = a? — an_ 10041,
and for k > 2 and n > k, let
Ti(n) = Th_1(n)? = Th1(n — DTj_1(n + 1).
A sequence {ay, }n>0 is said to satisfy the double Turdn inequality if T3 (n) > 0 for n > 1
and Tp(n) > 0 for n > 2. In general, {a,}n>0 is said to satisfy the [th order iterated

Turdn inequality if, for 1 < k <[ and n > k, we have Tj(n) > 0. Csordas [11] proved that
the Maclaurin coefficients of t(z) in the LP class satisfy the double Turdn inequality.
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Note that the Turdn inequality and the double Turan inequality are consistent with
log-concavity and 2-log-concavity in combinatorics, see [1,2].

Dimitrov [17] studied that for a real entire function ¢ (z) in the LP class, the Maclaurin
coeflicients satisfy the Turdn inequality of order 2

Ay - ’Yk—l’Yk+1)(’YI§+1 — W Yrr2) — (VeVrs1 — Ve—1Vk42)% > 0 (1.4)

for k > 1. Note that this inequality was first observed by Pélya and Schur [36]. Tt is
well known that the Riemann hypothesis holds if and only if the Riemann £-function
belongs to the LP class. Hence, if the Riemann hypothesis is true, then the Maclaurin
coefficients of the Riemann £-function satisfy both the Turan inequality and the Turan
inequality of order 2. Csordas, Norfolk and Varga [12] proved that the coefficients of the
Riemann &-function satisfy the Turdn inequalities. And Dimitrov and Lucas [18] showed
that the coefficients of the Riemann &-function satisfy the Turan inequalities of order 2
without the Riemann hypothesis.
Recall that if a polynomial f(x) satisfies

Fl(@)? = f@)f"(z) = 0, (1.5)

then it is called to satisfy Laguerre inequality. Laguerre [28] stated that if f(z) is a poly-
nomial with only real zeros, then the Laguerre inequality holds for f(z). Gasper [22] used
it as an important tool to deal with the positivity of special function. Laguerre stated that
the Laguerre inequality is intimately relative with Riemann hypothesis. Actually, one can
see that the Turdn inequality of 7y is equivalent to the Laguerre inequality of ¥ (x).

In 1913, Jensen [27] found an n-rd generalization of the Laguerre inequality

2n

L(f@): =5 30 () 7@ 2 (16)

k=0

where f*(x) denotes the kth derivative of f(x). It yields the classical Laguerre inequality
for n = 1. Patrick [34,35] used (1.6) to obtain Turdn-type inequalities, which hold for
some fixed values of x and have essentially the same form

2n _1\n+k n
% <2k: )Uk(l’)Ugnk(l‘) >0, (1.7)
k=0

for which the sequences of functions u,, = u, (x) arise as Taylor coefficients of a function
in the Laguerre-Pélya class, that is,

Sty = w(e), (18)
n=0 '

where 1(z) is of the form (1.2).
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For k =1, (1.7) is the interesting and much studied Turdn inequality

(tn41(2))* = tn (@)tn12(x) 2 0, n > 0.

Skovgaard [38] showed that for such sequences {uy, },>0 the Turdn inequality is a conse-
quence of the Laguerre inequality. Csordas and Escassut [11] investigated the inequalities
L,(f(z)) > 0 and related Laguerre-type inequalities. Some further generalizations and
allied inequalities can be found in [3,9,10,16,21].

Let the sequence {y(n)} defined by

(=1 +42%)A (% + z> = i %22", (1.9)
n=0 ’

where A(s) = m~%/2T'(s/2)((s) = A(1 — s). We say that a polynomial with real coef-
ficients is hyperbolic if all of its zeros are real, and where the Jensen polynomial of
degree d and shift n of an arbitrary sequence {(0), a(1),a(2),...} of real numbers is
the polynomial

Jhn .= zd: (;_l>a(n +4)X7.

=0

Building on work of Jensen [27], Pélya and Schur [36] showed that the Riemann
hypothesis is equivalent to the function (—1+422)A (% + z) being in the Laguerre-Pdlya
class, is equivalent to (n) satisfying all of the Turdn inequalities of order m and is
equivalent to all of the associated Jensen polynomials having all real roots. Apart from
this, Csordas and Varga [13] showed that the Riemann hypothesis is equivalent to the
function (—1+422)A (% + z) satisfying all of the Laguerre inequalities of order m. More
properties of the Jensen polynomials can be found in [9,12,13].

Motivated by these results, we consider whether these inequalities hold for discrete
sequences. Let us first consider the partition function. Recall that a partition of a positive
integer n is a nonincreasing sequence (A1, Mg, ..., A;) of positive integers such that A\; +
A2 + -+ + A = n. Let p(n) denote the number of partitions of n. Nicolas [33], DeSalvo
and Pak [15] independently showed that p(n) is log-concave for n > 25. DeSalvo and
Pak also proved the following two conjectures proposed by Chen [4],

p(n—1) 1 p(n)
o) (1 + ﬁ) > Pt D) forn > 2, (1.10)
and
p(n)? —p(n —m)p(n+m) >0 forn>m > 1. (1.11)

They also conjectured that for n > 45,
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p(n— 1) . p(n)
o() (1 * mw) eE)

Chen, Wang and Xie [8] showed the positivity of this conjecture and further gave the

(1.12)

upper and lower bound for m-rd difference of log p(n).

Chen [5] proposed a bundle of conjectures on partition function p(n) and the An-
drews smallest parts function spt(n). Soon after, Dawsey and Masri [14] proved these
conjectures by establishing an asymptotic formula with an effective bound on the error
term for spt(n). Further, Dawsey and Masri proved that for every € > 0 there was an
effectively computable constant N(e) > 0 such that for all n > N(e), we have

V6

™

Vipta) < sptn) < (L2 +.) V.

The Turdn inequality of order 2 of p(n) is one of the most important conjecture.
Recently, Chen, Jia and Wang [7] showed that for n > 95, p(n) possess the Turan
inequality of order 2, i.e.,

4(p(n)*—p(n—1)p(n+1))(p(n+1)>—p(n)p(n+2)) - (p(n)p(n+1)—p(n—1)p(n+2))* > 0.

As a corollary, the cubic polynomial
p(n — 1)+ 3p(n)z + 3p(n + 1)a* + p(n + 2)a°

has three distinct real zeros for n > 95. Chen, Jia and Wang also proposed a conjecture
that for any positive integer m > 4, there exists a positive integer N(m) such that for
any n > N(m), the polynomial

i (Z‘) p(n + k)a*

k=0

has only real zeros. Griffin, Ono, Rolen and Zagier [23] proved this conjecture by estab-
lishing the relation between the Jensen polynomials associated with p(n) and Hermite
polynomials. In fact, they gave the following more generalized theorem.

Theorem 1.1 (Griffin, Ono, Rolen and Zagier). Let {a(n)}, {A(n)}, and {6(n)} be three
sequences of positive real numbers with §(n) tending to zero and satisfying

OM:n‘— n)?252 + o(8(n)?) as n—
tog (M) — A = 000252 + o(80)") a3 o,

for some integer d > 1 and all 0 < j < d. Then, we have

lim (Mjg)" (LL)X - 1)) = Hy(X),

n—oo \ a(n) exp(A(n))
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uniformly for X in any compact subset of R, where

d
d ,
ngn = Z ( >a(n +])X.77
— \J
J
and Hermite polynomials Hy(X) be defined by the generating function
S t —t24 Xt 2 t2 3 3
ZHd(X)a:e =1+ Xt+ (X —2)5+(X —6X)§+-..
d=0

Griffin, Ono, Rolen and Zagier [23] verified both the p(n) and the Maclaurin coeffi-
cients of the Riemann &-function have this form. As consequences, the above conjecture
holds and the Jensen polynomials associated with the Riemann £-function have only real
zeros as sufficiently large n. Based on the above work [23], Griffin, Ono, Rolen, Thorner,
Tripp, and Wagner [24] made this approach effective for the Riemann &-function. For
more log-behavior of p(n), see [25,26,29].

Moreover, some other discrete sequences, such as the Motzkin numbers, the Fine
numbers, the Franel numbers of order 3 and the Domb numbers, are log-convex, not
log-concave. Thus they definitely do not satisfy the Turan inequality of order 2. Despite
all this, Wang [40] proved that Turdn inequality of order 2 holds for the sequences
{an/n!}n>0, where a,, are the Motzkin numbers, the Fine numbers, the Franel numbers
of order 3 and the Domb numbers.

In this paper, we concern with whether the discrete sequences have the similar results
with Laguerre inequality of order m. We first define a sequence {a, }»>¢ satisfies Laguerre
inequality of order m if

18 b [ 2T
Lm(an): = 3 > (1) i R (1.13)
k=0

For m = 1, the above inequality reduces to
2
Gy — Ap—10n+41 > 07

i.e., the log-concavity of {a,}n>0. In the remaining of this paper, we will concern
with the case m = 2 and show that the partition function, the overpartition func-
tion, the Bernoulli numbers, the derangement numbers, the Motzkin numbers, the Fine
numbers, the Franel numbers and the Domb numbers possess Laguerre inequality of
order 2.

Remarks. Wagner [39] recently proved that p(n) satisfied all of the Laguerre inequalities
of order m as n — oo and proposed a conjecture on the thresholds of the m-rd Laguerre
inequalities of p(n) for m < 10. He did not mention the Laguerre inequality of order m for
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overpartition. Dou and Wang [19] gave an explicit bound N(m) such that for n > N(m),
p(n) satisfies the Laguerre inequalities of order m for 3 < m < 10. As consequences, the
case m = 3 and 4 of Wagner’s conjecture have been proved.

2. Partition function

In this section, we begin with partition function p(rn). We will show the Laguerre
inequality of order 2 is true for p(n).

Theorem 2.1. Let p(n) denote the partition function. For n > 184, we have
3p(n +2)% —4p(n + 1)p(n + 3) + p(n)p(n +4) > 0. (2.1)
Proof. In order to prove the above theorem, let

p(n = Dp(n +1)

Uy = ()2 ) (2.2)
one can easily deduce that Theorem 2.1 is equivalent to that for n > 183,
3 — Uyt + Uny1Ung3ts o > 0. (2.3)
For convenience, denote
$(n) = Up41Unts, (2.4)
and (2.1) can be restated as
s(n)up o — 4tpio +3 > 0. (2.5)
Let
F(t) = s(n)t* — 4t + 3. (2.6)
To prove (2.5), we need to show that
F(upq2) > 0. (2.7)

Since the equation F'(¢) = 0 has two solutions

2—+/4-3
Tk L) R
s(n)
From the definition of s(n), it is easily seen that 0 < s(n) < 1 for n > 25. Thus, F(¢) is
positive when t < t1 or t > to.
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To verify (2.7), we aim to show that for n > 1207,

2—/4—3s(n)
nt2 <l = —————. 2.8
Un+2 1 S(Tl) ( )
For this aim, we need find a function g(n) satisfying
Unto < g(n+2) < 1. (2.9)

Lehmer [30] constructed the following notation to provide an error term for the partition
function, and Chen, Jia and Wang [7] adopted it to state sharper bounds for u,,.

m24n — 1
pln) =

Let r = pu(n 4+ 3), j = u(n + 4) and quote the equation as used in [7]:

iL’:,U,(Tlfl), y:,LL(TL), Z:M(n+1)v w:ﬂ(n+2)v (210)
and
24
Tr— z B
f(n) = "2Vt W (2.11)
24
g(n) = er‘zy“%, (2.12)
where
alt) =t — 1 41, B(t) =t -1 —1. (2.13)

Notice that employing Rademacher’s convergent series and Lehmer’s error bound, Chen,
Jia and Wang [7] proved the following inequality.

Theorem 2.2 (Chen, Jia and Wang). For n > 1207,
f(n) <u, < gn). (2.14)
This theorem stated that
Uny2 < g(n+2),

i.e., the first inequality of (2.9) holds. Thus, in the remaining of this section, we will
focus on the second inequality of (2.9), which can be rewritten as

s(n)g(n +2)? —4g(n+2) +3 > 0. (2.15)
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To verify it, we first need to give a lower bound for s(n), which plays an important
role in (2.5) and the proof of Theorem 2.1
Setting

si(n) = f(n+1)f(n+3), (2.16)
from Theorem 2.2, we get the following lower bound for s(n).
Corollary 2.3. For n > 1207, we have
s1(n) < s(n). (2.17)
To prove (2.15), it suffices to show that for n > 1207,
s1(n)g(n+2)? —4g(n +2) +3 > 0. (2.18)
From the definition (2.16) of s1(n), we can rewrite the above inequality as
fn+1)f(n+3)g(n+2)? —4g(n+2) +3 > 0. (2.19)

Substituting (2.10) and (2.13) into (2.11) and (2.12), we have

w)z24
ot 1) = e SIS
f(n+3) = e“’—2T+3M
12(1(7“)2’
gn+2)= o7 2wt a(z)a(r)w?

2127123()2
Simplifying the left-hand side of the inequality (2.19) leads to

hley—2w+j _ 4h262—2w+r + 3hs

s1(n)g(n+2)* —4g(n+2)+3 = (2.20)

hs ’
where
hi = B(y)B(j)w*2"?r'?, (2.21)
hy = a(z)a(r)w'y'j'2, (2.22)
h3 _ B(w)2y122127“12j12 (2.23)

Now we proceed to prove the numerator of (2.20) is positive for n > 2. Since hs is
positive for all n > 1, we only need to prove
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For this aim, we need to estimate hi, ho, ks, e "2t and e
the estimates of y, z,r and j by the following equalities. For n > 2,

hley—2w+j

— 4hge* 2wt £ 3hs > 0.

z—2w—+r

— w2_4_ﬂ-22_ wQ_ET-_ ’LU2+E_ w2+ﬁ
y_v 37_~) 37_\/ 37]_“ 3

We can obtain the following expansions easily,

272 ot 476 1078 28710
Yy=w-— 5 — o — - - +0
3w 9w 27w®  8lw”  243w°
2 7 76 58 710
2 =W - — — — — _
3w 18w3  54wd  648w7  1944w®
4 2 v + 76 58 n 7710
r= — = —
YT 3w T 18wt T 54wS  648wT | 1944uP
w 272 2 476 1078 n
TR0 T 9wt T 27ws  8lwT | 243w

+0

It can be checked that for n > 17,

where

Yp=w— o = e

22
3w
22
3w
2
Z1=w—— —
3w
2
29 =W — — —
3w
2
r=w4+ o— —
3w
-
ro =w+ -— —

3w

Y1 <y <y,
21 < 2 < z9,

ry<r<rog,

28710 1

J1<j <Ja

27t 476 1078 20710
w3 27wS  8lw?  243w9’
2t 476 1078 28710
9w3  27wS  8lw?”  243w9’
7l 76 58 810
18w3  B5dwS  648w”  1944w?9’
7t 76 58 710
18w3  B5dwS  648w”  1944w9’
7l n 76 58
18w3  5dwS  648w7’

7 76 58 710

3+ - =+ ,

18w 54wb  648w7 1944w

(2.24)

. We prefer to give

(2.25)
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. n 272 o 476 1078
-w+ — - —— - -
J 3w 9w | 27wd  8lw

. n 272 o7t n 476 1078 n 28710
=w+—-—-— — .
2 3w 9w | 2Twd  8lw’ ' 243w”

Applying (2.26), (2.27), (2.28) and (2.29) to the definition (2.13) of «(t) and S(t), we
obtain that for n > 17,
20—l <alz) <29 — 228 41,

(
O —rr® 11 < afr) <m0 —rr® 41,

) y . (2.30)
v =y — 1< By) <y =yt -1,
30 = 2" = 1< BG) <50 = gt - L

It follows that
hi > ("0 —yoy® — 1) (710 — joj® — 1) w2212, (2.31)
ho < (210 — 228+ 1) (7“10 —rr® 4+ 1) wyt2512, (2.32)

Next we turn to estimate e¥~2“%J and e*~2¥*". By (2.26), (2.27), (2.28) and (2.29),
we can see that for n > 17,

y1—2w+j1 <y—2w+j <y — 2w+ ja, (2.33)
21 —2w+r <z—2w-+r <z —2w+ra, (2.34)
which implies that
eV1 72w Hi oy 2] o py2—2wtie (2.35)
e 2wl o p2—2wdr o jza—2wtTy (2.36)

In order to give a feasible bound for e¥~2**J and e*~2“*", we define

2 t3 t4
o(t) =1 — 4 =4 — 2.37
(t) +t+2+6+24, ( )

2 t3 t4 t5

t
=1 . 2.38
é(t) +t+2+6+24+120 (2.38)

It can be checked that for ¢ < 0,
B(t) < et < ®(2). (2.39)

To apply this result to (2.35) and (2.36), we have to show that both yo — 2w + j5 and
zo — 2w + ro are negative. By straightforward calculation, one can get that
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4qr (57T4 + 9w4)
81w’

7 (571'4 + 36w4)
324w7

b

Y2 — 2w+ j2 = —

Zo — 2w+ Ty = —

Obviously, for n > 2, both yo — 2w + j2 and zo — 2w + ro are negative. Thus, applying
(2.39) to (2.35) and (2.36), we obtain that for n > 17,

D(y1 — 2w + j1) < €V < B(yy — 2w + ja), (2.40)
P21 — 2w+ 1) < 72T < B(z9 — 2w + 19). (2.41)

Now, we proceed to prove (2.24). For convenience, let
A(w) = hye¥ 72— 4hye* 2T 4 3hg, (2.42)

we need to show the positivity of A(w). Making use of (2.31), (2.32), (2.40) and (2.41),
we obtain that for n > 17,

A(w) > (ylo _ y2y8 _ 1) (le _j2j8 _ 1) w24212r12¢(y1 — 2w _'_.71)
—4 (210 — 228+ 1) (rlo —rr 4 1) w24y12j12<1>(22 — 2w+ 1)

+ 3,8(w)2y12z12r12j12.

Substituting y, z,r and j with \/wQ — %, \/w2 - %, \/w2 + % and \/w2 + %,
respectively, we can rewrite the right-hand side of the above inequality as

91
S art" (2.43)
215351 5,,,29 ’ :

where aj are known real numbers, and the values of ag1, agg, agg are given below,
g = 216388578 gg = —21534853,8 o0 — 91831952,8
Thus, for n > 17, we have

91 k
Lk=o Uk (2.44)

Alw) > S5,

As w is positive for n > 1, we have that

91 90
Z akwk > Z f|ak|wk + (191’[091. (245)
k=0 k=0
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Thus, to get (2.44), we only need to show that for n > 1207,
90
Z —lax|w® + agiw? > 0. (2.46)

k=0

For 0 < k < 89, we find that

—lag|w® > —agow®® (2.47)

holds for w > </3625”1ig2%7;;0+5832 ~ 6.02. It follows that for w > 7,

91 90
E apw® > E —|ak|wk + agrw™*
k=0 k=0

(2.48)
> (—90&89 + agow + aglwz)wsg.
Combining (2.44) and (2.48), A(w) is positive provided
—90agg + agow + 119111)2 >0, (249)

which is true if w > 80, or equivalently, if n > 971. Thus, we arrive at that (2.24) is
true for n > 1207, which implies (2.18). Combining (2.18) and (2.17), we obtain that for
n > 1207,

s(n)g(n+2)% —4g(n+2)+3>0. (2.50)

This proves the second inequality of (2.9).
On the other hand, it can be checked that (2.1) is also true for 184 < n < 1206. Thus
the proof of Theorem 2.1 is completed. W

3. Overpartition function

In this section, we turn to consider a generalization of partition, namely, the over-
partition. Recall that an overpartition of n is an ordinary partition of n with the added
condition that the first occurrence of any part may be overlined or not. For example,
there are eight overpartitions of 3:

3,3,24+ 1,24+ 1,24+ 1,2+ 1,1 +1+1,14+1+1
Engel [20] proved that for n > 2, overpartition function p(n) satisfied the Turdn

inequalities, that is, —A%logp(n) > 0 for n > 2. Wang, Xie and Zhang [41] proved the
positivity of finite differences of the overpartition function and gave an upper bound for



14 L.X.W. Wang, E.Y.Y. Yang / Advances in Applied Mathematics 139 (2022) 102357

A"p(n) and A" logp(n). Liu and Zhang [32] showed that the Turdn inequality of order
2 is true for p(n).

Now we will prove the overpartition function satisfies the Laguerre inequality of or-
der 2.

Theorem 3.1. Let p(n) denote the overpartition function. For n > 7, we have
3p(n +2)% — 4p(n + 1)p(n + 3) + p(n)p(n +4) > 0. (3.1)
Proof. In order to prove the above theorem, let

_ p(n—=1p(n+1)

Up = 5n)? (3.2)
one can easily deduce that Theorem 3.1 is equivalent to that for n > 7,
3 — dlippo + Unt1Ungsiin, g > 0. (3.3)
For convenience, we denote
5(n) = Upt+1Unts, (3.4)
and hence (3.1) can be rewritten as
5(n)iz g — Alinso +3 > 0. (3.5)
Let
Q(z) = 5(n)x?® — 4z + 3. (3.6)
To prove (3.5), we need to show that
Q(ln42) > 0. (3.7)

Since the equation Q(x) = 0 has two solutions

2 —/4—-35(n) and m2:2+ 4 —35(n)

T =
From the definition of §(n), it is easily seen that 0 < §(n) < 1 for n > 2. Thus, Q(z) is
positive when = < x1 or = > xs.
To verify (3.7), we aim to show that for n > 55,

B 2 —+/4—3s(n)
lUpyo <T1 = ————————
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Similar to the proof of Theorem 2.1, we need to find a function g(n) satisfying
Unt2 < g(n+2) < x1. (3.9)

To this aim, we adopt the following notation which constructed by Engel [20] to
provide an error term for the overpartition function

Let 7 = ji(n + 3), j = ji(n + 4) and adopt the following notation as used in [32]:

T=pn—-1), y=pn), z=pn+1), w=jaln+2), (3.10)
and
14530\ 3
Fln) = a2+ yﬂigz)(igj)’ (3.11)
g(n) = 6#2%5%, (3.12)
z7Z7B(y)
where
alt)y=t>—t*+1, Bt)=1t>—t'—1. (3.13)
Liu and Zhang [32] proved the following inequality.
Theorem 3.2 (Liu and Zhang). For n > 55,
f(n) <, < g(n). (3.14)

Thus the first inequality of (3.9) holds. Then we shall prove the second inequality of
(3.9), which can be rewritten as

5(n)g(n +2)% —4g(n+2) +3 > 0. (3.15)
To prove it, we need to give a lower bound for §(n). Denote
51(n) = f(n+1)f(n+3), (3.16)
from Theorem 3.2, we get the following lower bound for §(n).
Corollary 3.3. For n > 55, we have

s1(n) < s(n). (3.17)
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To prove (3.15), it suffices to show that for n > 55,
51(n)g(n +2)% —4g(n +2) +3 > 0.
From the definition (3.16) of $1(n), we can rewrite the above inequality as
fn+1)f(n+3)g(n+2)* —4g(n+2) +3 > 0.

Substituting (3.10) and (3.13) into (3.11) and (3.12), we have

JaTa(z)?
£ W—2747 48( 7)6(7)
fln+3) = e w737a(f)g ’
. s2a4r W A(2)A(T)
g(n+2) =20t TR

The left-hand side of the inequality (3.19) can be rewritten as

T e9—20+] _ g, eF—20+T h
51(n)g(n +2)* — 4g(n +2) +3 = — ~2¢ *5hs,

h3
where
hy = B(y)B()w =z,
hy = a(Z)a(r)w'y i,
hs = B(w)*y z" 77"

Since hs is positive for all n > 1, to prove (3.19) we have to prove

E16g72m+3 — 4]326272@%i + 3}_13 > 0.

(3.18)

(3.19)

(3.20)

(3.21)
(3.22)
(3.23)

(3.24)

For this aim, we need to estimate hy, ho, hs, €729+ and #2917 We prefer to give

the estimates of 7, Z, 7 and j by the following equalities. For n > 2,

§=w? - 212,z = /@? — 72,7 = /o +72,j = Va2 + 22

Expanding them leads to

(3.25)
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_ _ 772 7T4
Z=W— = — S— —
2w 8w3
_ 7+7T2 7T4
Tr=wT - - g=3
2w 8w3
- 7+7T2 71'4
J=w - — T
w 2w

It is easily seen that for n > 11,

where
P
1 —
w
I
Y2 —
w
_ _ 72
Z1=W— — —
2w
_ 72
29 =W — — —
2w
_ ,+7r2
m=wT 5=
2w
N
To =W+ s= —
2w
= _ 772
Nn=w-+ —
w
= _ 772
=W+ — —
w

Applying (3.26), (3.27), (3.28)
obtain that for n > 11,

17
76 58 710 1
— — — — — 4+ 0| — ],
16ws  128w7  256w? w10
76 58 710 1
— — — + —+ 0| — |,
16wS 128w = 256w? w10
n 76 58 710 L0 1
2wS 8w’ 8w w10
1 <y <Yz, (3.26)
21 < 2 < 29, (327)
r<r<ra, (328)
g1 < < Jja, (3.29)
7 76 578 710
“YTF T2 T 205 8ar | @9
- 7 76 58 710
- w3 2wS 8w’ Sw?’
w 70 58 5710
w3  16wd 128w7  128w?’
7 76 58 710
w3  16wS  128w7 256w’
7 76 58
w3 = 16wS 128w’
d 76 58 710
— + — — — + —,
w3  16w®  128w7 = 256w?
d 76 58
2w3  2wS 8w’
d 76 58 710
2w3  2wS  8wT  8w?’

and (3.29) to the definition (3.13) of a(t) and j(t), we

nzt -2 4 1<alz) <zt -2 +1,
mit = 1< ar) < it -+, (330)
nyt -yt = 1<) <yt -yt -1,
gt =it =1<B() <jejt =it - 1,
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which implies that

hi > (gt — y* = 1) (jug* — 3* — 1) w2 2577, (3.31)
hy < (222" — 24 4+ 1) (R — 7 + 1) 0" 5255255, (3.32)
hs > 1502125717515 B(w)2. (3.33)

We proceed to estimate €?~2%+7 and e*~2%+7. Combining (3.26), (3.27), (3.28) and
(3.29), we can see that for n > 11,

=20+ 51 <Y—20+j <P — 20+ jo, (3.34)
Z1—204+T <Z—-2w+T < 2Z9 — 2w+ 7o, (335)
which implies that
20T < 204 o P20tz (3.36)
QFL-R0HTL - E-20HT - Ea— 20+ (3.37)
In order to give a feasible bound for e?=2@+ and e*~2%+7" we define
_ t2 t3 t4
Pt)=1+t+—+—+— 3.38
M=1+t+L4L 0L (3.39)
- [l A A
) =1dhtt =+ =+ — +——. .
o(t) ++2+6+24+120 (3.39)
It can be checked that for ¢ < 0,
o(t) < et < d(t). (3.40)

To apply this result to (3.36) and (3.37), it suffices to prove that both i — 2w + jo and
Zy — 2w + T2 are negative. Straightforward calculation suggests

2 (5776 + A2t — 8@6)

— _ 2 — - —

Y2 — 2w+ )2 o )
_ o 7 (57* + 16w?)
BN = S

Obviously, for n > 2, both i3 — 2w + jo and Zy — 2w + 5 are negative. Thus, applying
(3.40) to (3.36) and (3.37), we get that for n > 11,

GG — 2w + 1) < V72 < B(gy — 20 + o), (3.41)
Az — 2w +71) < 20T < D(Zy — 2w + 7). (3.42)



L.X.W. Wang, E.Y.Y. Yang / Advances in Applied Mathematics 139 (2022) 102357 19

Now, we are in the position to prove (3.24). For convenience, let

A(®) = hye? 2t — 4Rye* 204" 4 3y, (3.43)

we need to show the positivity of A(w). Making use of (3.31), (3.32), (3.33), (3.41) and
(3.42), we obtain that for n > 11,

Aw) > (g —g* = 1) (ju* —j* = 1) 022770 (h1 — 20 + j1)
—4 (22— 2+ 1) (Pt — 7 + 1) 095050 R (22 — 20 + 72)

+ 3415°21 257,755, 5% B(w) 2.

Substituting ¥, z,7 and j with § = Vw2 — 2722 = Vw2 — 72,7 = Vw? + 72, and j =
Vw2 + 272, respectively, we can rewrite the right-hand side of the above inequality as

90 —
Zk:O a’kwk (3 44)
24731515537 :

where aj, are known real numbers, and the values of agg, agg, ags are given below,
ago = 2'731%,  agg = 2%15 (7% —2), ass = 2577 (20t — 67° +3) .

Thus, for n > 11, we have

A/ 220:0 apw”
As w is positive for n > 1, we have that
90 89
Z akﬂ;k > Z —|ak|u7k + ago’lf}go. (346)
k=0 k=0
Thus, to obtain (3.45), we only need to show that for n > 55,
89
> —laklwk + agow™ > 0. (3.47)
k=0
For 0 < k < 88, it can be seen that
—|ak|wk > —aggﬁisg (348)

holds for w > f\’/ 224”10*%%%?;52%:21@?0“271920 ~ 7.19. It follows that for w > 7,
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90 89
E akﬂ;k > E —|ak\u7k + ago’lf}go
k=0 k=0

(3.49)
> (*89&88 + aggw + agolf)z)wgs.
Combining (3.45) and (3.49), A(w) is positive provided
—89agg + agow + agow? > 0, (3.50)

which is true for w > 60.4, or equivalently, for n > 367. Thus, we arrive at that (3.24) is
true for n > 367, which implies (3.18). Combining (3.18) and (3.17), we obtain that for
n > 367,

5(n)g(n+2)% —4g(n+2) +3 > 0. (3.51)

This proves the right hand side of (3.9).
On the other hand, it can be checked that (3.1) is also true for 7 < n < 366. Hence
the proof of Theorem 3.1 is completed. W

4. Log-monotonicity and Laguerre inequality

In this section, we will concern with some other combinatorial sequences. Wang [40]
proved that for the Motzkin numbers, the Fine numbers, the Franel numbers of order 3
and the Domb numbers, the sequences {a,/n!},>o satisfy Turdn inequality of order 2
even though the sequences {ay}n>0 are not log-concave. These results encourage us to
consider whether the Laguerre inequality of order m holds for these sequences. In fact,
we find that the Laguerre inequality of order 2 is closely related to the Log-monotonic
of order 3 raised in a previous paper [6] of the first author.

An operator R on a sequence {ay }n>o in [6] is defined by

R{an}nZO = {bn}n207

where b, = ap+1/an, and then, we say that the sequence {ay}n>0 is log-monotonic of
order k if for r odd and not greater than k — 1, the sequence R"{ay }»>0 is log-concave
and for r even and not greater than k — 1, the sequence R"{ay }n>0 is log-convex. Now
we are in a position to prove the following theorem.

Theorem 4.1. If a sequence {an}n>0 is log-monotonic of order 3, then for n > 0, the
Laguerre inequality of order 2 holds for the sequence {ay}n>0, i-e.,

30%4_2 — 4an+1an+3 + ApQpta > 0. (41)
Proof. To verify (4.1), we aim to show that

3 —4dvpyo + vn+1vi+20n+3 > 0. (4.2)
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Since {an }n>0 is log-monotonic of order 3, we have v,,+1 = aza"“ is log-convex, i.e.,
Uniz < Uni1Uny3 (4.3)
Thus, to prove (4.2), it suffices to show that
3 —4vnqo + v, o > 0. (4.4)
Since
3 —dUpta + Vb0 = (Ung2 — 1)2 (V2,0 + 20042 + 3), (4.5)

which is apparently positive for v, 1o # 1, we arrive at (4.4). W

Chen, Guo and Wang [6] showed that the Bernoulli numbers are infinitely log-
monotonic. Zhu [42] proved that the sequences of the derangement numbers, the Motzkin
numbers, the Fine numbers, Franel numbers and the Domb numbers are log-monotonic
of order 3. Thus, by Theorem 4.1 we immediately deduce the following corollary.

Corollary 4.2. The sequences of the Bernoulli numbers, the derangement numbers, the
Motzkin numbers, the Fine numbers, the Franel numbers and the Domb numbers satisfy
the Laguerre inequality of order 2.
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