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Abstract. Let P, be the number of permutations w on [n] = {1,2,...,n}
such that the length of the longest increasing subsequences of 7 equals k,
and let Mo, be the number of matchings on [2n] with crossing number
k. Define P, (x) = >, P, xx® and My, (z) = >, Mo, xz®. We propose some
conjectures on the log-concavity and g-log-convexity of the polynomials P, (z)
and My, (x). We also introduce the notions of co-g-log-convexity and oo-g-
log-concavity, and the notion of higher order log-concavity with respect to
oo-g-log-convex or co-g-log-concavity. A conjecture on the oo-g-log-convexity
of the Boros-Moll polynomials is presented. It seems that Ms,(z) are log-
concave of any order with respect to co-g-log-convexity.
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1 The Conjectures

Let P,(x) and My, (x) be defined as in the abstract. We propose the following
conjectures.

Conjecture 1.1 P,(x) is log-concave for n > 1.

Conjecture 1.2 P,(x) is co-log-concave forn > 1.

Conjecture 1.3 The polynomial sequence {P,(x)} is strongly q-log-convez.
Conjecture 1.4 The polynomial sequence { P, ()} is 0o-q-log-convex.
Conjecture 1.5 My, (x) is log-concave for n > 1.

Conjecture 1.6 My, (x) is co-log-concave for n > 1.
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Conjecture 1.7 The polynomial sequence { Ma, ()} is strongly q-log-conver.

Conjecture 1.8 The polynomial sequence { Ma, ()} is 0co-q-log-convex. Fur-
thermore, the polynomials My, (x) are log-concave of any order with respect
to 0o-q-log-convexity.

The following conjecture is concerned with the Boros-Moll polynomials
[3, 4]. The log-concavity is established by Kauser and Paule [11].

Conjecture 1.9 The sequence of the Boros-Moll polynomials is 0o-q-log-
convex, and they are log-concave of any order with respect to 0co-q-log-convezity.

2 The Background

The longest increasing subsequences of permutations have been extensively
studied; see, for example, [1, 2, 6, 8, 14], in particular, the survey of Stanley
[20]. Baik, Deift and Johansson [1] have shown that the limiting distribution
of the coefficients of P,(x) is the Tracy-Widom distribution. The numbers
P, can be computed by Gessel’s theorem [8]. Let &,, be the symmetric
group on [n], and let is(7) be the length of the longest increasing subsequences
of . Define

up(n) = fH{we G, :is(w) <k}, (2.1)
Up(z) = Zuk(n)%, k> (2.2)
x2n+i
L(2r) = > e icZ. (2.3)
Theorem 2.1
Us(z) = det(I_;(22)),_,. (2.4)

Since P, = ug(n) — ug—1(n) for n > 1, we can use Gessel’s theorem to
compute P, j for small n. Here we list P,(z) for 1 <n < 18:



Ps(x) = o + 412° + 612° + 162" + 2°,

Ps(z) = o + 1312* + 3812° + 181x* + 252° + 25,

Py(z) = o + 42822 + 23322% 4 18212 + 4212° + 362° 4 27,

Py(z) = o + 14292 + 143372° + 175572* 4 61052° + 8412° + 492" + 2°
Py(z) = & + 48612% 4 894972 + 1674492 + 830292° + 164652° + 151327

+ 642% + 22,
Pyo(z) = o + 167952% + 5697942° + 16040982 + 11009022° + 2963262°
+ 3828127 + 25212° 4 812% + 2.
Py (x) = x + 5878527 + 37045042° + 155553982 + 145164262° + 5122877x°
+ 8748862" + 798612° + 39612 4+ 100z + 2
Pyy(x) = 2 + 20801122 + 245846932 + 1533159992 + 1924229792° + 871162832°
4 189433432" + 22508872° + 1533412° + 59412'0 + 1212 4 212
Pis(z) = x4 7428992% 4 1663356772 + 15389073062 + 25797256562
4+ 14773139762° 4 39908047527 + 593671012° 4 52132872° 4 2757052
+ 85812t + 1442 4 213
Pyy(x) = o + 267443927 4 11455336502 4 157434130762 + 350987179022°
4 25191909848x° + 83123179762" + 15080713842° + 1640603522°
+ 111104642 4 4699252 4 1201322 + 16923 + 2
Pis(z) = o + 96948442% + 80170982732 + 1641618157682 + 4855344471142°
+ 4341195874752° + 1729129775252 + 375583539002
4 49270071002° + 4104746252 + 221285762 + 7662212
+16381z" + 1962 + 2°
Pig(x) = x + 3535766922 + 569283645532° 4 17440496832132*
+ 68354095068412° + 75834613693732° + 3615907795025z
+ 9277161863252° 4 1439384552252 + 1435304540120 4 9472364255
+ 4166244122 4 12034412 + 218412 + 2252 4 2
Pi7(z) = x4 1296447892 + 4095581703612° + 188652099530452"
+ 979666033269932° + 1345334820453895 4 76340522760097 2"



4 229041114728252° + 41429475261012° + 4847485950812
+ 380941215612 4 20438229612'% + 747974172 + 1830561
+ 285612 + 2562'% + 2'7.
Pig(x) = x + 4776386992 + 2981386305018z° + 207591285198178z*
4 14294017635672262° + 24262990182703382° + 1631788075873114"
+ 5682094492662022° + 1185046148692142° + 160296151644462'°
+14701471027302'" 4 935746312422 + 41661738342
+ 1289224421 + 27083052 4 367212 + 2892 + 2'8.

One can check that P,(x) are log-concave for 1 < n < 18. We now recall
the notion of k-log-concavity; see, [11]. Define the operator £ which maps a
sequence {a;} of nonnegative numbers to a sequence {b;} given by

2
bi =a; — Q1G4 -

Then the log-concavity of the sequence {a;} is defined by the positivity of
L{a;}, namely, b; is nonnegative for all 7. If the sequence £{a;} is not only
positive but also log-concave, then we say that {a;} is 2-log-concave. In
general, we say that {a;} is k-log-concave if £*{a;} is nonnegative, and that
{a;} is co-log-concave if £¥{a;} is nonnegative for every k > 1.

In fact, when n < 18, we can find the sequence {P,x}1<k<n is 4-log-

concave. This evidence leads us to surmise that the sequence {P, i }1<k<y is
oo-log-concave.

The g¢-log-concavity of polynomials has been studied by many authors
including Butler [5], Krattenthaler [12], Leroux [13], and Sagan [15, 16].
Notice that here we have use z instead of ¢ for the polynomials P, (z) and
M, (x). Following the notation of Sagan [16], given two polynomials f(q)
and ¢(q) in ¢, we write

f(@) >4 9(q)

if the difference f(q) — g(q) has nonnegative coefficients as a polynomial of g.
A sequence of polynomials { fx(q)}x>0 over the field of real numbers is called
g-log-concave if

Fo(@)? 24 fns1(@) fm—1(q), forallm > 1. (2.5)

Liu and Wang [21] introduced the notion of g-log-convexity. A polynomial
sequence { f,(¢) }n>o is called g-log-convex if

Frne1(@) fm1(q) 24 fin(q)?,  forallm > 1. (2.6)
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A stronger property, called strong g¢-log-convexity, is introduced by Chen,
Wang and Yang [7]. A polynomial sequence {f,(q)},>1 is called strongly
g-log-convex if

fm—l(Q)fn-i-l(Q) Zq fm(Q)fn(Q)7 for all 1 <m < n. (2'7)
When 1 <n <17, we find P,,—1(2)Ppy1(x) >, Po(z)Pp(x).

Motivated by the notion of co-log-concavity, we define the operator H
which maps a polynomial sequence {A;(q)}:>0 to a polynomial sequence

{Bi(q)}io given by
Bi(q) == Ai—1(q)Aip1(q) — Ai(q)*.

Then the g-log-convexity of the polynomial sequence {A;(q)} is defined by
the g-positivity of H{A;(¢)}, namely, the coefficients of B; are nonnegative
for all 4. If the polynomial sequence {B;(q)} is ¢-log-convex, then we say
that {A4;(q)} is 2-¢-log-convex. In general, we say that {A4;(q)} is k-¢-log-
convex if the coefficients of H*{A;(¢)} are nonnegative, and that {4;(q)} is
00-g-log-convex if H*{A;(¢)} is nonnegative for every k > 1.

When 1 < n < 16, we find the polynomial sequence {P,(x)} log-concave
of order 3 with respect to 3-¢g-log-convex. This leads us to surmise the poly-
nomial sequence {P,(x)} is co-g-log-convex.

We now give a brief review on how to compute the polynomials Mo, (z).
The crossing number of a matching on [2n] is the maximum number & such
that there are k mutually intersecting edges in the standard representation
of the matching; see [6]. Let vj(n) denote the number of matchings on [2n]
whose crossing number is not greater than k. For example, the crossing
number of a noncrossing matching equals one, since by “noncrossing” we
really mean 2-noncrossing. Note that here we have used a slightly different
notation from that in [20]. Let

Vi(z) = ka(n)ﬁ. (2.8)

Grabiner and Magyar [10] derived the following matching analogue of Gessel’s
Theorem. The same formula has also been obtained by Goulden [9].

Theorem 2.2
Vi(z) = det(f;—;(2z) — Ii+j(2x))k (2.9)

ij=1'

Applying the above theorem, we can compute vg(n) when n is small.
Since Moy, = vi(n) — vi—1(n), we obtain

My(x) ==



Mig(z) = 14302 + 37780622 + 111017423 + 4686502 + 64960°

My(z) = 22 + 2°

Me(z) = bz + 92* + 2

Mg(z) = 14z + 702* + 202° + 2*

Mo(7) = 422 + 5522° + 3152° + 352 + 2°

Mg(z) = 1321 + 458722 + 47302° + 8912 + 5da® + f

Miy(z) = 4292 + 404692° + 715002 4 206572 + 20022° + 772° + 27
(z)

+39002° + 10427 + 2®
Mg(w) = 48627 + 37070542% + 178501702° + 107170042 + 20058302°
+ 1674842° + 688527 + 1352° 4 2°
My (z) = 167962 + 379589602 + 2981102662° + 2503670362* 4+ 612059162°
+ 66812552° + 37677027 + 113052° + 1702" + 2'°
My (x) = 58786 + 40306847022 4 51741150362> 4 6012729626x* + 18812763551°
+ 2585077112° + 187702902 " + 7665352° + 175562 + 20920 + '
Myy(z) = 2080122 + 44149952687% + 932559695562 + 148847198843
+ 58846367560x° + 992907962225 4 89232897627 + 465259412°
+ 14431122° 4 2608220 4 2522 + '
Mag(2) = 7429002 + 4967029400022 + 17426771761252° + 3801821241675z
+ 18836676660252° + 3836979496502° + 4155386735527 + 26573639951
+ 10468737527 + 255385020 4 373752 + 2992 + '
Mg () = 2674440z + 5719447063352% + 336961774537202° + 1001885547803552*
+ 618828930628502° + 1503866045313025 4- 1925587971450
+ 1469422568252° + 70609511702 + 21801780020 + 42964742
+ 519752 + 3502 + 2™
Mag(2) = 9694845z + 67213065838052° + 6726547004906102° + 27226383436223851*
+ 20893602444331952° + 6007513038791702° + 896780114874452”
+ 800550586 7775x° + 4563689334752 + 171255160442™° + 4261203452
+ 692940522 + 7047023 + 4052 + 215



It is easily verified that { Moy, }1<k<n is 4-log-concave for 1 < n < 15 and
{M,,(z)}1<n<15 is strongly ¢-log-convex.

If the coefficients of the H{A;(¢)} are not only positive but also log-
concave, then we say that {A4;(q)} is log-concave of order two with respect
to the 2-g-log-convexity. In general, we say that {a;} is log-concave of order
k with respect to the k-g-log-convexity, if the all polynomials in H*{A;(q)}
are log-concave, and that {A4;(q)} is g-oo-log-concave if all the polynomials
in H*{A;(q)} are log-concave for every k > 1.

When 1 < n < 14, we find the polynomial sequence {Mos,(x)} is ¢-3-
log-concave. This leads us to surmise the polynomial sequence {Ma,(x)} is
q-0o-log-convex.

Finally, we recall the definition of the Boros-Moll polynomials which are
a class of the Jacobi polynomials, and are also denoted by P,(a) as in [11]:

P,(a) = Z d;(n)d, (2.10)

where
di(n) = 2—2"§2k (22:?@) ("Zk) (f) (2.11)
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